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On the Quaternary Linear Homogeneous Groups 
. Modulo p of Order a Multiple of p. 


By LrzoNARD EucGENE DicksoN.* 


aa^: 


1. Consider the group G of all quaternary linear homogeneous transforma- 
tions modulo p of determinant unity. The order of G is 


(1) Tp, — Tz(p'— Y — 1(p — 1). 
Every subgroup of order a power of p is conjugate within @ with a subgroup of 
the group G, of the operators - | 

1 0 0 


0 
tg pee fn 1 9 0 


Gy Ay ag 1l " B 
The subgroups of this G, are given in 83. Some of these were determined in 
in an earlier papert, the others by similar methods. 

Let H denote any subgroup of order p*N of G, N being prime to p, À 7 0. 
Applying a suitable transformation within G, we may assume that H contains a 
subgroup Ga of Gy. If H contains Gp self-conjugately, H lies in the cor- 
responding group determined in $4, and the explicit determination of H is 
essentially a problem on binary or ternary groups. Suppose next that G.,1s 
not self-conjugate in A and let p" be the maximal order of a subgroup common 
to Gaand any of its conjugates under H; let G,- be such a subgroup. By a 
theorem] due to Burnside and Frobenius, H must contain an operator S, of period 
prime to p, commutative with G,- but not with Gp». | | 

By $82, r contains no factor of the form 1 + pic, z 70. Hence the number 
of conjugates to Gin His not= 1 (mod pf), so that|| mŞh— 3. Further, if 


*Research assistant to the Carnegie Institution of Washington for 1904, 
t American Journal of Mathematics, vol. 27 (1905), pp. 280-802. 

i References in Burnside’s Theory of Groups, p. 97. 

| Compare Burnejde’s Theory of Groups, p. 94, Cor. II, 
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.p 7» 2 and ifthe number of conjugates to Gis not (p*— 1)(p*—1), we may 
(§2) set m Zh — 2. To these results we owe the practicability of the method 
employed in the problem. The general theorem of $7 leads to a considerable 
reduction in the number of cases to be treated. 

For p= 2, G is simply isomorphic with the alternating group on 8 letters.* 
When exceptional, the case p = 2 is excluded. | 


2. Leama. The only factor of the form 1+ p*s, 2>0, of v 4s (p=) 
(p? — 1), an additional factor 9 occurring Af p = 2. 

Let v = (1--*)qg. Then p? —-1= q (mod p’). Lib guai 4s — 1, 
m0. For m-—0, we reach (pf — 1)( p? — 1). Let henceforth m>1. Then 

| qg2p.lT-pe-cqc(p—p)rpr e<p—p. 
Expanding v — (1 -+ p*z) y and dividing by p", we get 
p — p! — p — p +p 41 — map — pe t+ a — m —0. 
Hence there is an integer £ such that | 
(3) m=g+ p++ 1 + tp. 
Then pf — pP — p — 1 — mæp — w — t= 0. Hence for some integer s, 
(4) v -+ t= sp — 1, pP —p—1— mr —s = 0. 

If £5» 0, then s> 0, m> tp, q >t, 1+ pa <p |t, x « pit. 
Hence s< p, t «p. Then by (4), sp —1< 2p— 2, e=1, p—1<t+p/t, 
If p > 3, (34 — pS p — 4p > (p — 3y', requiring t = 1. If p —3, then - 
g--i-1. Inevery case, s = 1, i = 1,9 — p — 2, m= p? -- 2p —1, so that (4), 
gives p — 1. | | 

Ift= 0, x= sp—1, 8> 0, m —ep t p. Then (4), becomes 

p—l—sp-—sp-sp—s—0, 
whence p!— &p* 70, 8s = — 1-Fwpzp—1. Thus p =2, 8 = 1, %=1. 

If t= — r, where r œ> 0, (3) gives Srp? — p. Then by (4), 57 0. 

But s < p — p. Hencer< p. Bet æ=rp —p +z, 250. Thenm=2+1, 
by (3), and sp = rp — p + z + 1 —r by (4). Hence P3 | 


z + 1 —r= lp, s=rp—itl. 


* References and proof in Linear Groups, $2068, p. 290, 
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By the first, 750 since r< p. Forl= 0, (4) becomes | 
pP — p = r pP + žr, 


whence r= 0 or 1 (mod p), r= 1, which is impossible. Let next 731. Now 
(4) may be written a 


P=p—1= (rtp —p + trl) trpi. 


But the second member > p (rp?), the first member < p’. | 
3. The p?+ p+ 1 subgroups of: order p* of Gy are given by a linear 
homogeneous relation between asn, ag, «44. For each Gps given in the first 
column of the following table, the subgroups of order pt are obtained by annex- 
ing à linear homogeneous relation between the elements in the second column: 


Jag = 0| Ogi, Age, Og 
{as = 0} a1» O43, O42; Agi 
fa = 0} Q1; Og; O49 


1 Cob) "5 Cg gs T C40.45 = 0} Q5, ; Og; Qag, à 


* 


where for the last Gs, at least two c, are = 0, p > 2, and 


P = Cg — Cily — $ C500; F- 3 040430535. 


For p > 2, the p* + 2p? + 2P +p + 1 distinct G, are given in the first 
` column of the following table; the subgroups of order p* of each Gp are obtained 
by annexing a linear relation between the elements in the second column: 


laa = 0, ig — 1 Q3. Age; Q1, O43 
104 =.0, ag — 80g! Q1, Ugg, @ = Ag) — so 
{aa = Tag, Ag — 8045] _ Q4, b = a43 — $8055; C= Og, — $ T80 
{ag — 0, a4 = raa + Edat || Hae, Tg» d — 043 — Taug — $80 
lag = 0, Aug = TAg F 8da} Q1; Age, € = Q41 — TG — $5051 
{ag = 0, Agi = Tag + 8045] Og, Aggy O49. 
{ag = 0, Ogg = Taa F 8045 + tagt 051, 043, AgI 
4 4 
| Enni 0, > * X 94-1 ol Qol, Age, Ogg 


For p> 2, the 4p*+ 3p? + 2p? + p+ 1 distinct G,, are given in the first 
column of the following table, the subgroups of order p? of each G, are obtained 
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by annexing a linear relation between the elements in the second column: 


19 == 04570, lin. (ag, gs ; 0415045) = 0] Agr» Ago, Ay, Zag 


Jas = 0, Ogg == 80g, @ — Gg F taa) 7 | pry Cay 
{as = 0, Ogg = 8051, 04s = TG] Ge, €, f = ay — $05, 
PIA T" Gag, C, If rt 1, orri — 1, p — 3,8 £0 
b — te + uas | 049 6,g, M ré = 1, with s = 0 when p = 3 
l potes ds ee "" | ays, b, if r EO 
e = lays Oy, 0, h zz a4 — $ta?,s, if r= 0. 
Gg; = 0, Og, = Tag T 8043; 
; dcm tags F 1045 i Agga, Asp 
Ogg =Œ 0, Qg — TAg + 805, — 
e = lag + Utg ii 


dy =N, E aj,» Des; ifr uto 
Ogg = Éag F Uug 


where the further abbreviations have been used 


O31; 049; J| 1 fr+-u=0 


J = an — Og dys + 80g — FUG, J — an — $tag, — $503. 
For p > 2. the distinct Gs are given in the first column of the next table; 
2p) + 3p* + w+ w+ p 1(p 2 3), p+ 5p* -- p+ 2p! -- p + 1(p= s) 


is the number of G; the subgroups C, of each Gy are obtained by nU a 
linear relation between the elements of the second column: 


1€ — Gag — 0, two lin. (asi, Age, O41; PET Agi, Ago, Gai, Age 
Jas = 0, ag = 80g, A — Pog, Qu = TOi | Qa, S 
[Gus = 0, Agg = 8041, Qag — TOi, f= ta + uaa Q1, a 


peche Ogg == 8043, b — pays, MN Pos: v8 0 
C — WO, Oy, b, if p 3,0rp-3,rs—0- 
A — geil i ; 
| pd UT uter s oif p | 


Qag, € 
Agg = 8043, J = WC + Zag, 38? 


| Og; =, Koo — 8X43, Og, = toys, A = wh + zag? Aig, b 
Qa — 0, n Min a » 
Qs — — Taig, J = Way F Zaag HISP 


where £ = ay — ¢rsajg — $ (w + pr)ai,;. The only distinct C, in this table are 

the p?+ p?+p+1 groups [asn = ap = 0, three lin. (ag, ag, Qa, Gy) }, the pt 

groups | E = 
1245 = 0, Ag = Bay), A = Ply Ag = TO, f= 1003, | 
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and the p! (p > 3) or 5p* ( p = 3) groups, with re = 0 if p = 3, 
1031 = Tug, Ag == 8045, b = Payg, C= Ways, Ie = zag}. l 
Hence there are pë + p 4- p? +p -- p 4- 1 (p 3), p +p + p d4- 1— 256 
( p = 3) distinct C, in G,., as is also evident directly. . 
4. In the first column of the following table appears a representative" of 
each set of conjugate subgroups: of order a power of p of G, for p> 2. All 
quaternary transformations (ôy) commutative with this representative are given 
in the second column. The conditions for determinant unity are omitted for 
several reasons; they may be supplied by inspection. Here u = 1 ora particular 
not-square v; l= 0, 1, v; v, is any not-square. 


Gye | by = 0(j >i) 

1954.17 0], = 2, 83, or 4 e 650 (j > i) except ô, is 
lag = Ga F uoi dy = 0 (F> i), òs = Ój0gg; 03s = Oru 
{an = uaus} | à, — 0 (7 > 3), Sndu = Seeds | 
1051 = agt | y = 0 (J > i), 05 = 3s 
1a = ast ôy = 0 (J > i), Ois = O0, 
{an = ag =O}, 18g = a= Of by = 0 (J>) | 
{as = 045 = 0} 0 ceu 0 SO 0 
jag = 0, ag = Qual | 63 = 0 (7 > 1), Ogg == Oex0u4 
[ag = 0, Og, = Mog} dy =.0 (J > 1), 511044 = Oy, 
{as = 0, ayy = Qat 9 — 00 >t), 03s — Ô1108s 
{aa — A048; Ogg = Cys} | Og = ÓpnÓgy Oi = [mm 
lag = 0, ag = ap} ` i (00g = 0, She = On du 


Í Gas = yg) Ay = Fais + Oty, | 
{as — ig» Q43 — $04] 
laa = Ogg, Ag, = Fage + aug} 
fan = da, Ag = Fhe} 


dalu = iad 52 4=Sq90,4) 02,— 0,0, 


(i (t [11 


dadas = sir 024 = Ou 03, = 05, 


(t tk 


Og — A048 > N dadas = 9 00 Ae dg = ndu 
(on F uan = tua #2) also 02, — dfu EEO 
Og] — Agg + Ugg i á Sx Ua. == yaly T HO Dy) abes = iibi 
p + [O43 = jah + T + san) 63, = d,,d,,3 also d,, = d,, if x: O 


*1 have aimed to list but one representative, but I have relied mostly upon Inspection in this direc- 
tion. However I have taken every pou and eheck to make sure that every set of conjugates is repre- 
sented in the list. 
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{aa = ag = Oy, = 0} by = 0 (F> 1) 
{ Gg, = ag = ag = 0} re een — 0 
1931 = Ogg = 04$ = 0} by = 0 (J > 1), dg = 0 
{digg = aus = ay = Of dre = Og = by = 0 
{an = ag = 0, Og = aus] l ci G 21, 0gs = bndu 
fan = de= 0, dy = Hast | (00g = 0, O03 = nO, 
lag; = yg = 0, Agy = utu]: i i "i 
{as = 044 = 0, a4 = aa} “Se = nba 
{an = 04s = 0, Qu — uaa] Jig = Ôu = dog = dy = 0 and (5) 
à = 0, 2 aa) 3,20 (J 2 i), Sadus = dad's + Badh. 
aa — fais = lag | O53 == 0,40,,; also 04,044 — Og 0g If UE 0 
Ogg = 0, Qy = u0ug Big = yg = du = du = Oy = 0, diaos — 050, = 0,0, 0 = 9), 
E = — uty dm inu] dy = 0 (J > 2), Òdas = bd, = 03s (2 F 0) 
ka = 0, ay — uds | M , dg = 0, 0504 — 0404 (MF u) 
Gg = Mag, ME 0, mE —u Preceding (dy) and 595 = Onda 
040,520, 7x04 E50, 04 04 — m can 
p Oy = 0 (J >t), ò 29m == Ogden + Doug: 
Og, — faz = lays 25 — 04055; also 05,05; == ndu 1f LÆ O 
TA — UO4yg, Ogg = Ayg, Ayo = jalat óp = 0 (J > 2), 0,04, = ddo 03, = dau Osga = 0,0, 
Oey = 4048, Agg — Ags x » Oss == Os, 0 = Sum 
Ep — $04 = m (ag — pa) | Sedu = (u + m) Ôszôsg — 104503: 
ta =O aam am dumga a | 8x = da = Bu = u = bu 0 and (6) 
gu eg eeu Eg c 0! l à, = 0 (J > i), 6, = 0, — 0; prod. by (12)(84) 
(sp = Ogg — yg = 04a = 0] dj = Sys = Ou = ds = dp = 0 
goma Eau Eug Sig = i — 0 = boy = g = O 
Oe SO m du cU, uc HI ôy = 0 (7 >), 959,4 =F 0505; 
Os 5 0. 590475 0,0 256 di , gy = 0, 633 = Oniu 
Oey = dg = 0, Gg 04g. 044 = $033] "0, $4 m0, dha = bandin Anda = Has 
Age — Ogg == 0, 4g — Qal, Ag = $a$} . i ) da — 0, 0$, = Suden Suda = fraa 


m Sqg = Òu — Ogg = 05, = 0*, 0 = 4 See 
lan = ag = 0, a= ag, Qus = Vag} Ôi == AE våg, Ôa — E Says 04 = E Vy 


[m= 0 onma — B. rne eae 
Gg; — Ogg, gy — Uag " = góp Biala — isbu 
em! — e Ogg — — Aig: . | a 0 CIT t), T TE 33 — = 01853, v 
(45 = $a, Gs) = uas , Vas 3a 777 441 (4039 777 V21"88 

3 by == 0 (7 > i) Òa == duds; 633 = Sabu. 
e — Ulag, Lge — O48, (p : ) sl Seago == seg: 031044 = Lógsogs 
d, = Hlas, Cay = Hgg — SU Ssg0s30u4 T+ Oase. — 1 —u ògo 
Ogg = 0, Q = ag, ag — — Vilig à, = fis = Oy — Oy = a = 0, 
m jaj — $1045 | | = ck Sys s = +E vôs, and (7) 





' * Footnote on opposite page. 
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Bpa: £j — E, + af, | jy = Ôi = Ôu = 034 == Ôu = 0. 
B.B Ss = Ôu = bp = ôy = 0, ts — os, 
is | od 01945 — Lo Óg1, 015015 = £21505 
1 Ü 0 0\ . | 
0 1 0 0 m — Qa pel d de o ert 
a 0 ] 0 = A.N O33 = Oy044) ^ e 81044» 
$a? 0 a 1 
1 0 0 0 
ua 1 0 0 as la ee ie Of — Ong. Os; = Odu 
yua a 1 Ü T : T niae = Oso, dió i4 — = $4505; 
iuo? o? a 1/ ,p>8. 


At the end of the preceding table occur the four types of C,, with two cases 
for the second and fourth types, This result is in accord with that given by the 
theory of canonical forms} ; the present form of S, and Z, are more convenient 
than the types given by the other theory. 

Reference is made in the table to the following conditions: 


912044 + Odas == 0, uos. + Ossdan == O 


(5) B 27013094 — Udada + 099011 — 0450; == O 
6) gi 0: gs <= — Må, Ogg — beg + qos; 029 + gqà.,0,; + mdi, = Sida 
d Y= 0: Mg = E mòs, da = Es, Oh + md% = Dudu | 


(7) 29 — V Özg == Onu» 091944 = 043059 — V 1045008 PRN, = O40g0 TES 7104565 


* The conditions besides these four were Initially 
vå 0, — v10,,0,, — vod, tay Ses zum 
vÒ Ou — vóu O4, — Oud + duda = 0, 
vaða — duda — dud, + vds A, = 0, 
. 413533 — Jna — Intu t 0464, = 0. l 
Since dags dis» O4, 54, are not all zero, the determinant of the coefficients must vanish, viz., 
(v3, — d$, — 1203, -]- vd)? — 4v! (0,,0,, — Anda = 0, 
4 v (d — da)? — (0, — Py)? & 1 v (14 H Sigg)? — (yy + dy)? $ — 0. 
Hence à, = + da: 6, = ic vå. The first and second conditions become . 
dy (E du — s) + by, (E d — | s) =O, da (d — v5) F vån CE Oy — Jp) = O. 
Hence v (+ d — dy)? — (+ d — và! = 0, so that dy = + dy, yg = E VO,,- 
' The third and fourth conditions now reduce to identities. | 
+Cf. Putnam, Amer. Journ. vol. 24 (1903), pp. 819-866. As the context shows, ¢ is a not-fourth power 
(not merely & not-square). A slight correction is needed on pp. 858-859. If d—4, S is conjugate with S" 
if, and only Lf, m is a square, while 10 (íi) and 10/ (4) generate conjugate cyclic. groupe; likewise, 10/ (i) 
and 10// (i). 
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5. LEMMA. Every binary transformation of determinant unity can be gener- 
ated by the S, = (13) and any B.— ($3), A=ad— By F0, y EO 


. Indeed, S, BS Lu zx HX d which transforms Sinto (g —— ; 


The subgroups H of order p‘ N of G, p > 2. 

6. In the notation of $1, we have A = 6, m= 3, 4, or 5. Let first m= 5. 
Then H has an operator S commutative with G but not with G4. By $4, we 
may take Gy to be jay; = Of. 

Let G, be {a — 0}. Then H contains G, and an operator (ôy) with ój, 
Ô Ogg» Ons, Op all zero, ô 0. Hence (85), H contains | | 
| Qu. Og 0 0 


' a 0 0 
(8) l Gy qi»: as Pu 1 Qo f» 919: 77 931032 — l. 


Aa Oy yg 1 
The latter 18 & subgroup of the following groups: 
(9) Gigs ps —iyto —1) (Ay) Ag yy = Ogg == y= 0, la] = 1; | 
(10) , Gag —nipt— pe — pn? (04); Gu = Ay — Ay =, |a] = 1. | 
. We proceed to show that H lies in one of these groups (9), (10), so that its 

determination follows-at once from that of the binary and ternary linear groups. 
We first prove that a group H, containing. (8) and an operator T= (8y) in neither 
(9) nor (10), is identical with the total group G. E 

(a) Bu = By = 0. Then Bau Æ 0, Bu and f, are not both zero. Apply- 
ing on the right of T a transformation on £,, £, we have Ba Æ 0, £u, 
Bu = bu = bs = 0. Applying £j = E - AE, + uč, on the left, we make also 
bu = 85-0. Then applying Ei = E, + pé, + o£, on the left, we make also 
Bn = Bg = 0. Applying £j = Es tak), Ei E, + Cbs + yk on the right, we make 
also Ba = 0, 8, =8y,==0. Applying on the left a binary on £,, &, we make 
Bx = By = 0, and reach | 

Ti: £i — Bubs, Ey = Babi Es = Paks, EL Babs. | 

Now (8) contains every By, By, Bs, Bg, By, By, Bg. But T, transforms By 
into Bg, By into By, Bg into Bu, By. into By, Bu into B4. Hence H contains | 
every By, so that H= G. | s 

(b) By, Bu not both zero. Applying £[— £&, £L— — Ë on the right, | 
we have By £ 0. Applying £i = E + A (i = 2,3, 4) on the right, -we 
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make u= 0. Applying £j = E + aki + daka + asks on the left, we make 
Bu = By = By = 0. i [ 3 | 

(b) Let By xo. Appling c E + Ak, ($— 83, 4) on the “right, and 
£5 = Es + AE, + y. E, on the left, we make Ba = Ba = Bu = bs = 0. Applying . 
on the left a binary on £, &, we make also B} = 4 = 0. There results 
(EE) ES): M, M multiplying each £, by a constant. This transforms Ba. Bg, 
By, By, By into By, Bu, By, By, Bg, respectively. Hence H= G. 

(b) Let 8, — 0. Applying on the left a binary on Ei, &, we make Ba = 0. 
Applying on the right By(t= 3, 4), we make 84 — 0. If Gg 0, we apply By 
on the right and Bẹ on the left and make By = B — 0, and reach (EE,E,). M. 
If 85 = 0, we apply By on the left and make 6, = 0, — (EE E E,): M. In 
either case, H= G. 

Next, let H contain the subgroup (8), and an Tm (8) in (9) but not in 
. (10), and an operator (@’) in (10), but not in (9) From (8) and (8) we readily 

obtain ($8) all binary operators on £j, £,. But the product of (8/) by Ég = E, 
E; = — £, gives an operator in neither (9) nor (10). Hence H= G. . 

7. Letnext Gp be Jag = 0]. Then H contains 
1 0 0 0 
«a 1 0 90 


Q3; Ogg Aggy: Aggy 


(11) A yyy} | Agly — Ogg, Ez 1. 
The latter lies in (9) and 
(12) Gigi nei par-sy? (Qy), Ge = ag 7 04,750, |a] = 1. 
_ We show that # lies in (9) or (12). This follows from the résult of §6.and the 

fact that the matrices of the general operators of (8), (9), (10) become the mat- 
riees of the general operators of (11), (9), (12), respectively, upon reflection on 
their left diagonals. | 

Thdeed, every group of n-ary transformations” 


(a): = Dak G24, ..0-,9) 


` is simply isomorphic with the noon of the transformations ja}~1, inversé of 


^ ] 
(a, HoYXuag.aal aben 


j=l see 


* We thus obtain without computation the result of Burnside on the ternary groups (ay), ta =a, — 0, 
and (ay), a3 = an — 0, Proc. L. M. 8., vol. 26 (1894), pp. 94-95. 
2. 
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where the matrix of fa} is obtained by reflecting the 1 pus of (a) on its left 
diagonal We have only to show that | | 

if (s) ~ faf, (8) 18-3 then (EAB) ~ fal $B" = (18 Ha) 


This is true since 


(a)(8): Ei = V yabr Ya = > gag. i (?, E591. cat oy 8) 
ii iol: E = Y ybi yi >, Bs as aai qmi iio 


, n 
f i — 
Yik a > Bain, 41—4 77 Ynti kantli’ 
j=l 


8. Let finally Gp be jay = 0]. Then H contains 

mE 1 0.0 0 | 
H [92 g ag O PCS — 
(13) Geor an cm ap 0]: — oe = 1 - 
Qe Ayn Qg 1 

This lies in (10) and (12). By a proof of character similar to thatin $6, making 
the separation of cases Bu = 0, Bui + 0, it is found that, if H contains (13) either 
H — G, or else H lies in (10) or (12). 

9. Let nextm=4(h=6). By $4, we may take Gy = (a i 
Then H contains an operator jS with ôs = ðu = des = dy, —.0, js, bg, not both zero. 
Now S transforms [ay] into (By), with Bis = Bu = Ba = By = 0, 


By = 1 + angår Ar, Bi — aadA, Dn = Ga), 

Bee = 1 — ads IS A, = 641532 — Oda, | 
the expressions for f, ,,,,, being derived from those for By (i= 2, = 2) by 
adding 2 to each subscript. Hence if ô — 0, Gp and S! GS have {ag = 0} 
in.common, contrary to m= 4. Hence 9,70, and similarly, à4 7: 0. Then 
. by $5, H contains the group (9). But (9) isa maximal subgroup of G (86). 

10. Let finally m= 3 (h= 6)... By $1, the order of H must be a mul- 
tiple ofp? ( pt — 1)( p? — 1). But* G hasno subgroup of index < pP +p -- p 4-1 
or 27,accordingas p > 3, or p — 3. Similarly, the case m = 2, A = 5 is excluded, 
. since p( p? — 1) <p. A partial summary of our results j is given by the 


* Transactions A. M. 8., vol. 6 (1905), Epp. 48-57, 
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TuzoREM. The only maximal subgroups of order a multiple of p° are conjugate 
_. with (9) or with the simply isomorphic “upe (10) and (12). 
= The subgroups H of order pN, N prime to p, p > 2. 

11. Let m—4 (h=5). We may set G, — {an = og = 0}; otherwise, 
there is ($1) an operator S'commutative with Gi; it has every $4—0.(j i) 
and hence transforms G, into a’ subgroup G'4 of Gp, where G', and Gys 
are distinct and hence generate Gp contrary to A=6. Thus H contains an 
operator S = (84), with ôi, = ôu = dy — ôg — 0, which is commutative with 
Go = lan = ag = 0} and not with Gy. The latter may be taken to be 
lan = 0}, fay = 0] or {ay = uag}. In view of §7, we treat only one of the 
first two cases. E | | 

(a) Let G, be {ag=0}. Then S transforms [a], with a= 0, into 
B = (By), where By. By, Ba, Bey are given in $9, while Big, Bu: Ds» Bess Biss Bas 
are all zero, 85 — Bu = 1. Hence 944-0. Multiplying B on the left by a 
suitably chosen operator of G,,, the product becomes a binary transformation 
(9 on &, &, with Bg £0. This with the $4 P generate every binary 
transformation on £,, &, of determinant 1 (85). Hence H contains 
(14) Gs. operators (8) with Be = 0: 

Suppose that H contains an operator (By) not in (14). 

(a) If in every such (By), Bis = Bu = be = Bu = 0, we apply on the right 
a binary on &,, & and make Bu = 1, By = Ba —0, then apply By, By, Bg, Be 
and reach DC, where C is £3 = DE,, Es = ^? £,, and D is a binary on čs, £, of 
determinant 1. The operators of Hare all of the form DCT, T in (14). The 
operators D must form a group of order prime to p (since A — 5) and hence of 
order c, 4d,.24, 48, 120, being cyclic, dicyclic, or the homogeneous forms of the 
groups of the regular bodies. The. form of H is thus evident. 
| (a,) If in one B = (By), Bi, Bu, Pos, Bu axe, not all zero, the order of H 
- will be shown to be a multiple of p’, contrary to A zz 5; We may take By, By 
not both zero, using BB if necessary. If Bi = 0, we normalize by transform- 
ing by = £j, £j — — Eg, so that (14) is unaltered. Hence we have Bu #0. 
Applying Bn on the right, we make Bu = 0 (i= 2, 3, 4). Applying By, By on 
the left, we make also 8; = Bu = 0. If Be f: 0, we normalize by transformation 
by By, so that (14) is unaltered, and make 8,0. If 8,560, we may make 
Ba = Ba = Bop = Gg = 0. Applying on the left a binary on £,, &, we reach 
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(EE) (Esk) M. This transforms By into By, which extends {ag} to G.,. If 

ba — 0, we may make e= Ba — 4-0. If then BgzE0, we may make . 
Bst 0; aces and reach | 


= Qu a= — Buk, E3 = m Beaks, i= ru se -+ FA 
Thig transforms »- == £3 + & into 
Fi = E, £g Eg, Eg = (1 — By) E + Bi ți = — — Feb + (1 + 84) &- 


This is commutative with ja, = 0}, extenting it to Ge. Finally, if Bus = 0, 
we make ,, — 0 and reach (E,E,£,£,). M. Its square transforms B,, into B. 

(b) Let Gs be (as = uat. Then dy, ôs, are not both zero in S. 

(b) Let first ôy = 0, 5, 2: 0. We transform [a], with a; = uas £ 0, by S 
and apply on the left a suitably chosen operator of G, and obtain a binary 
B= : (5 x) on £j, & of determinant 1 and having y x: 0. Now G, contains 
BaBa =E Asin $5, 


Xa BE = (_ i. Ba pz — (a E uo 


This transforms 2, into ( 0 E Y) Bug yates Uny Then 
is 1,2 


um 1 
U, t= (_ a E. A 
Hence H contains a, binary transformation B in which y i8 arbitrary, and hence 
also Ui, pe-o Unie+o = Bis, 7 arbitrary. Then:from U,,, we obtain every — 
B, in H, and hence also By. Hence H contains Gy. 
(ba) The case ô = 0, dy 0 is excluded similarly, or by §7. 
(b) Let finally à 2E 0, ô #0. As in (b), we readily obtain from § a 


transformation B,B,, where D, = (Gute) , of determinant 1, having Bg €O, 
21 92 : 


* 


and B, =(§ wb a) of determinant 1, having 6,720. We proceed on the 
Bus Bu 


latter as in (5i) and reach C — : 0, where C, = jt B DIE £ 0, 0, — G 41 We 


transform by & == Ej + o£, which transforms Gy and Gy into somata and 
make a = yu: Then 


T= a Hd T deben 
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Then T? = (— LA Cipi 2 . Hence b= 0.by(b;). Then T trans- 


^ forms >_, into Bi s pp Bg, 4,1— W. Then W-1B,,,B,s1WT is ofthe form B,B;, 
with Be =y (1— u*y?), Bu — 0. Hence uy? = 1 by (b). The group generated 
by X, and W is composed of the operators | 


(a ye (ay) os 2 
e uS ), (65), LITE 
. These with {ga — ag — 0] generate a G', a... 


. Let H have a further operator B = (G,). If 8, = Bu = a = Boy = 0, we 
reach (2 ame j : . Thenb — 0 by (6,). Hence H contains Y= (5 E 
ed 1,2 


e Qd 6 ig 


ln . Let first i 0. Then Bisi- Bas transforms s into (; an 
re 


rat (ate — a— 49. Hogar we can take A = 0 to make 


r— 0. Then e= 1 by (b), and 


— -— MES 
Zonu E Y= Ga (a-*— 1) Da 


whence a~? = 1 =e by (6,). There remains the case e— a~?. Then 


Oi V2 = G (1 — a?) Du 
whence d?— 1. Then Y? — B, uis giving a Ge. Hencé must c=0 in Y. 
Then | | | a | ! 
XE S YS Bi peius PAS 1), 


whence aœ = 1. Then r=(* ; 4 v). th J transforms: G's, Into - 


. itself and extends it to. a group of order pë (p? — 1) 4, ta factor of a( p — 1). 
Replacing a, y by c'a, € y, in the product of (15) by Y, we obtain (19). 
. Suppose next that Bis, Bus Bæ, Ba are not all zero in B. We — make 
Bu=1, Bn, Pii Bi Ga: Bu, By all zero, | 
Let Bg #0. We readily make 8, = Bo = fy = By. = 0. If Bp — 0, 
B4 =0, then B —(££,£,5,) Mand A= G. If dg — 0, Ba O0, then. BBT, 
where T, = By» .-1.Bs4.,, has the form | | 


a9 7 0 £D 


Ld pom 
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h = By (1 + wu 9A Bg), v = B+ pba. We may choose p and A to make v= 0, 
h Æ 0, contrary to (b). Hence By £0. Then (B2,,) is of the form (16) with 
h = Ba + Abav = Bn + Aube; hence Bn = ule by (bs). If 84 = 0, B= = (E) 
(EE) M, and H= G. Hence B has the form 


(17) E = E, Es = chs, Eg = 'ud£, + bEz, ceo di bd +o. 
Then 1(15) B}* is of the form (16) with 


h — 8 (dy + 8) +p “oy + AB, v = Uda + UBB + boyd + ody? 
If 6 43:0, we can choose a. to satisfy ad — By = 1 and v = 0 if | 


(8) — ud + (uB + cy (dy + 08) = 0. 


We can give to dy + bó any value t £0 by choice of y and then satisfy (18) by 
choice of ps. The — value of A is 


=d+ = (e + bo) — gta 


By (5) this must be zero ie: every t+0,ô8 #0. Hence p= 8, e= — be. The 
determinant of (17) is — c (ud? — be) = 1. Hence pz 3, e— u, e— — ub. 
Then the square of (17) is | | 
= — ub d 
| Lo (5 a) ba — 0), | 
The product oft) with a = ub, y — ud, B = ud, à = — ub, by L~ is Vt, 


re(n CIT 

contrary to (5,). 

12. Letm=3(h=5). The 5 possible G, are studied under (a) — (e). 

(a) Let G be {an = ag — ag — 0}. Then H has an operator S = (ôy) 
with 3, = dy = dy — 0, dig, dys, dog not all zero. As the G, we may take 
{aa = Of, {as = Of, or {ag = agg}. | | 

(a) Let Gs be {an — O0]. Then ôg, ôg are not both zero; otherwise S 
transforms Gy into itself ($9, or §4). We may normalize by transforming by 
Ei = &, & = —&,,-and set ôg £0. Applying operators of Gp, we may make 
p» Òm Og, Scr» 04, Òg all zero. ‘Normalizing by transformation by B4, we make 
also 0, = 0. If dq 0, SB, has (4 —0, and transforms Bẹ into By. The 
commutator of By, By is By. But G» and B, generate a G^, the transform . 
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of. Ga by (EE). If ôa = 0, SB& has à —0, giving (bik): M. Its — 
transforms Bg into B4, giving Gs. 

(a) Let G, be {an = 0j. Then dy, Òg are not both zero (84). Normal- 
izing by transformation by & = &, £j = — £,, we may set ô #0. We readily 
make ôu = dog = 0 = 04 = 04 = ôs = 0. Normalizing by By, we make ô = 0. 
If $, — 0, BaS has y = 0, giving (Etf): M. This transforms Ba into By, 
giving Gi». If ôs £0, BaS has à, = 0, and transforms B, , into 


Es = (1 — Oggi!) £s + deeds La, Es = — OO Om be + (1 + Omm) C» 


which is commutative with lag = 0} by $4 and extends it toa Gh. 

(as) Let G, be {as — ag]. The operators in H with 3, = dy = dy = 0 
form a subgroup H, containing Gp- The partial transformations on £ E, Es 
form a group H' of order pi, | prime to p. It contains Gy: E = £& + a£, - 
EL — E, + af, + BEL. The group H! of the operators of determinant 1 of H' 
contain G',self-conjugately.* This is also true of Z' since the number of con- 
jugates to Ga in H' is a divisor of p— 1. Hence ô= ĝi = ô — 0 in every 
operator (ôy) of H', contrary to (a). | 

(b) Let Gos be jag = ag = ap = 0]. This case is reduced to case (a) by 
means of the general method of 87. | 

(c) Let Gy be fà; = ag = 0,04 = uag}. Then H has an operator S = (8y), 
with $ = ôu = 04 = Ôu = 0. Now G, may be taken to be [ag = 0], fag = Of, 

or {ag = ua]. But in each case, G, and S- iGS have [a5 = a = 0} in com- 
mon ($9), contrary to m = 3. EC 

(d) Let Gp be {ap = 0, ag = Uag, agı = — gt. Then H has an operator 
S — (åy), with es TA = 0, bos £ 0, Seda — iede = Sydy — - 1. 
Since {a= 0} is excluded (84), G, may be taken to be {ap = uag} or 
[a5 = aw + uag. In either case we apply on the right and left of ‘8 operators 
of Ga and get 


D: £i = dubs, Ej = Saks, Es = bubs F — Ef = = + Sat. 


This transforms B, into £j = E, — ógóu £g + Sogdsid°F:. Hence H contains B, 
and hence also G. | 

(e) Let G, be {ag = 0, yg = as, 0 = qa; + Magt. Then G,is {ag = 0]. 
But every operator commutative with G, is commutative with G» (84). 





* American Journ, Math., vol. 96 (1905), p. 198, $7. 
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 Tuxongw. A subgroup of order p*N, N prime to. p, p> 2, either has an 
invariant Ga, when its form 4s readily determined from $4, or is conjugate with one 


of the following types of groups: (9) with the bed. defining a binary group of 


order prime to p; (9) with the same restriction on the ae) a group of p*( 3? — 1)t 
| uu | | 
operators, t a factor of 2 (p — 1): 


| Haet! yu yet 0 0 
+ ub + ôt 0 OL ad By =e, 
2.) a a a m §4 
| = T u as in 84. 
Q41 (OQ. É $ 


13. The results in the earlier sections suffice for a similar treatment of the 
subgroups of order p*N; also for those of order p*N, special considerations being 
necessary for the case in which no two Gp have a common operator other than 
identity, V being & multiple of ( p* — 1)( p — " 
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On the Integration of a re of Differential 
Equations in Kinematics. 


By Joun ErgsLAND, 


If we have a rigid system moving about a fixed point 0 and p,q, r be the ` 
components of rotation, in order to determine, the motion completely we must 
integrate the following system of differential. equations, 


da 
A dt = br — yq, 
d 
(1) ; ui R 


U PRINS 
di == aq Bp, 


which has been treated by Euler, D'Alembert, and more recently by Darboux 
(Theorie des Surfaces, vol. I, Chap. 1-2). Euler expresses the 9 cosines of the 
variable axes of the system in terms of three angles 0, 4, $ (the so-called 
Euler's angles) which, if known, will determine the motion of the system. 
` Darboux reduces the problem of integration to that of a Riccati equation 
by introducing two new variables x and y which remain constant respectively 
on each set of rectilinear generators of the sphere o? + B* + 5? = 1 (Leçons, 
vol. I, p. 22) This method, while’ very elegant, does not admit of any obvious 
extension to systems with four and in general n variables such as have been 
deduced by Professor Craig and Mr. Hatzidakis,* while the introduction of angles 
corresponding to Euler's angles becomes impracticable for higher dimensions. 
In a note published in Am. Jour. vol. 20, I have sketched an integration 
theory for a system in 4-dimensional space adopting a method employed by Lie 
to the general linear system in two and three variables. The essential feature 





* Am. Jour. of Math, vols. 20 and 98, 
à 
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of this method is a transformation of the co-ordinates by means of the formulx 


" P iw P "— 

u—gEPU4T toatl) “OVP pt Ppa 
s : i ' 1 

: | ETETETT EE 
which is nothing but an introduction of homogeneous variables. "The homogene- 
ous System is thereby transformed into a system of generalized Riccati equations 
ina — 1 variables whose coefficients are functions of ¢ as before. 

A. remark may here be made concerning this transformation. Consider the 

case of three variables 


peers ae JER ATT 


| If« Q4, Qas Qz be a point on the unit sphere, then, ‘by central projéction of the 5 poli 
on the plane a, = — 1, the corresponding point in this plane will have the 
. co-ordinates p, and ps, the. point of intersection of the a, axis with this plane 
being taken as the origin, To a rotation ‘of the sphere there corresponds „a 
certain motion of the points on the plane, namely.a Non-Euclidean motion whose 
absolute is the circle p? + pj + 1==0.* . 

The transformed system 


(OR gtp tp (ap — A 


> p= p—pit + pe (psp — ed). 


is, however, not easier to integrate. than the. E system. The. pity sdvan- 
tage we can draw from this transformation is to render the problem -niore 
intuitive, if we intepret p}, ppt as coordinates. of three-dimensional space, (See 
- Lie-Scheffer, Cont. Gr. p. 778), which advantage is lost in the extension of the 
problem to four or more variables. Moreover, the Euclidean Motion on the sphere 
is more intuitive for very-good reasons than the motion of the Non-Euclidean . 
manifoldness on which the sphere may be projected centrally. We shall there- 
fore not use this transformation, but consider the system in its homogeneous form. 

| It is the object of this paper to show:how by another method that is capable, 
of generalization the integration problem.may be reduced to its simplest terms. 





fru p VAST WM een 


* Bee Klein, Nicht-Euclidische Geometrie, Vorlesungshefte, I, p. 228. 


‘ pd |O Au * .. . A, & > i à I" 
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We.shall use geometrical language as: mùch as possible and integrate geometri- 
cally in the sense employed; by. Lie in his Berührungstransformationen, and in 
Lie-Scheffer's volume on continuous groups. The analytical treatment may then 
be considered as a verification of theorems that have been made evident from 
geometrical considerations. 


I. 


We shall begin with thè case of two variables and consider the equations 


7 eee Ties 
(2) 
Wu. ull. 


where p, i8 a given function of i. These equations soi of the Euclidean group 
of. rotations around the -— of the M 2,25, that is, the transformation 


but since ¢ iè a variablé we must conceive of the pd" as continually 
changing with the time ¢. Now since all the circles aj + 2 = const. are 
invariant curves of the system, the two lines j 


which pass through the circular points at infinity are common tangents to all: 
_ thése-circles and may therefore be considered as their envelope; hence they are 
a pair of integral curves of (2). But any system of the form 


= — "RA ay Pts, 


= = agt + BoT 


ċan be solved by one quadrature if two integral curves are known, hence (2) can 
be solved by one quadrature only. ` | 


This may easily be verified analytically. Introducing the variable a= Q 


in (2) the system reduces to the form -~ 
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whichis a Riccati equation having = +t for particular solutions and can there- 
fore be solved by a single quadrature ; the general integral is 


C= x SIDA, Xg =x COS a, 


where `. a= fp ,dt. 
We shall now consider the system in three variables 
ae — Pige — Pista: 
(3) Ota = pyt, + Prat 
| da 
X = Pu — Panz, 


which is identical with (1), if we put Pis = q, Py = T, pg = p. Since the œ! 
spheres aj + 2$ + cj = const. are invariant surfaces, if we determine the motion 
of any one of thése, say the unit sphere, the complete motion is known ; we may 
therefore limit ourselves to the consideration of this sphere. | 

. Let it be supposed that we know an integral curve C' on the sphere ; we shall 
prove that the integration of (3) may be reduced to that of the system | 


dt 


Let the initial position of the xı, x, z;-axes be such that the a,-axis passes 
. through a point P, on C at the time 4. We now transform these axes to a set of 
new but variable axes y,, ys, Ys such that the y4-axis describes the curve C; this 
transformation will.be a Euclidean one whose 9 direction-cosines are functions of 
t depending on the given integral curve. We now pass a plane, y; = 0, through 
the origin and perpendicular to the y,-axis and choose arbitrarily in the inter- 
section of this plane with the sphere two points Q and E at a quadrant's distance 
from each other. ‘As y, moves along C, the two axes OQ = Yi, OL = y, will 
describe a unit circle in the plane y, — 0. But since the transformation is 
Euclidean, the transformed system will have the same form in the variables: 
Yi; Yo, ys 88 the original system (3). Moreover, y; = y, = 0 will be a particular 
solution of the system, that is, the system takes the form (4), g. e. d. 

To verify this theorem by analysis we proceed as follows: 

Let the integral curve be given in the form 


(5 = pi (f) Tg, Te = pa (É) 23. 


| d | d | d 
(4) duc Pap, UI Pg, DA. 
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We transform. the axis. by means of the pregenat transformation 
Ji = aat, + ayy F Git; 
(6) E 4 Ya = aat + agate F Aag, 
Js = Astı F Aga + Oasis; 
where the a’s are the 9 direction-cosines of the new axis. ` Now since the y,-axis 
always passes through a point P on the integral curve, y; — y; — 0, whenever 
Lı = g,2$ and a, = psa; these conditions must then be written. 
P1%11 + P2@12 E Q8 = 0, 
un p1*a. T ps0^29 + ag = 0, 
or, more simply, - Z | 
UE Be. WE. 


that is to say, as, €s, ags are known functions of £, viz.: 


(8) tm = pbi ; a=, —— — 

| Api + à +-1 Voi + pet 1 pit pi 1 
Introducing now. the new coordinates in (3), we find after easy reductions, eee: 
ing always in mind the 6 relations between the 9 cosines ax, 


an [ptu — fte + Pasta + tots + T Js 
" + [pss — Puts + Pats — gt — att — a] d 
d — [Peas ee pres 0.1043 — Ogg! 13 — agg] Y 
| | cep [Pitis — Pasto T Pata — Gg — ^as — A'la] Ys» 
dia = — [Piar — Piste + Pla — Q gii — a'g — Agg] Yı 


— [Pia — Pisti + Petu — 0^0 — A'a — A'a] Yo 
where the a'y, are derivatives of the a’s with respect tot. This system may be 
written 


1 
X P 332 — Pras: 
1 ; 

(9) ) “B= — Pry + Pays, 
dy 


ds Pisy — País; 


w 
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which is of the same form'as the original system, But, Pj — Py = 0:;. in fact; 
since by (5) and (7) we have 
(10) BEEN. DA = = Om a 


i LET 


it- follows that a, = cs, Te = Ags, -Xg = Ags are a set of artis solutions oi (3) 
and we must therefore also. lae. | | 


Substituting (lie values obs Gat; "A and atlas in Px and Ps; we find that they. 
vanish identically, and our system reduces to the form 


d d d 
(4) | dp Pate d o — Pa d — o, q. e. d. 


If now we determine the six cosines On; rg, aag; Qa Ogg, Ax 1n. terms of p, and Ps, 
we know the. function Pj, so that this last system may be integrated by one 
quadrature. Having found y, y and y we substitute in (6). and solve for 
, £j, 94 and a which will be the general integrals of (3). Since the knowledge of. 
an integral curve C on the unit- “sphere by (10) amounts to having a set of 
particular solutions given, we may state the fésult thus: T 

lf a set of particular solutions of (3) 1s known, the system may be —" by 
- one quadrature. This is the form in which Darboux states this theorem (Lecons, 
vol. I, p. 28). 

It only remains to show how to calculate the six cosines a, as; ($ = 1, 2, 3) 
in terms of p; and pg, or, what is the same codi in terms of ag, day; Oss which 
are known functions of ¢. 

The -integration-problem-such as Euler. sneaked it consists in india 
the 9 cosines. of the new or variable axes (which are different from the axes 
2; Yg, Yg chosen above) as functions of three angles $, 6, " (see Darboux, vol. I, 
p. 8). The formule thus obtained being rather unsymmetrical, he adopted 
-another system of parameters, introducing the direction-cosines a, B, v of an 
axis of rotation a and a rotation o about the axis,. This representation is simpli- 
fied if we introduce homogeneous paramoters putting m 


TN Q 
A= sin E cosa, B=sin £ cos: 8y O= sin 2 -z C08 y, D — cos t 
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80 PRAD A’ + B+ Oe + y= d: The nine cosines. are- then &s'follows:* 


D -43—B—90, '"2(AB-—OD):  2(A0— BD), 
. 2(AB-- CD) ^, D*— A 4 Bt m | 2(BC— AD), 
— , 2(B6--AD) , DP—A— Pao 
If we put D — idsi Bat, => where A — 1409+ (2 +" we 


obtain the eds representation of Cayley for n = 3.¢: The table of cosines 
is then 








ETETEA out Au | oMw—H. | 

eae A. A E 

.2—v-càu —— lc4à—6Y-—2». s (320 | 

inr aaa Sala ES A 2 M 3 JOD dO C NCC m A^ m E y A .] LN 

ou tw.. E o VuU — À uh 1? 2? — uP 

A >o QUA 7s DILE 
Now since these cosines are connected.by two, relations only, viz.: 
= Po ` Oe c cm : 


one of these (ree parameters is s arbitrary uud may je ut emus to 
Zero; we Taye then the following table of cosines, putting A= 2 





1 — p 3 w E 
A , A , d ^A S E , i 
A XE AIRA = 
. 2u Quy | 1H, 
| AU YA ACCU. 
where A — 1 +g’ +°: We have now by (7) and (8) 
' 2u _ Pi Quy _ _ pe Og Op 43 — 2 
AU XAitdtg ^." Wictdtü A 


1 | 
= 08 = TET 
Solving these. Sus es for.u and v we » | 
T eL 
mE yid EIEILI ! 
pr”. pi s 


. *8ee yucsclopaddis der Math. Wiss., Ba. E 304. i "a 
+ Pascal, Die Determinanien p. 162. e 
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Remark. This choice of A amounts geometrically to choosing the position . 
of the moving axes y, and y, in the plane y, = 0 in such a way that the direction- 
cosines of y, become 031; Geo, Ag, and those of Yi, Qu, —-ag3, —03- 
| Expressing the above cosines in terms of p, and p, we obtain the table 


gi—g6V1-c-p tg pips (1 + VIF Fete) E -Sg 
"Uh ^o (titit vitte 


— Pipe ( Adi — p + — pat piv 1 + pi + 93 tp - 
digi 1+ i+ ie ed al J 1+? + pe’ 
: | 


ocr c VET MT Et ph 


or, in terms of ay, ag and Og which is a set of known particular solutions, 





1— ag , FX ’ Om: 
— Ag Ope 1 77. digg — Gg d 
1 — ag ee : 1— digg H ) 

Cg , Oa , Ogg 


NE TN values in P, of (4) and integrating we find 
Yı =x BiN O, Y =x COB 0, Y=. 


where o = f Pdt. Substituting the values of y Yor Ye in (6) and solving for © 
the x’s we obtain the general integral 





| [notera tcn ia 





| 1 — ag 
: : a uu 
01). acc rem 9x Bin @ LIIS Oe T Y cos o + Oas, 
X = — Ag% Sin o + agx cos o + Cas. 


Suppose now that two integral curves are known. We shall show that the 

system may be reduced to the form 
. d d ~ d 
(19) | gio = 0, =o. 

Let the integral curves be C, and Œ. We start from an initial position, 
placing the extremity of the y,axis at a point P on C,; on C, we take a point Q - 
on the y,-axis at a quadrant's distance from P. As! varies, P moves along C, 
‘while Q moves along C,, these curves being integral curves. The axis y, will 
' describe an integral curve C, which is uniquely determined by the motion, when- 
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ever C, and Cy are known. The transformed system must now admit y; = Y, = 0 
and y, = yg — = 0-as particular solutions, that is, it must reduce to the form e 2), 
q. e. d. 

It follows from this theorem that the system (3) ia be integrated without 
quadratures, whenever two integral. curves are known. 

Analytically we proceed as follows : 

Let the integral curves be 


(13) €, = Xg, Ly = Polg, 21 = 0133, dac Ogg «| 
The transformation (6) must now satisfy the relations 


Pi F Qaae + ag = 0, 
Pre; + P F ag =, 
03043 + C Fag =O, 

da Gps TF das = > . | 
Since y, = y = 0 whenever a, = 9,2; and z, = p,v, and also y; = ys = 0 for 
Tı = 01X, aNd c,— 0,25. These four conditions reduce to three; in fact, the 
distance between P and Q must equal 4/2 for all values of ¢, the initial position 
having been chosen as explained above. An easy calculation will show that 
we must have | | | 
(15) ^— B0: py, + 1550. 
The conditions (8) may be written 


(14) 


pi xxi. Ps = 
which show that Gg, As, 045; As Ass: Og are two sets of particular E 
The remaining three cosines are now uniquely determined, so that the table of 
cosines will be | 


| gy fı — 91 
A/pi -- gh -- 1 Voi + o¢+ l^ ESETET VETEEN 


P9 p19: 
Voi + ppt 1 voi tot! 














A/ pi d- etl ps JS Sd! Aoi 4 oi 1 
Voit gi +l Vee ri’ Vet etl 


(That these quantities are direction cosines may be verified by aid of (15) ). 
4 : 
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Transforming now to new axes Y1, y; Ys and reducing we find that Py, P. 
and P, all vanish so that the system reduces to the form (12). The general 
integral is now | 


Os — s 








NM o ; 9 p | 
d WrüciVerdri^ V4rdii^ Vitti” 
RC RE Re am ra (oe _ Oy iE l Pa l 
i PETTEE T ETET EE VgTgETI! 

; £s061— PF ` 1 1 


VETEST TG 
| | ag 


We shall now take up the study of the system 


? Te 
TACTO qux — Puts Put. 
| TE Pass + Poly H Pauti, 
(1) HEU dit, mE l 
| p Pt — Dess + Puti, 
do, | 
Pom — Puti — Pus — Pata; 


which has been obtained by Professor Craig.* Since the hypersphere 
ai + of + 22 + 2} = const. remains invariant during the motion we may, as 
before, limit ourselves to the unit sphere. The problem of integration is then : 
given the six components of rotation py, around the six planes of the hexahedron 
of reference, to determine the motion completely. Let a curve C, on the hyper- 
sphere be known, and let the initial position of the axis at time ty be such that 
the a,-axis pierces the sphere at a point Pon this curve. Transforming to anew 
system of variable axes yi, Yo. Yz, y, In Such a Way as to make P describe the 
curve C, as ¢ varies, the motion of the other three axes will take place in a three- 
dimensional space obtained by cutting the hypersphere by a space y, = 0 passing. 
through the origin; (this space will necessarily vary in its position with t. It 
follows then that after the transformation y, = y; = yg = 0 must be a particular 


* On the displacement depending on one, two and three yarlables in space of 4 dimensions," Am. Jour. 
of Math., vol. 20. 
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solution of the transformed system. But since a Euclidean transformation does 
not alter the form of the system (1) we must have 


dy, _ 


"ge — Prey, — Pays, 

Sh — — Pug, + Pris, 
2) dys | 

"ds Past — Piste, 

du, — 0 


Hence the 
.. "TmmonEM. Jf an integral curve.of the system (1) is known the integration of the 
system may be reduced to that of a similar system in three variables. 

If an integral curve C’, of (2) is known, it is evident that a corresponding 
integral curve of (1) is known and may be obtained by transforming C’, by the 
inverse of the transformation which changes the system (1) into (2). Let this 
transformed curve be C, and let us suppose it different from C; then two integral. 
curves of (1) are known. But we have proved that if an integral curve of a 
system in three variables is known, it may be integrated by one. quadrature ; it 
follows therefore that the original system can be integrated by one quadrature, 
whenever two different integral curves are known. 

Since the knowledge of two integral curves amounts to having given two 
sets of particular solutions, the last theorem may be stated thus: 

If two sets of particular solutions of the system (1) are known, it may be inte- 
grated by one quadrature only. 

Since the integration of ( 2) by Darboux’s method * may be reduced to that 
of an ordinary Riccati equation, the above theorem may also be stated thus: 

If one set of particular solutions is known the integration of (1) may be reduced to 
that of a Iticcat equation. 

The analytical treatment of the integration pontem is similar to that 
employed in the case of ordinary space. 

Let the integral curves be 


(3) |. == Aq (t) ay, m mA (m. Hy = Ap (D a 


where the A/s are known functions of í. We introduce new axes Yis Yar Yar Ys DY 


* Darboux, Theorie des Burfaces, vol I, p. 22. 
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means of the Euclidean transformation 
Yr = Auty + ayy, + aqgzrg F 042, , 
(4) Yo, = gy F Ag T Gg F AHT, 
|| Ys = Agl F Aate T Agt H Aut s 
Y, = Ott F Gags F Ugl ayy s 
where the a's are the 16 direction-cosines of the new axis. Now in order that 
the point P shall during the motion describe the integral curve (3), we must 
have y; = ys = ys = 0 whenever a =A, ky, Xg — Ày Xi, Hy — Ag a, OF 


anA + Gas + G3gÀg F 04,22 0, 


(5) Ag Aq E Goss F ags + 044 == 0 

un | Gg + Og t gg + Oy 0, 
which may be replaced by the following simple ones: 

Ei = 041 — X g m S 

5) ere As uu Àj Ou’ 


that is to say, d, = 044, Ly = Og, Tg = Aug, L = ay 18 a set of particular solutions 
of the system (1). Introducing the new coordinates into the system taking into 
account that the a’s are a system of 16 direction-cosines of which the four 
Q4, Qg Qg Qu are particular solutions, we obtain after easy reductions 





Su CT Pyys — Pres» 
d 
(6) j= — Put + Pati 
6 
| d 
A = —Pgyyu— Par, 
dy, __ 
ED d ? 
where Pie, Pg, Pes have the following values: 
Pas = (Gigs — azt) Pe + (anas — Aa) Pis + (antu — antu) Pu 
+ (agda — 0304) Pos F (Orsay — Ceara) Pu H (004 — Artua) Pos 
| + aag + Aigas + Aia F Auau, 
Pg-— (aag — anag) Dis + (auas — ags) Pis E (agau — 043934) Pu 
(T) + (agais — 05048) Pog + (Ouag — ay) Pos T° (Agtu — Areas) Poe 
! + -apan F aats t autu + agtn, 
Pa == (anae — agt) Pis + (10:55 — Agta) Pis + (Ouan — agtu) Pu 


-+ (agat — Metta) Pæ + (aos — agta) Pu + (Ara — Agaa) Pas 
+ Gad F Aere F Ogg F ao - 
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That the coefficients Pj, Pj, Py vanish identically follows from the fact that 
O41, (49, Og, ty 18 a Set of particular solutions, so that we have 


Qa == Pry — Palus + Putu.» 
Qis == — Pirta F Pats + Putu» 
aig =Œ Pta — Pegg + Putus 
Q4 = — Pray — Pus — Paus 


Substituting these values of Y a's, Ais Aly in Py, Pau and Py, they vanish 
identically. — | | 

Since the a’s may be expressed as functions of 6 parameters and since by 
(5) or (5') we have determined 4 of the 16 cosines as functions of 24, A, and 2y, 
there remain 3 arbitrary parameters which may be chosen entirely at pleasure. 
In the case of a system in three variables we showed how to actually calculate 
the simplest system of cosines in terms of the known functions p, and p,. The 
corresponding problem for a system in four variables offers no difficulties. If we 
express the 16 cosines ay, in terms of 6 parameters 8), 85, Sg, 8, 8) 8s and then 
put == s = 8 — 0 we obtain the following system of cosines :* 











1 — 3 53 — 86 2 po d 30 
A i A ? A, i A ! 
— 28, 1 + 8} 8$ — 8j 28185 — 28383 
r A i A A 7 A i 
(8) 285 28183 1+ s + 88 — 6g 28983 
A i A ? A i o A i 
— 2 = Poss 2 1 d-4—4 
A A i A ' A pt 


where A= 1 HEHHE. Now since ag, Qia, Qag, Qu 18 a set of particular 
solutions we have | | 


3e .— 28:88 TENS 2838 =a l+si+5—s 
A. 41) | A 42) A 48 9 | A. ED 





— Qu; 


Solving these equations for s,, s, and s, we find 





*See Pascal, Die Determinanten, pp. 160-163. 


. t 
. 4 
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the table (8) may now be written 


a a a aL | a EHE ’ ‘ao er ? sy» 
1— Q4 1 — QA 1 — QA 
— Qo0041 . 1 — aa amens Qu — 4g A4p 
gree Re j cu P wp T TUR Tu. a A y Qus ) 
1— au 1—24'. 1—294 
| — Agay — Ogg 1 — aig — Ou 
3 : 3 i 3 3 tgs = we oe ad yg 3 
| 1—24 1—dy 1— dy 
Ou , ig 3 O48 , Qs » 
and we thus arrive at the following orthogonal transformation : 
2 
204 F ay — 1 Aygar Agalar 
C n aiaa Wi ee Ee, ee Y 08 MV 1 
y lcu. ic 1 2 hr 1 A 41% 
uo 77 043045 401 — 0s — dy Oyda s. 
— o e Y SER NEN a e Lue. JR Quas, , 
o 
- T O4g041 |Qusug - Gg ~~~ O44 
— MM — 1 — dis — Oa a CL. j 
| y jc | [perm Tg e i o. Au isa 
Yı — Ayt - Aygo te Agte F O74, | 


by means of which the system (1) ie transformed into the system (6). 

Now suppose we know a set of particular solutions of (6), or, to use 
geometrical. language, an integral curve on the sphere yi + y + y= 1, y = 0. 
Since the first three equations (6) are independent of the last, we consider these - 
equations as defining a rotation of the sphere y? + 43 + y? = const. around a 
fixed point 0. This case has been treated in the first part of this paper, where 
we found that such a system is integrable by one. quadrature, a set of particular 
solutions being known. ` 

Now I say that 4f a set of particular solutions of (6) is konm a, sel of partic- 
ular solutions of (1) is known and conversely. The proof is immediate, for, let 
Ba» Bs, Bss 0, be such a set; substituting these for 9i, Y3, ys, Y4 respectively in 
(9) and solving for the zs we obtain | 


| a te 
„0 — O41 F ayu — 1 EM (41048 — 24994 
NO NO PE Ba get p, Ton Bs» 
E Aigla 1 — ais — Oy agag 
(10) X3 — ag + 1 Dg — poma Bss, 
a, pio“ — 
—_ OQ 45041 Bu. ex 9a -e 43 94 Bs ; 





ec 
z,— — pa + "S M M 
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which are easily seen to satisfy the relation af + af! + af c= 1. Morever, 
since y, = 0 is a particular solution of the last of equations (6) we have from | 
He last of equations (9) 


y, = 0 = aq + cua] + aug] + auod 


which means that 29, a9, x}, a2 are four direction-cosines on the hypersphere. 
Conversely, suppose given two sets of particular solutions of (1), viz.: 


Ogi Hyg Qua 5 a, a3 ; 2j, Dy, 


and if we transform (1) by means of (9) into the system (6), this system will have 
for particular solutions fg, Bs, Ês, 0 obtained by substituting .22, 23, x$, x} for 
the zs in (9), that i is, we will have | 


= Bas te= Bus n= Pn = 0, q.e.d. 


We are now "s to complete the problem. Transforming (6) to a system of 
new axes 2,,2,,2, by means of the transformation 


= Pot Bh iy + Bus — os — Bats; | 
T - labay 4 Ba “Bb a + Bean. 
Z = Bayı + Bata + Bate, | | 


24 — Yas 
we obtain & new system of the form 


dza = 0 da, T 


(00 dà p des E] 
v2) a dt * -dt 


dt — L 14$, WP 


which may be integrated by one quadrature. The general integral of (1) may 
now be easily obtained. The general integral of (6) is, (compare (11) part I) 


TE NS d 

Y, = B80 x Bin à +2 — Bs — Pe vicos 5 + OBa, 
1 -— Bg 1 — 

Js = — Ba x Sin à + Bmx cos à + GB, | 

Y= const. 


where o = f Pdi. Substituting these values in (9) and solving for the a’s we 
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obtain the general integral 


g= jeh t teL, Bg + Um —1 — (0 O4043P ig 


l — dy 1 — 88 ~ —-aJ)1~ 88 

| + Sataun) yain a 
SER [es "uc Babs EA (410449 1— Ba— "I 

1— dy l — Ög 1—day 1 — 


— tetas x COS Q 
l—au, 
a ca} + const. Q1. 
— ute dyer Bag + Bi — 1 ES 1—ah—ay Babs 
1—a; 1-68 l—ay  1— s 
Es “tn | x SIn © 
| | 1— dy 
-1 Quay Babes lt — ay 1 — £s — Bas, 


(13) 4. Gauss x COS Q 
i | 1 — Oy 
+ cay + const. Og | 
Zigi Pss + Bin m d AygQHag Pus 


ie v EUN ^ Iau 1— Bs 
1-— ai, — a oe 
rend 


— ere Aaga Babn Atag 1 — Babi 


1— ayu IM l — au 1— lg 


1 — aig — Qu | lana 
rn rrr x COB Q) 
TIAM 


+ cx + const. ag. 

a m — ja: Pa + Pe —1 — enn + aapa | x Bin @ 
88 

Dx M 
+ caf const. ay. 
In these formule the values of Bz, Bm, Bs are to.be replaced by their values in 
terms of aj, a3, 23, 2 obtained from equations (10). The determination of the 
angle o is the only quadrature involved, otherwise the work has been purely 


algebraic.” 


t 











#It should be noticed that the system of integrals (18) contain 4 constants of integration : x, O, const, 
and a fourth is obtained in the quadrature f Padt. 
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It is now comparatively easy to obtain an orthogonal transformation which 
. Shall transform (1) directly into (12). In fact, combining (9) and (11) we obtain 
after somewhat lengthy reductions: 


2 = [Bs tehi, ay +a — 1 Buby | Qus + utara) oy 








+ {Pat Pa—1 a i041 ds Babes LS th Ou 4 Date! a, 
. i— 88 1 — dy 1 — Bg 1 — Gy 1 — dy 
+ {eat Pet Gu ——— Baba 448 — Pal at} a, 
+ 85 —1 | 
-[E sag — ; Ae, an + Buon} S. 
E E Babs au tan— l: 1 — pu — e Aara Ceruta) 
—} Baba Zigir 1 — Bg — Bie ga el gatara o 
1— 8° 1 — ay 1 — Bg j 1 — au l — Qu 
—| Ber Coe Q48041 1— Bss — Die Q430448 Pe Lcd A) a, 
i—6. : 
+l Babe 043 + - Pas - Pb ous + Parts 05 
1 — Ps l 8 
Z= ` Gym, F aem. H wx H m, 
2, — Aty F lugte + Agly F 0 49, - 


In the first two equations Ba» Bæ, Bæ have the same values as in (13). This 
transformation exhibits a system of direction-cosines depending on the 8 para- ` 
meters Ays yg, yg, Ay: W, 29, 28, of between which 3 relations exist. We have 
thus incidentally solved the problem: of a set of 16 direction-cosines 8 are given ; 
it is required. to calculate the remaining 8 in terms of thé given parameters. The 
solution of this problem is equivalent to reducing the integration of (1) to a single 
quadrature, when two sets of particular solutions are known. It should be noticed 
. that this problem can be solved in an infinite number of ways, the simplest set of- 
cosines being obtained by puttings, = sy = s, — 0. There exist then o»? Huchdean 
transformations which will effect the reduction of the system (1) to the form 
o | | 
TP q——P4& eco eoo. 
The case where three sets of particular solutions are known (or three integral 
curves) requires no special consideration ; a Euclidean transformation may. then 
9 
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be found which will transform (1) into the system 
dy | djs dys dy, 
peres ET Bt A ese ELO zs 
roca Er LE cx. 

which requires no quadrature. If ayy, css, Og, Aui Gi, eg» Qeg Hee} Ler» Ogg s Agg, Og 
be the given sets, the transformation may be written down at once as follows: 

yi = Dye + Digg + Digg + Durs, 

Yo = Agi F agt + Arty F ayt ; 

Ys = agt T Agte H Aggty F Agt, 

Yu = Aty F Atg F Ugg F Ayt, 
where Di, Di, Dis, Dy are the minors of ay, ay, 1g, Qu in the determinant of 


the 16 cosines | Zil, Hog, Age, Key E 
ITI. 


There remains yet the problem of generalizing the preceding theory of 
integration. Mr. Hatzidakis has obtained the general system defining the rota- 
tion of a rigid system in n-dimensional space around a fixed point.* This system 
may with slight modifications affecting only the signs of the coe pupies Pa be 
be written T 


PS = Pita + Pits H ....2........ + Pus, 

dLa 

de Pw + Pats + ida uad E + pets: 
LIE MERECE" 

dar, | 

di pm —~ Pint — Pont —— oe + 9 we 9 9 » €. 9 ‘ete — Dy, nM mY 


It will be easy to prove as in the case of four dimensions that the integration 
of this system may be reduced to that of a similar system, but of one dimension less, 
whenever a set of particular solutions is known. The given integral curve being 
C, we transform to a new set of axes yi, ¥,,...- y, in such a way that the y,-axis 
pierces the hypersphere Xa? — 1 ata point P on the given integral curve. In 





* Am. do our. of Math., vol. 23. 

tBee my article t On Nullsystems in Space of 5 Dimensions and thelr Relation to Ordinary Space,” ija: 
Jour. of Math., vol. 25, p. 105. The p's in this article are constants, while here they are given functions oft; 
moreover, n is not restricted to an odd integer ; n may be even or odd. 
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the transformed system y, = y, = yg = .... y, .,— 0 must be a particular solu- 
tion, so that the last equation reduces to the form = — 0, and the first n — 1 
equations will define a rotation of the sphere Reyer... L= OO, Yn = Ô 


about the fixed point 0. In general, if m integral curves are known, we may 
transform the system by means of a Euclidean. transformation in such a way that 








y, describes C, Yn—ı describes O,.... and y,_,, describes C, .... The extrem- 
ities of the remaining axis will move along paths on the n — m dimensional 
sphere yi d- ys + .--- $m — 1, Yn—m 41 = Yn_ ng g +++: Yn =O, and the sys- 
tem (1) will be reduced to the form > — ^ . . 
gd ml Pat Pat P 
di — Usb Puede "Pul urn so 
Wh = Poy P P 
di = 199A T BY B RS uU aie + 214 — mU n —m» 
(2) 4 Warm P - Pon- P 
di — L in-mYy1 ^ an — Y2 7 e ee — La—m—1,n— mjn—m—1: 
AYn mil 0 ; 
du. _ 
di 7 ° 


In particular, ¿f n — 2 integral curves are known the system may be reduced to 
the form | 


dy, __ dys — das _ | dy... 
Wu Pass Fx Papi ie,  sxedw Bett trt y E. 





and may therefore be integrated by one quadrature. | 

We shall show how this reduction may be effected by means of a series of 
' Euclidean transformations. The problem consists in determining a set of. 
n? cosines in terms of a given set of particular solutions, n being any given 
integer > 4. | 

Let the integral curve be - 


vy — ps: Ly — Pln, ee UN UR ) Ln —1 — n -1*n* 
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. Since on the unit hypersphere a+ af + .... a2 — 1, this is equivalent to the 
knowledge of a set of particular solutions 


n I 1 


| (1 : p» rn net ues. mu 
a/ 1 +p ic4£X»a US LU VM 1+ Epa 1d Xd 
We employ the orthogonal transformation 
Yy = Gg, F Gag de ee + Antr, 
| Jg = Gt, F Ogg + ZI om 
(3) | B womens E usw tac perds nn 
Yn — O12 T Angels +- de ie Ae E x Dany 
In the same way as before in the case ofn = 4, Y, = y,= .... = y, 1 must 
vanish, whenever a = pas Xy = Pns ---- 94, = Pain, and hence the 
. . following conditions must be satisfied : ` 
Ogpi + Qipa + boe t + Gay capa cb Mn = 0, 
Opi F Gaps F ee F Ogn—1Pn—1 E an = 0, 
Qs — 71 = Ly — 1208 "E rs pe Es OG. —12— 10 —1 F Anin = 0, 


which n — 1 conditions may be reduced to the form 





a a, | 
4 y, ene I : — m QR qup ded us "m 
(4) up aa Tan : fi Pani 
that is, an, Gag, --+- Ann must be the given set of particular solutions. In order 
to obtain a transformation that will reduce the system (1), which we shall denote 
by An, to a system A,. ,, we must find a table of cosines ay expressed in terms 
of the n cosines ann (t= 1, 2.... n). Since these n cosines are determined as 
n." —1 


| functions of Q1, Py ---- Pa—1, there remain 


— (n — 1) parameters which 


may be disposed of at will. Let the nei parameters be denoted by 


81, 8, -oe Sea. We now put all except the first n — 1 of these equal to . 
zero and calculate the n? direction-cosines in terms of these parameters by the 
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ordinary method. (Pascal, Die Determinanten, pp. 160—161). We. find after 
easy calculations the following table, 








1 — sj —& ee Hu _ 28) — 28, (— 1)'25, 
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where A=1 + br We have then 
1 ' 
Ed 7728, — —1)0-7!95658, |. . ' 
( ^ hes dan se a ESL AY. macruep dg pP Sade ene ns 
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solving which for 81, 8, .... 8,_, we obtain 
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which transforms (1) into the form 








A a Pay, + Bands: cob Py Yann 
tys = — Pry, p: Pro i TDI is dion | 
() qunvTUTMUUU Uem 
ad s Pag di— Dici Lu Ed — n—n- an 
v cd I Eme TN 


By & method analogous to the one we employed in the case of n — 4 we may 
prove that if a set of particular solutions of (6) is known, a set of solutions of 
(1) is also known and conversely. Treating the system (6) in the same manner 
as (1) we may reduce it to another system thé integration of whieh is equivalent 
to that of a system of dimension n— 2. The Huclidean transformation trans- 
forming A, into a system A,_, is found by combining the two transformations 
transforming A, into A,_, and A,_, into A,_,. Im general, calling the 
successive systems An, A4 pocos A,—-, and the corresponding transformations 
rs S, os Dnm 4 1 WO may by means of a transformation S= S,8, 1... S oui 
transform A, into A, ,. In particular, if m — n — 2 the transformation 
Du a aera Js will transform A, into the system A, or, . 


M dea des __ = 
ap = Pus, di — - Py, u Vs en v up E 


which may be integrated by one quadrature. . 

It appears from the preceding investigations that the problem of reduction 
of A, to A,» amounts to this: Given m.n cosines as functions of t, to calculate 
the remaining n? — nm in terms of the given functions. This is a purely algebraic 
problem, involving only the combination of m — 1 known transformations 
S, Daan eee Sampi Where S,is of the form (5). There exist o === 
transformations which will transform A, into An —1 of which the transformation 


wow o B Fee, | 


of the parameters ub ... Ss si have been put bun to zero, The R 
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S = 8,5, 1... Dampi contains (m — 1)n — ma cr nm) determinate para- 


meters which are given functions of t; it follows therefore that in genera] there 
n. A 1 o Jr. = ie = — (n— m) — m — 1) arbitrary 
parameters, so that there are oo 5775777" transformations which will reduce 

- An 10 ASQ, m sets of particular solutions being known. In particular, if 
m — n — 1 we find, since now (n — m) (n — m — 1) — 0, that the transformation 
is uniquely determined by the n — 1 given sets of solutions, which is indeed 
" obvious, since n — 1 sets of direction- “cosines determine the remaining set of n 


exist 


cosines, In the transformation S all the Cameo arbitrary para- 


meters have been put equal to zero -which insures that S§ is the simplest 
transformation possible. i 


If we compare the determinant of the system (14), (part II) with the 
determinant of the systems (9) and (11), we observe that the first is the product 
of the other two. In general, if we write the successive determinants of the 
transformations Sns 1S ou 88 follows: 
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and from the product D-—2D,D, ,.... D, «41 We obtain the determinant of 


. 
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the direction-cosines in the transformation S which transforms A, into A,. 4. 
Let now m sets of direction-cosines be known particular solutions and let these 
‘be written | | | 


‘0 0 " 0 0 0 
Dals Tha "€. vts eo se San) Yn —11) Qu—128» wo» 9 98 © € o9 8 , Tain) ste * 9 we he * oaao ; 


In the transformation S, which transforms A, into A, _, the last row of direction- 
cosines are identical with the first set of given solutions (see (5)) and all 
the remaining cosines in D, are expressible in terms of these solutions. In 
D, the n — 1* row are particular solutions of the system A,_, and the 
remaining cosines are expressible in terms of these; but by means. of the 
transformation $$; ! we may express a4 IP a 2i .... aT} ,, 0 in terms of the 
second set of solutions aj ,, a9 ,4 .... a2 ,,, 80 that all the elements of 
D,,; will be expressed in terms of these functions. Continuing the reasoning 
in this way, we find that the elements of Damı may all be expressed in terms 
of the last set of given solutions, viz: f mais 959.1255 Tomis It 
follows that the product D will be an orthogonal determinant of the form . 


"E ote "€ 
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where the A’s are functions of the z's in the last m rows. If m= n — 1 the 
determinant reduces to the form | | 


Ay Ais ° Ax, 
yj Ways ++ Loy 


where A, .... A, are the minors of æð, c eve di M the determinant 


0 3 0 0 
LAT 9022 ; eg ++: Unni- 
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If m = n — 2, we have the determinant 


PP PPP 
f Ay, das A, 
0 0 0 
— | Za Tss -+ Tg 

D = i T ARE I 
* ð 0 
2 Ung -> Lay 


and the general integral of (1) may be written down at once. We have 


2A — Aux sin Q +. Agsx COS (9) -- Ca, + Cy pes ett n ttm ng + C, . 9%; 
quem Ax sin o + Nd cos o + Ork + Qa, + ..-- ee. + Oy ona 
20, a O aA ice EE + CanCan: 


where o — /P,,dt, and O,, C,..C,_, are integration constants. Ay, Ay .. Aj, 

and Áy, ud nass A,, are all calculable in terms of the n — 2 given sets of 
X particular solutions by a purely algebraic process as was explained above. For 
m — n — 1 we have the general integrals: | | 


= GA; + OS + Cg too. e eee. C o, 
Ly = — + Gts + Ra. Cena 
Üp RV C A, + Cy, -+ enas wok s. 5 es nee Ox. 
"^ where Au, Aj .... An are the above-mentioned minors and C,, €, .... C, are. 


the n integration constants. ` 

The integration problem is thus reduced to its simplest form. It may be 
stated thus: Jf m sets of particular solutions of the system A, be known, the 
integration: may be reduced to that of a system An m. Uf this last system be 
transformed by means of the transformation 


YE a ys — Yn-—m—1 
Wes ae | = 
into a generalized Riccati system in n — m — 1 variables, the above statement 
may be putin the form: Jf m sets of particular solutions of A, be known, the 
system may be reduced to a system of Riccati equations in n — m — 1 variables, 
6 ! 








n—m—]s 
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For m — n — 2 we find the Riccati equation 


Tc Pe) 


which is integrable by one quadrature. 

It should be noticed that the Riccati equation here obtained differs from the 
one obtained by Darboux's method in the particular case n == 3, m = 1; this 
equation is (Theorie des Surfaces, vol. I, p. 22) | 

dT m — ippo + Pa Ps 4 Bis + WPa o 
and has no analogue forn >3. It was the failure of this method when applied 
to the general system that led me to search for a method which would be 
applicable in general, and it has been shown. that this method is chiefly based 
. upon orthogonal, or more explicitly, Euclidean transformations. | 


U. 8. NAVAL AOADBMY, December 27, 1904. 


. On the Determination of the Properties of the Nodal 
ANN Curve of a Unicursal Ruled Surface. 


By CHARLES H. SrsAM. 


The parametric equations of a unicursal ruled surface may be written: 


(1) nae Tı = a,(u)-+ vb, (xu), l 4 P E 4: 
wherein a,(u), b:(u)are polynomials in u. | | 

I shall suppose—it being no restriction on the surface—that there exists 
no value of u which satisfies all the equations: 


a(u)b(u)—a(u)h(u)—0, ^ |  $J—3123,4. 
‘The generator along which u has any particular value by will be referred to as 
the generator p. | 
Any point of the nodal curve is determined by two pairs of values (u, v) 
and (w v) of the parameters. - Hence, if from the four equations, 


(2) a (ua) + ob. (u) = p [as(u)) + vbu] i21,2,3,4, 
We eliminate p, u’, v’, solve for v (or u) and substitute i in (1) we obtain the para- | 
metric equations of the. nodal curve. 

If, on the other hand, we eliminate v, p, v from (2), we obtain: 


| a(x) au). b(u) bu) 
(à) Leu) ar) balu) baw’) 
au) aalw’) bu) bu) 
| | a(u) au) bu) bilu) | | 
This expression is divisible by (u — wY. The resulting equation is expressible in 
terms of u + w and up! only. Call it F(u + w, uu') = 0. Putu + u' — £ and 
uj! =n and consider F(E, y)= 0 as the non-homogeneous equation of a curve 
whose current co-ordinates are(£,7). It then follows that: 
Each irreducible component of F (E, n) = 0 determines an irreducible compon- 
ent of the nodal curve of the surface. If the latter is double only, then the number 
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of times tt is cut by an arbitrary generator equals the order, and its genus equals- 
the genus, of the component of F — 0 which determines it. | 

For, let (£,u)-— 0 be an irreducible component of F = 0. Lei Palu) 
=a; (u)b, (u) — b; ;(u)a&(u) be the line coordinates of the generator u and p'(u') 
be those of the generator u’. Then when ®(u + u', uu!) — 0, the curve: 


w = ( Py Pis — Pis Pis)( Pu Dis — Pie pu) = phlu + w, uu) 
To = ( Pas Pra — Pos Pis)( Pr Pu — PuPu) = phe + u^, uu) 
(4) a MER / ANT. n O / I 
; Xg = ( Pu Pis — Pia Peo) Pu Pig — Papa) = esu + w, uu) 
v, = (Po Pla — Pu Pas) Puts — Pa Pu) = piu + wu’, uu) 
belongs to the double curve of the surface (1). 

When the curve (4) is a double curve, only, on the surface, a one to one 
correspondence exists between its points and those of @ (E, x) = 0, for any two 
generators intersecting on (4) determine a single point (their intersection) on (4), 
and also a single point (the point £ = u + w, n = uu) on $ — 0. Hence ^ — 0 
and the double curve (4) are of the same genus. Moreover, ifin ® (u + w, uu) = 0 
we give u an arbitrary fixed value, we obtain m (= order of db (E, 7) = 0) values 
for u’, hence the generator u meets m other generators on (4) and therefore 
meets (4) in m points. 

. Two distinct components of F "(E n) == 0 can not determine the same double 
curve on the surface (1). F = 0 may, however, have one, or more, other com- 
ponents identical with a given component d = 0. The two sheets of the surface 
through the corresponding double curve (4) then touch, osculate, eto., according 
to the number of components of F = 0, identical with ® = 0. If d* is a factor 
of F' then the corresponding curve (4) counts + times as-a component of the nodal 
curve. 

A simple illustration. (already obtained by another method by Snyder*) 
is that of a quintic scroll with an =a conic. Writing the equations of the 
scroll in the form : | 

=l; =P v; m-—u-—vu; a= vy’, 
the equation F (E, n)= 0 becomes °= 0. The oscnodal conic is 42 9, rd 
xy = 0. It counts for a nodal curve of order six. 

A component of the nodal curve which is of multiplicity greater than two 
on the surface may, on the other hand, be determined by more than one com- 


* Bulletin Am. Math. Boc., vol. 11, p. 182. 
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ponent of the curve F = 0. Between the points of an 2-fold curve on the surface 
and the totality of distinct components of F = 0 which determine it exists a 


|n dm zl correspondence. These curves may be tacnodal, oscnodal, etc., 


under 2 same conditions as before. They exhibit, also, the following further 
singularity: Among the components of F = 0 which determine the same 
curve on the surface, some may enter to the first power only, others to the second, 
etc.; correspondingly, among the sheets of the surface passing through the curve 
some will simply intersect, others touch, etc. The equation F = 0, therefore, 
forms, as before, a criterion for the mode of intersection of the sheets of the 
surface along the curve. | | 
Consider, for example, a scroll having a fourfold conie along which the 
sheets of the surface touch in pairs. Such a surface may be obtained by setting 
up a (1, 2) correspondence between the points of the conic and the planes through 
the tangent at the point, then joining the point of tangency to the points in 
which the corresponding planes cut another conic. To the former ‘conic corre- 
. sponds in F = 0, a quadratic factor and a linear factor a [t counts for 
= sixteen as a component of the nodal curve. | 
A more interesting illustration is that of a scroll having a fourfold quartic, 

along which two sheets of the surface touch, the remaining intersections: being 
simple. Such a surface is the nonic: 

2, = ut + o(p? — 2u* + 2,5) 

ty = u* + Qu? — 2u* + vu 

ta = u — u + 9u9 +. v 

| v = 4 
The equation F = 0 reduces to: 
P [E — Of --(1— An) + 6 P + (4n — n)E + 4n —4]- o. 


The complete nodal curve is the cuspidal quartic : 


p = 24 Ty = A Quy — A qu = —1: 
It is equivalent to a nodal curve of order twenty-eight. 
Let $,—0,$4, —0,....,4,—0 determine the same component of the nodal 


curve e of the surface (n general, $— 1). Ifin the product:— 


Pile + w uw). Qalu + u^ uu). -- eiu + w, up) = 0 
we put uw’ = u, the resulting equation determines the torsal generatore of the 
surface which have their pinch-points on the curve considered. 
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: When a ruled surface is developable, every point on its edge of regression 
is a pinch-point. The corresponding component of F = 0 must, therefore, vanish 
identically for «= w. That is, to the edge of regression of a i i always 
corresponds the conie, £? — 4» = 0. 

A theory similar: to that formulated here for the double curve holds also - 
for the double developable (i. e., the developable formed by the planes contain- 
ing two generators), for to. the point (E, n) on F (€, n) = 0 corresponds the plane 


& E 


of the intersecting generators, and E i: Thus, in the case 


of the quintic scroll with an "a. conic mentioned above, we have seen that 
F = 0 reduces to p= — 0. It readily follows that the double developable consists 
of the tangents to a quadric cone counted thrice. This surface has, in fact, the 
interesting property of being self-dual without belonging to a linear complex.* 

When the surface has a rectilinear directrix, we may take:the directrix to 
be a =a, = 0, and write the equations of the surface in the form: 


xı = 3(u)a(u); x = S (u)b(u);my = c(u) + ve (u); w= d(u) + vd'(u), 
wherein a (u) and b (u) are relatively prime. | 
Equation (3) now reduces to: | 
a(u) a(u)| | e(u) eu!) 
09500156) sq) Lae au l= 
3(u)— 0 or S(w’)= 0 determines the parameters of the generators coincident 
with the directrix. The equation | 
1 | | ee) er) 
ee |d(u) d'(u) | | 
is satisfied by the parameters of the generators that intersect on q; = q, — 0. It 
determines the properties of the double developable other than x; + Ac, = 0. 
The properties of the nodal curve— other than the directrix itself—are determined | 
by the consideration of the expression : 
(i1 | fate) aw’) | - 
u—u (blu) bu) 
The determination of the double curve and of the double developable of such 
a surface is, therefore, closely related to the theory of binary forms. 








p 











*8ee Wilczynakl, Math. Annalen, vol. 58, p. 249; also Bull. Amer. Math. Boc., vol. 11, p. 8. Bisam, 
Bull. Amer. Math. Soc., vol: 10, p. 440. 
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Certain Surfaces with Plane or Spherical Lines of 
Curvature. | 


Bv L. P. EISENHART. 


S1. INTRODUCTION. . 


Elsewhere we have considered the surfaces with the same spherical repre- 
sentation of their lines of curvature as pseudospherical surfaces; we have called 
them the A-surfaces.* We have found that they admit of transformations into 
new A-surfaces in a way which is a generalization of the Backlund transforma- 
tions of pseudospherical surfaces. In the present paper we wish to study the 
A-surfaces with plane or spherical lines of curvature in one system and to apply . 
the earlier results to these particular surfaces. 

After a brief recall in $2 of the needed results of our former study, we 
proceed in $3 to the discussion of A-surfaces with plane lines of curvature in one 
'or both systems. We show that the moulure surfaces are the only A-surfaces 
with the lines in both systems plane, and then find the character of the curves 
on the sphere which represent plane lines in one system on A-surfaces. 

In §4 we consider the A-surfaces of the Joachimstal type, first in terms of 
the parameters used in §§2 and 3, and then in terms of a set of parameters so | 
chosen as to enable us to give the cartesian coordinates of the surface in a simple 
form. We find that among.all the A-surfaces with the same spherical represen- 
tation and having plane lines of curvature in one system there is an infinity of 
the Joachimstal type, the pseudospherical surface being one of the latter. 

In $5 after noting that for all A-surfaces with plane lines of curvature in 
one systèm the planes of the lines envelope a cylinder, which reduces to a line 
for the surfaces of Joachimstal, we make use of an investigation by Raffy, Sur les 
surfaces a. lignes de courbure planes dont les plans enveloppent un cylindre (Annales 


* Amer. Journ., Vol. 27, pp. 118-172. 
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de L'Ecole Normale, 1901), and are able to find the éxpressions for the. cartesian 
coordinates of all these surfaces. 

When the generalization of the Backlund transformation of sealed 

- Surfaces is a generalization of the transformation. of Bianchi of the latter, we call 
-it the complementary transformation (see §2). In 86 we find that every comple- 

mentary transform of a moulure surface has plane lines of curvature in one 
system; that every surface with plane lines of curvature in one system has two 
at most of such transforms; that this is true of no other A-surfaces. 

In §7 we find the conditions to be satisfied in order that the curves v = const. 
be spherical and certain particular cases are discussed, including surfaces of 
Joachimstal which are of this class also. In §8 it is given to find the character 
of an A-surface in order that it may admit of a complementary transform with 
spherical lines of curvature in one system. And, finally, it is shown that there 
are an infinity of A-surfaces, each of which admits of an infinity of transforms 
with spherical lines of curvature in one system. | | 


82. General Formulae. 


The parameters of the lines of curvature upon a pseudospherical surface of- 
unit curvature can be 80 chosen that the linear element of the surface can be 
written 


(1) de? = cos! odu? + sin’ adv’,* 
fier o is a solution of the equation | 

| A do 
(2) A — Ay = sin @ cos o; 


and every nioi of this equation determines a pseudospherical surface. The 
linear element of the spherical representation is 

(3) p do? = sin? odu? + cos*adv** - | 
This evidently is the expression for the linear element of the spherical represen- 
tation of the lines of curvature of certain A-surfaces, and each solution o of equa- 
tion (2) gives rise to a whole group of these. For if the linear element of such 
a surface be written 


(4) ds* = Adu’ +0 "de", 


* Darboux, Leçons, t. IIT, p. 877. 
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the coefficients A and C must satisfy the conditions 

(5) ' mE A. JA do .1 0C. 9o 

| C w w Adu Ow | 

and every set of functions A and C satisfying these equations determines an 
A-surface. We have shown* that the solution of the system (5) requires the inte- ` 
gration of a Laplace equation, from which one gets an idea of the number of 
: A-surfaces in a group with the same spherical representation. B 

: Consider the system of equations 


- 


| Ae + SE = cosa sin 6, 
6 
| 86 4 $2 — — sin o cos 0. 


T'he integration of this system is reducible to the solution of & Riccati equation ; 
consequently the generalintegral involves an arbitrary constant. Given a par- 
ticular integral 6,; in the tangent planes to an :A-surface with the spherical 
representation (3), draw the lines through the points of contact, making the 
angle 0, with the lines of curvature v = const. We have shown that. the planes 
perpendicular to the tangent planes and meeting them in these lines envelope a 
new A-surface S, with the lines of curvature parametric, and for which the linear ` 
element of the spherical representation 18 


(7) | do,” = sin? bdu? + cos? bdo ; 
and the coefficients of the linear element of S, have the expression 
DEEP. =A , Ba condos o aan. 
Qu us 
(8) QC Qo 
O, m A as + sin 0,(.À cos o + C sin o). 


We call this transformation E when the given surface is pseudo- 
spherical it is the transformation discovered by Bianchi and called after him by 


Darboux. 
83. A-Surfaces with Plane Lines of Curvature. 


In order that the lines of curvature v = const. on a surface be plane T is 
necessary and sufficient that the spherical representation of these lines be small 


* Amer, Journ., l. c. p. 118. 
1 Amer. Journ., L c. p. 129. 
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circles, and consequently that the lines have constant geodesic curvature. The 
general expression for the geodesic curvature of the lines v = const. is* 

Lo 1 OVE . 

p EG Ov ' | 
where E and G have their customary significance. Hence, if the given surface 
is an A-surface with the spherical representation (3), the condition that the 
curves v — const. on the sphere be circles is 

| | 1 do _ 
9) sino Ov | 
where V'denotes a function of v alone. In &similar manner the necessary and 
sufficient condition that the lines u = const. be plane is 


= = Co __ 
(10) Mon s Mi 


where U denotes a function of u alone. If these conditions are to be satisfied 
simultaneously, we must have | 


2. (sin o . V)— Ê (cos oU), 
which reduces by means of (9) and (10) to- | 


U.V -—O. 


Assume that V = 0, then it follows from (9) that o is a function of u alone. We 
have shownt that this is the necessary and sufficient condition that the corre- 
sponding A-surfaces be moulure surfaces. Hence moulure surfaces are the only 
A-surfaces with plane lines of curvature in both systems. 

We limit ourselves now to the case where only the lines v= const. are 
plane. Equation (9) must be satisfled, which may be written in either of the 
forms 


o 1 óOoN 1 
E | OuNsino Qv/ ' Qv TARNEN 
Write these equations in the form 
Qo 00 v. 
(12) | 5 = U sin o, a, Vano 


* Bianchi, Lezloni I, 181. 
t Amer. Journ., l. c. p. 122. 
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and substitute in equation ( 2); by means of (12) the result may be reduced to 


. . u yo. 
When this value of o is substituted in the first of (12), it becomes 


(14) UU"— D. — Un —(U*— 19 pU + (0—1) V9 + y? V= 0; 


in like manner the second of (12) becomes 


y" 


(18). Vy" +E — y» — (U1— — 0 + Ut + n y*—ó. 


Differentiate (14) with respect to v; this gives 
(6) he 2(U* — 1) Y + 27° -v"|= 0. 


If V' is zero, o as given by (13) is & function of u alone, in which case the 
corresponding surfaces are moulure surfaces, and consequently the lines of curva- . 
ture are plane in both systems. Excluding this case, equation (16) may be 
written | | : 


po. I 
v gis 1)+ 3Y* — t =o, 
which may be replaced by the two equations 
I ji 
(17) | p-— 2(U? — 1)=a, pai =a, 
where a denotes a constant. From the first of these we have B 
(8). ^ | FS Ot + (a— 2)? +b 
where b is a constant. When this value i is substituted in (14), o one gets 
(19) EE. y= Y* 4- aV? +(a 445—731). 

This value of V is seen to be consistent with the second of (17). And tliese 
‘values of U and V determined by these equations satisfy equation (15). Hence 
every solution of equations (18) and (19) gives a configuration upon the sphere 
which serves for the spherical representation of the lines of curvature of A-sur- 
faces with the lines v = const. plane. Asa and ò are arbitrary constants, there 


is & double infinity of these systems and they are determined by two — 
tures, as is seen from the form of (18) and (19). 
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$4. A-Surfaces of Joachimstal. 


Surfaces with plane lines of curvature in one system, such that all the 
planes pass through a line L, are called surfaces of Joachimstal. We inquire 
whether any of these surfaces are A-surfaces. E | MEE 

The necessary and sufficient condition that a surface S with plane lines of 
curvature i in one family be a surface of Joachimstal is that the lines of curvature 
in the other system lie on spheres which cut the surface orthogonally; in this 
case the centres of the spheres lie on the line L*. Ifa curve Con S is the 
intersection of S and a sphere, which cuts the surface orthogonally, the radii of 
the sphere to the points of C form the developable circumscribing S along C, and 
the centre of the. sphere, since it is the vertex of the cone, is the centre of the 
geodesic curvature of C, by the theorem of Beltrami;T evidently this curvature 

is constant. Conversely, Brioschi has shown that when a line of curvature has 
. constant geodesic eurvature, it is the intersection of the surface and a sphere 
cutting the surface orthogonally.{ | Hence our problem. reduces to the deter- 
mination of the A-surfaces with the lines v — const. plane, and with the lines 
of curvature w.=.const. of constant geodesic curvature. TE o Ts 

In consequence of (5) the geodesic curvature of the lines u= const. 


E by% 


1L 100. 196 
AG Qu | C du’ 
hence for these lines to be of constant geodesic curvature we must have 
| 1 oa) == 0. 
n QQu/ 
At the same time equations (11) must obtain; consequently we must nave 
(20) E C= UV, sin o, 


where U, is any function whatever of u alone. From the second of equations (5) 
we Hoa that | | 
Bng: u 
(21) | A= v. coso t do 
i Ou 


* Bianchi, Lezioni, Vol. II, p. 269. 
t Bianchi, Ib., VoL. I, p. 277. 
1 Bianchi, Lezioni, Vol, II, p. 286. 
$-Bianchi, Lezioni, I, p. 181. 
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where the accent denotes differentiation with ‘respect to us. In consequence of 
equations (1 1) these expressions for A and C satisfy the first of equations (5). 
Hence we have the theorem: 

For each value of o given by (13) there is a family of Scd of the Joachim- 
stal type, depending upon an arbitrary function. 

Their linear element is of the form 


ay) "x i= (Toot U Datt ves di 


4 


where U, is arbitrary and U is determined by (18). When’ U,i is sgu to unity, | 
(22) reduces to the form (1) We remarked that for every pseudospherical 
surface whose curvature’ is equal to — 1 the linear element can .be given this 
form; and when the curvature is another constant the linear element. is reduci- 
ble to the form (1) multiplied by the constant. Hence pseudospherical surfaces 
with plane lines of curvature in one system are surfaces of Joachimstal. This 
result was. obtained first by Enneper,* and on this account pseudospherical 
surfaces of this kind are called surfaces of Enneper. P - gy d 

. From another point of view we shall be able to find the coordinates of these. 
surfaces in finite form. . For this we. remark that Raffy} has shown that any 
surface of Joachimstal can be defined by the equations | 
sinh(U 4- V 


n: Ea — 9 =i foes 
(23) cosy  sinv usd p M cosh (U + J 





where U and F are functions of uand v respectively, sud the curves v — const. 
are plane lines of curvature and u — const. their orthogonal trajectories. One 
finds for the linear element of the puedo representation of the surface, as thus 
defined, )J 


CR ply [iaeia jars 

where u is & function of v alone defined by (7 
| eot u= y. | 
If lua put U = u, or write it u= U, vise U,is such & function of u, that 


when u in U is replaced by U, it becomes u, the equations of thè surface become 


* Gött. N Nachrichten, 1888, p. 258. 
TBur les surfaces à siguen de courkure planes, eto., ARD; L'Ecole Normale, ser. IIT, Vol. 18, p. 857 (1901). 
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(on removing the subscript from u) 


(23) v Y Uy — U, T 1A sinh (u + V). 
| cos v sinv  cosh(u + V)' ' eosh(u + VY 
where the prime denotes differentiation with respeot tou. Now the expression 
for the linear element on the sphere is | | 


oo sin? xi T ! sinh (u + 
(a3) A cosh?’ (u + V) e| +V) y | der 


From the form of this expression it follows that V determines the configuration . 
on the sphere, and the character of U; has no effect. 

. Darboux* has given the following general method of generating a surface 
of Joachimstal: In a plane which passes through a line L one draws any family 
of circles with centres on L, and also their orthogonal trajectories; if the plane 
is made to turn about L according to any given law whatever, as one passes from 
one trajectory to the other, the locus of the trajectories is a surface of Joachim- 
stal.. From this statement and the preceding remark concerning (24) it follows 
that U, determines the array of circles, and V the motion of the plane. -For 
our problem JU, is arbitrary, and V must be determined so that (24) is the repre- 
sentation of the lines of curvature of a pseudospherical surface. 

. In order to do this we seek the forms of the functions U and V so that equa- 
tions (23^) shall define a surface of Enneper. When a surface is defined by (23/), 
its principal radii of curvature are given by MM 





© A/14- V? U" 
| ss YE P [us inh (U+ V)-- D^, cosh (U + n. 
(25) —V71+ V^ 


= v sinh (U+ V) + pa on cosh (U Æ V) | 


From these expressions we find that the necessary and sufficient’ condition that 
the curvature of the surface be — 1 is 


| (26) sinh(U 4- pj: — pp ya | + cosh(T + V) aa ep = 0. 


From (25) it is seen that U' 0. We consider first the case where Y! = 0; 
from the form of the foregoing expressions it is seen that in all generality we 
may take V — 0, but then equations (23’) define surfaces of revolution which are 


 *Lecons, Vol. 1, p. 117. 
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an evident solution of the problem, and will be excluded from the further discus- 
sion. With this understanding we put 


@7) U— qe N= pp ys 
and take U and V for independent variables, designating differentiation with 
respect to them by accents. Equation (26) reduces to - 
. (28) 2 tanh(U+ V (U, — V; — UJ — Vy. 
Differentiate this equation with respect to V, and multiply by cosh? (U + V); 
this gives | 
2(U, — Vj) — Vy sinha(U + V) + V! cosh*(U + V) 0. 
If this equation be differentiated with respect to V, the result reduces to 
| V! = AW, 
from which it follows that ` m 
(29) - V, = a cosh2V + b sinh2V + c, 
where a, b, c are constants. From the form of (28) it follows that in like manner 
(29) | U, = a, cosh2U + b, sinh2U + e. | | 
When these values are substituted in (27) we find | 
, | a= — a, b — b, qe. 
From (27) and (29) it follows that the function V determining a system of lines 


on the sphere which serve for the representation of the lines of curvature of an 
A-surface of Joachimstal is. given by the quadrature 
fW acosh2V +- banh2VY Fe . 
' — a cosh2 V — b sinh2V — (c — 1) 
When, the expression for V from this equation is substituted in (23/) or (23) 
they define all the 4-surfaces of Joachimstal. When the parameter u has been 
chosen so that the equations take the form (23), the form of U, for the corre- 
sponding surface of Enneper is given by the quadrature. 
| U, = JMe — a cosh 2u + dbsinh2u. du, 


(30) dV M 


in consequence of (27) and (29/). 

The form of (18) is not. altered if u and V be replaced by u + x and V —x 
respectively, where x is & constant which can be so chosen as to remove the term 
cosh2V or sinh2V from (29). Hence only two of the constants a, b, c are arbi- 


s 
* 
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trary, so that there is on the sphere only a double infinity of the curves sought, 
as was found before. | 


$5. A-surfaces with Plane Lines of Curvature in. One System. 


We proceed now to the determination of the A-surfaces with plane lines of 
curvature in one system which are not necessarily surfaces of Joachimstal. We 
remark that the planes of these lines of curvature are parallel to the correspond- 
ing planes of the lines of curvature of the pseudospherical surface with the same 
spherical representation as the given surface. But, as we have seen, the planes 
for the pseudospherical surface pass through a line L, and consequently for the 
given surface they either pass through a line or envelope a cylinder whose 
elements are parallel to L. We have considered the former in the preceding 
section and now will turn to the latter. For this the recent investigations by 
Raffy* will be of great service. He remarks.that if. S is a surface with plane 
lines of curvature v = const., and A, is the locus of the centres of normal curva- 
ture of these lines, the geodesics v — const. on /$, are the curves of contact of 
circumscribing cylinders, and thé angle between the parametric lines on 4; is a 
function of v. When,in particular, the planes are parallel to a line L the cir- - 
cumscribing cylinders are parallel to a plane normal to L and conversely. 
Taking the z-axis for the line L, Raffy} finds, for the surfaces for which the 
circumscribing cylinders are parallel to the æy plane, expressions which can be 
put in the form 

x, = (Ui cos v + Uj" sin v cot u) cosh (u + V) | | 

S — (Uy cos o + Uj sin v cot u) sinh (u + V) + 4j cos o — q/ sin v, 
(31) 4 y, = (U sin v — U," cos v cot u) cosh(u + V) 

| — (Uy, gin v — U} cos v cot u) sinh (u + V) 4- ẹsin v + / eos v, 

z =U, — Uy, | | | 
where U; is an arbitrary function of u, an arbitrary function of v; u denotes 
the angle between the parametric lines on S, and cot u = Y, the function V 
depending only upon v and, as we have seen, determining the spherical represen- 
tation for 8. | | 

From (31) one finds the direction-cosines of the tangents to the curves 
v = const. on æ; as these are the normals to S, we denote them by X, Y, Z, and 


*Bur les surfaces a lignes de courbure planes, etc. Ann. L'Ecole Normale, ser. IIT, Vol, 18, p. 841. 
tIb., p.852. ` ) i 
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find:for their values s % 2 P^ 
X = cos v sin u tanh(u + V)— sin v cos u, 


(32) | jr sin v8 sin u tanh(u + V)+ cosv cos Hs 
| Bin u | 
— cosh (u +y) 
The surface Sis defined by 
(33) - t= t —-AX, y= ae Az m — AZ, 


where A is determined by the condition 


Zde. X — da= 0, 

Or i 

D P = OAL om, 2A iO. 
(34) Bu — SA w >X Oy’ 


The first of these may be written 


QA -VE F = (U — Uy P cosh b (u + n 
Qu gin u 
from which we get 


(35 | aca Uy sinh (u.+ V) — TEE TA | 


sing . 


where 718 & function of v alone. The second of (34) reduces, in NUBE of . 
the definition of u, to 


- 008 uw = y [CUI + uU) cosh (u + y)— (Ul + Uj) sinh (u-- V ) : 
| + [4 (v) + Vw] cos u. 


When the value of A from (35) is | substituted in thig equation: it is oun that 


the function y (v) is determined by 
(36) x (v) = DH) + V'O] cos u: 


From (33), (32), (31) and (35) we have for the coordinates of any A-surface with 
the lines v — const. plane 


x =|" iens E xr) -+ ap cos "» + [x di COs v) Bin v, ` 


| (97) 4 y=| = ysin u sinh (u + V) 


cosh (u + V) POS se] ar ~ig cos oe cosy)’ isi | 


DEL NS U; sinh (u + VV)+; [sinu 
= cosh (a + | 


8 
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where V is determined by. the. quadrature (30), U, and 4j (v) are arbitrary and 

x (v) is given by (36). For — 0 and consequently y = 0, formule (37) reduce 
to (23), that is, 4 = 0 is the necessary and sufficient condition that they be 
surfaces of Joachimstal. From (37) we derive the IOUOWIDR expressions for the 
coefficients of the linear element of S ` | 


sinh (u + V).U/ + x $i mu ory. 
U cosh (u + d. = UI 


5 


(88) | 
"2 ei X { tanh (u + V)— ah eg ta. 


. In particular, when a = b = 0 in (30) it reduces to 


n V = y o + const. 


Hence if the parameters are real, 0 < e« 1. Now 
| | cotp=i + P=}, 


hence the parametric lines.on 5 eut one another under constant miss 





$6. Complementary Transformations of Certain A-Surfaces. 


Consider an A-surface S with the spherical representation of its lines of 
. curvature given by (3). Let S; be a complementary transform corresponding to 
a particular integral 0 of the system (6). Further we assume that the lines of 
curvature v = const. on & are plane; for this we must have (11) | 


$( 1) 
| QoNsin 6 Qu/ 
By means of (6) this equation may be replaced by 
(39) . sin 0 ZO + cos Miis eae t 


This sunin i8 satisfied identically when $ Jv = = 0, pus is, when S is a. A | 


surface, Hence: 


The complementary transforms of a moulure —' have plane lines of curva- 
. ture 4n one system. ` 


From (39) it is seen that, if S is not a moulure surface, two at most of ite 
complementary transforms have plane lines of curvature in one ee The 


MÀ 
a 
e MÀ 
S - 


a 
———" 
ee m 
aa 
E 


a e e e e a n 
eo 
= ý 
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- But this equation also is a consequence of (41). 


6, given by (39), M 
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angle @ giving these transforms is obtained from (39); but this function must 
satisfy (6) also. Instead of solving (39) and substituting in (6), we differentiate 
the former with respect to v and take account of the latter. 





JT his BINOS: 
. Ca 2:7 j 9 9 9e g? Q 
sin [25 + (52 Ou pm o Se |+ cost Gv Budo "^ s0($2) 
The values of 6 given by this equation must be the same as in (38). hence we 
must have 
te) $a E oa Oa’ 

| BR TU REC T Md 

(40) Pc = 
G) NN i) 81h O - 

| Ov? | Qu 

From the last two we have 
" (41) B ii Q 2) =o, ve 


that is, the lines of curvature » = const. on T are plane. In anii of | 
(2), the first two ratios of (40) are equal: when (41) is satisfied. In like manner — 


we differentiate (39) with respect to u and take account of (6); this gives. 


da Fo | 
| sin oS. + 242 se) |t» MET d 
so that o must satisfy  . 
Qo Fo 4 da Cav? - es eo 0. 
20 Duo" Qu. Qv Ouóv Ov - 


Hence : | 

If the lines v = const. on an A-surface are plane, the two values of 6 given by (39) 
determine complementary transformations, such that the lines v = const. on the trans- 
forms are plane, and on all the other transforma the lines v = const. are skew. 


An exception to this theorem arises for the. case where the two values of 


The necessary and gufficient condition for this is 


e) o (Sa A 


and the single value is given by 
(43) | cos 0 = — _ 26/20 sin o. 


Suppose we have given a: function o, satisfying (42), and we denote. by S a 
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surface with the spherical representation of its lines of curvature determined by 
o. Let S, be a surface of which S is the complementary transform by means of 
o, and let its spherical representation. be given by 


doy = sin? pdw? + cos? odv’ ; 
then Ð is a particular intégral of the system 


(44) . | 2o 4 2 sin o cosg, So + 5h = — cos sing. 


In consequence of the above results we know that the lines e — const. on So are 

plane, so that @ must satisfy r | 5 
PX. 7 L OQ. . 

(49) . av ain Q$ 2) T 

By means of (45) and (44) equation (42) may be replaced by 


. , : 3 
| cosec*o , 5 (52 + eos o sin >) ES. 
which reduces to "o | 
89 da r 
| an Bo ; 
' If were a function of u alone, all the transforms of © would have plane lines of 
curvature v = const. Hence the above equation gives $ — e), and conse- 
quently X isa moulure surface. We have then the theorem: 

If a surface S is a complementary transform of a moulure surface, it ibi 
only one complementary transformation giving rise to a surface with plane lines of 
curvature in one system ; the determining function 0 of the transformation is given 
by (43); for all other A-surfaces with pane lines of curvature there ave two such 
transformations. 


$7. . A-Sur faces with Spherical Lines of Di anre 


Enneper* Has shown that the necessary and sufficient canoa that. the 


, lines of curvature v — const. on a surface be spherical is that the following ipn 
tion obtains | 


f 


A= p 
Roc A+ Reng 24, 


where R is the radius of the whee and o the angle under which the latter cuts : 
the surface; both of these quantities are functions of v alone, 


EMEN EM MM M MEME a LL RR RN ERR RR a 
z ` 
+ LÀ i * 
Li a Li 
ban 


* Gött. Nachrichten, 1868, p. 431. 
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For an A-surface 
A=-—p,sino, C= p,cosa, 


80 that for these surfaces the equation of condition is ` 


(46) - A — asin o 4 828, 
where a and @ are functions of v alone. 


Consider first the case where the surface is a poen een (46) 
becomes 


cota =a + = oe. 





Differentiate with respect to u; this gives - 


1 24 el (1 oe es i0: 
Sin? @ ur" sin o 0v/ 


Differentiate again with respect to u and eliminate 8. This gives the following 
condition to be satisfied by o: 


1 do dor 2) 


sin? o z Qu \sin @ dv 
(47) 
oF 1 da 
. airs 3 isa Su) om Ger O x 
which reduces to | 
(48) do a . a Qo da .. 


Qu du’dv Ow Qu uos t Qu/ Ov — 
It is evident that equation (47) is satisfled when 


game ae) = 
hence when equation (48) is satisfied the curves v — const. on the pseudospheri- 
cal surface are spherical or plane. In like manner when o satisfies the equation 


0o Qo Q'o Q'o Qo/Qo 
(49) "Oi Duovi dl Dude. + (E) =0, 


the lines of curvature u = const. on the corresponding pseudospherical surface. 
are spherical, unless 


OY n E Q 32) = n 


in which ease they are plane. These results have been found by Bianchi.* 





* Aggiunte alla Memoire «Bopra i sistemi tripli, eio." Annal di Mat., Vol. 14, p. 116 (1887). 
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We pass to the consideration of Á-surf&ces in general with one family of 
spherical lines.of curvature. From = and the first of equations (5) we have 


| DEM a sina + g 2o A | 
(B1) .— C= — a eee 
| | 0v ; 
where the accent denotes differentiation with respect to v. When this expres- 
sion: for C is substituted in the second of equations (5), the latter becomes 


| Qo Oo Ow o[0o a Oy Ca 
(2). dd [153829 — sin w 29] + [90 28, Se Me 2 Sul Be z) |- 9 


If the expression in the first parenthesis is zero, the same is true of the second ‘ 
as this is the condition that the lines v = const. be plane, it may be neglected. 
Another solution of this equation is obtained by taking o! equal to zero, and 
also the expression in the second parenthesis. The vanishing of the latter is 
. the condition (49) that the lines u = const. be plane or spherical on the pseudo- 
spherical surface, having the same spherical representation as the given surface; 
hereafter we shall say that this pseudospherical surface is associated. with the given 
surface. Two cases are to be considered according as a is equal to or different 
from zero; in the latter case it may be taken equal to unity. 
1°a = 0. From the definition of a and @ it follows that in this case ø is a 
right-angle and 3 is the expression for the radius of the sphere; hence when £ is 
constant the spheres upon which the curves v = const. lie are spherical. The. 
linear element of the surface is | 


| Qo dv 
— 2 
(53) _ dF = 6 eoyav + (85 + B's (sy: 
| Qv 
_where @ is an arbitrary function of v alone. 
2°a==1. The projection of the radius of the sphere on the normal to the 
surface is constant. All the spheres have the same radius when @ is constant, 
in which case the spheres and the surface cut under constant angle and only i in 
this case. The linear element of these surfaces is 
MEE ! Po 
; 2 l : 
(54) ` dë =( sin o + BSP) du? + cos o + B+ B oS dv’. 
àv 
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Gathering together these results we have the theorem: - 

Given a pseudospherical surface with lines of curvature u = const. plane or 
spherical; among all the A-surfaces with which 4t is associated there are two fami- 
lies, each containing a an n inay of surfaces whose lines of curvature v = const. are 
spherical, 

When the lines u == nonet on the pseudospherical surface are A they 
are plane for all the A-surfaces — with it. Now 


| 2 = COS Q0. V, 
where F is a function of v alone. - If we substitute this value in (53), it becomes 
. (55) | dé Vy'cos odu? LU V, sin o) dv, 


where we have put V, = OV, so that V, is arbitrary and Vis determined in a 
manner similar to Jin $3. If (55) is compared with (22), it will be seen that 
the former defines the linear element of the .A-surfaces of Joachimstal with 
u = const. plane lines of curvature. Ina ey manner we have from (54) in 
this special. case | 
(56) dè = (V, cos o + sin paie (eno fina e Jae 
From this we have the theorem: 

In addition to the family of surfaces of Dina associated. with a pudo: 
spherical surface of Enneper there is another infinite family of A-surfaces with plane 
lines af curvature in one system and spherical lines in the oeer: Their linear ele- 
ment is of the form (56). | 

Excluding these particular solutions of (52), we diferentiate it with respect 
to u and eliminate a’ and f. pn the result 





TE gin da Mo _ Fa Mo IET 
" u Ov AA Ov Quo — Qv! dudv ! = 
p T — sins 22], * Qo. do Fo Fò , do ey" 
Qu Qu Qv Quóo]' Ou| Ov dudy | Qv? dudv ` du\dv 


When a solution of this equation is found and substituted in (52), a! can be 
chosen arbitrarily, and @ is entirely determined; the coefficients of ane linear - 
element are given by (46) and (51). Hence the Boorem 

^. Given a solution o of equation (57) which satisfies (2); this function serves to 
determine the spherical representation of the lines of curvature of an infinity of 
A-surfaces on which the lines of curvature v — const. are spherical. | 
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When @ satisfies equation tun it is a solution of E ); consequently we have 


the theorem : 


|" When the lines of curvature u = const. on a TNT surface are spheri- 
cal, there 18 an infinity of A-surfaces associated .with it whose lines v = const, are 
spherical; and the fundamental coefficients are given without quadrature. 

Moreover, when o satisfies (50) it is a solution not only of (49), but of (48); 
this can be shown by differentiating (50) with respect to u. Hence the theorem: ` 

When the lines of curvature in one system on an A-surface are plane, the lunes 
of curvature in the other system are spherical. | 


$8. Complementary Transforma with Spherical Lines of Curvature. 


Bianchi has considered* the problem of finding the pseudospherical surfaces 
- whose complementary transforms have spherical lines of curvature in one system.. 
. We shall recall his investigation briefly before proceeding to the discussion of 
the same problem for A-surfaces in general.. 

Denote by X the complementary transform of the pseudospherical surface S 
and write the linear element of the spherical T prosonianon of the former in the 
_ form 


(58) mE . de! = sin? du? + cog? 0de’, 

recalling that 0 and o are bound by the relations 

j | 90 , dw - ; 
(59) A. + a. = sin 6 cosa, 99 + $^ — — cos Osina, 


‘For thé lines v = const. on X to be spherical Ó must satisfy an equation of ihe 
E (47), which by means of (59) can be written 


A cos 9 + B sin 0 + 0= 0, 
where we shave put 


Aine i + cos 052 2 
| Qo Pa’ 
B = cos o S? a MC 
da 09  ^QOofQo a da a Fa 


C = sint o 52 28 — S88) + sin o cos 275. — 52 seo + Set Oude: 


*] c. p. 118. 


! 
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From the above it follows that for more than two of the transforms to have the. 
desired property, it is.necessary that A, B and C be zero. 


Putting A equal to zero, we find that either 22 must be zero or o be a solu- 


tion of equation (50). In the former case Sis a surface of revolution with the 
meridians u = const., and we have noted that the latter is the condition that the 
curves u — const. on S be plane. These values make Band C vanish so that 
we have the theorem of Bianchi : E | 

. For all the complementary transforms of a pseudospherical surface S to have 
spherical lines of curvature v = const. it is necessary and sufficient that -the lines of 
curvature w — const. on S be plane, that is, S must be a surface of Enneper. 
Bianchi has shown that the transforms are ii of Enneper only in case S is 
a surface of revolution. 

We proceed now to the general problem of finding the Zion whose 
complementary transforms have spherical lines of curvature in one system, say 
v — const. Let the spherical representation of these lines be given by (58) with 
the relations (59). Now 0 must satisfy an equation of the form (57), which by 
means of (59) can be reduced to 

[cos 0+ m sin Ü +n | dico 6o eu qe 
(60) Ê (1 cos 6 + m sin 6+ n) 2 (a cos 0 +b sino +o) 


"where we have put, for the sake of brevity, 


| — 00 9o mco nese” 
Qu dv’ Ov. ' Ov’ 
a —8in o Qo "da CLA ee SU Ca 
. (61) Ou/ ðv | ddv Qv Ov 
b = SS. CO8 Q — sin o 69 Fa 
| Bv Oude’ 
Oo Oa Jay dw Oa Q'o Qo Qo do 
? — Ou ddo Se (24) — Dao oc aes cee 


From the discussion of equation (57) it follows that equation (60) is satis- 
fied when the lines v — const. on the transforms are plane, that is when 


xm ain 6 a) is 


But we have seen that, unless the given surface 18 a moulure. surface, only two | 
of the transforms will have the curves v — const. plane. Hence when equation 
9 | 
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(60) is satisfied for more than two values of 0, the lines v = const. on the corre- 
sponding transforms are spherical. | 
We return now to equation (60) and find that when ilis determinant is 
developed the equation can be written 
A+ B cos 0 + O sin + D sin E = 0, 


where we have put 


A A = nd — n'e +. all — al + (am —b1) 52 


B — na! — n'a ra ol — cl! + (em — in), 
(62) | doe d 
C — nb! — nb + c'm — cm" + (an — eb) t (bl -— am)cos o, 
H = (b! — lb + a'm — am! + (bn — cm) cos o, 

— mb! — m'b + al — a'l + (cl — an) cos o, 

the primes ne differentiation with respect to u. From the (ots of the 
above equation it is clear that for more than four of the transforms to have 
spherical lines of curvature, it is necessary that A, B, C, D, E vanish, for we are 
dealing with real surfaces. 


If 4 and B are equated to zero and the resulting equations are solved for 
a! and c/, one finds l 


2 
s 2 : Pa dw da 
(55 | (52) — sin Je- (58) “Ba eh ads + coso a gy 
| i T 2coso Da. Fe + eos? o = e — Bin o COS" Q fone et) COS Q 
+ sin 0(52) sae [ =O 
s 
da Fo do 
(= (2 à) Un d e — (S2) + de CL ELE 
Y 
| ` go N? . B ' A 
(63) : + — BIN @ COB Q u . + cos’ o Jo OQ Ae Qu'NOuOv 
| i O. Qv ov’ E Qo 
ov | 25 


* 
e 
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These equations are satisfied by = equal to zero, and from the expressions for 


a, b, citis clear that equation (60) also is satisfied by this value. But we have 
seen that for this case the curves v = const. are plane for the transforms, a 
consequently may be neglected. 

Hquations (63) are satisfied also when 


$ 
2 — sin’ o = 0, 
from which we get | 


(64) tan Su. V. 


where Vis a function of v alone. From the above equation and (2) we find that 
2 
ac is zero, and for o given by (64) to satisfy this condition V must be a constant ; 
hence this case leads back to the former. | SEN 
We consider finally the case where the expressions in the brackets in (63) 
are zero. Ifthe values of a’ and e' given in this manner be substituted in the 
expressions for C and D and the latter be jos to zero, we e get 


i«8-- B Be 
Qv soaa 


(65) “af mi 82 A ans QE ; 
^ as Ju\ dv l 
" From (61) it follows that if b is equal to zero, we have 2 zero, which has been 


considered, or o must satisfy (11). When the latter is satisfied, both a and c | 
vanish and equation (60) is satisfied. Hence when the lines v = const. on the 
. surface are plane and consequently u = const. are spherical, the lines v = const. 
on the transforms, or surfaces with the same PORE representation, are 
spherical. | : 
There i8 one further case to be considered, Benely when the expression in 
the parenthesis of (65) is zero, which reduces readily to (49). When this equa- 
tion holds, the values of a’ and ¢ obtained from (61) are found to satisfy (63) and 
make E equal to zero. Hence: | 
. The necessary and sufficient condition that for each solution 6 of equations (59) 
there is an infinity of surfaces with the lines v = const. spherical ts that o be a solu- 
tion of equations (2) and (49). 
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Suppose now that we have a function o satisfying these conditions. Among 
all the surfaces with the corresponding representation of the lines of curvature 
there must be an infinity which admit by means of a solution of equations (59) 
‘transforms upon which the lines v= const. are spherical. We inquire whether 
there are any of them for which the transforms by all the functions 6, given by 
(59), have spherical lines of curvature v — const. 

Denote by A, and, C, the coefficients of the linear element for one of the 
transforms S. Now it must be possible for A, and C, to assume forms of 
expression. similar to (46) and (51). Hence from (8) the necessary and sufficient 
condition that all the transforms.of the same surface have spherical lines of 
curvature v — const. is that the following e's be satisfied : 


24 g 099.4. a cos 0 — a sin 6+ 827 


(66) | aC | 2o | ino 402% +Ë - a sin 0) 
E - — ee Ob 


dv 
for every value of 0 satisfying (59), and the seta pasding values of a and 8 


— by 


, 00 -00 Q0 O90 2 FO 
E o. cos er 29 — sin 0; Budo ATE, AO — OP Buds + Du (ey x 
where we have put 0 | 
(68) A= Á cos o + C sin o. 
The general solution 0 of (59) involves a parameter, say ¢, which in general wil : 
appear in a and f), but not in A, C and o. If then equations (66) are differ- 
entiated with respect to ¢, they become | : 


400 90 da , 00 0p 
— —| o cos 05 + in LAUNE 
! da 00 , OB 0 
NS 2 |n 625. te u lal Md M gB 
à cos 6 L— = — t Ov 
| ài — a — * 9 
. (889) . | p Ar | 
| | mE | Qa. 26 
" sein + Boa 


ipei E: 
"e «3 | 
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Eliminating A, we are brought to the equation 


a + Spy ae + as cos 02. — sin*6 sino = 
| ot Ov GU | 
(70) | tay Lap sin 928 — eon (08 E T “ar Bd 
Ot ov | ot 
+ ECTS -cos o SY oo sin “5 n 0. 
(5) 


Differentiate this equation with respect to u and subtract the two equations ; 
eliminate oa from this result by means of its value as given by differentiating 


(67); this gives 


" cos 0 SE 5, — sin Oa 21 : 389 EIE. 20 0 
py eu coe NEU P ETC 
Qt Ov | | 
Q0 Q0 Q0 Q0 oB 
cos 0. cos 0 = 4, sin nO — COB o COR Ü —.- |; 

B Sn a) oo, Óv Ov ot "" 

cos 62" + sin 6 . do 

Qv ot Ov 


When this equation is differentiated with respect to u, the restilt reduces in con- 
sequence "S to 
2 op __ 
r =o 


where A is a function which does not vanish for the above value of o. Hence 3 
is independent of ¢ and the preceding equation shows that « does not involve v. 
Then the expression in the second parenthesis of (67) is zero*; but the latter is 
reducible to the form a cos 0 + b sin 0 + c, where a, b, c have the values (61), and 
for this to vanish for all values of 0 the coefficients must be zero, from which it 
follows that o must satisfy | 


a1) c Of 1 dN an' 
| ^— QuNsin o dv 
* B cannot be zero, for in such case we should have from (46) and (51) 
Á —asin o, C —.—a 608 o, 


which are the coefficients for the sphere, when a is constant. 
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Now equation (70) reduces to a = 0, and from equations (69) it is seen that .- 
2, — — B sin a. 
By means of (5) equation (68) can now be written 


, C08 47 + Cein oa = — É Bin o ay ` 


from which we get by integration 
C — — B +y cosa, 
y being a function of v alone. Then for A by (5) we have 
A= — y gin o. 


These values for Á and OC satisfy the first of equations (66), and the second 
reduces to. 





oo is a function of v alone, hence all the condi. 


o OU 
tions will be satisfied when y is given by - 


(71) y=— [aE Fao + const 


Hence we have the following theorem : 

The necessary and sufficient condition that the lines of atum. v — const. be 
spherical for all the transforms of an A-surface, which is not pseudospherical, is that 
the lines v = const. be plane on the original surface, and the latter be one of the infin- 
ity of surfaces with the linear element 


-dÈ — s? sin? odu? + (y cos o — Oy dv, 


where 8 is arbitrary and y is given by cit): The linear element of a trans- 
form is 


| From (11) it follows that — 
sin. 





c rjr (E BA a 
NOV 


Since not more than two of these surfaces can have the lines v = const. plane 
all the transforms of these surfaces cannot have spherical lines of curvature 
v = const. 


PRINCETON UNIVERSITY. 


The Motion of a Solid in Infinite Liquid. 


A. Q. GREENHILL. 


The present paper is a sequel to the one with the same title in Vol. XX, of 
the American Journal of Mathematics, 1897; it carries on the investigation for 
the external shape of the body shown by CENE in Mathematische Annalen III, 
p. 238, to lead to an elliptic function solution of the same character as before in 
the simple shape of revolution considered by Kirchhoff in his Vorlesungen. 

. Contrary to anticipation derived from a study of Halphen's treatment of the 
same problem in his Fonctions elliptiques 11. Chap. 4, of which this article may be 
considered a commentary, the extension from Kirchhoff's shape to the more 
general form discussed by Clebsch does not introduce a complication essentially 
greater. Moreover the extra constant at disposal enables us to construct an 
algebraical ease of the motion with greater ease, much as the discussion of the 
symmetrical top is in many respects simpler in its analysis than the more 
restricted case of the Spherical Pendulum. | 

. The elliptie-funetion solution of the motion under no force of a solid in 
infinite liquid 1s then the object of this memoir; for the more general case ex- 
pressible by the double-theta hyperelliptic function, initiated by H. Weber, the 
Fortschritte der Mathematik must be consulted for references to the discussion of 
various authors, such as H. Weber, E Kótter, R. Liouville, Caspary, Jukovsky, 
Liaponoff, and others. Ed 
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1. We employ the notation of Halphen at the outset, with the occasional 
introduction of a symbol from the paper in the American Journal; and now with 
Clebsch’s extended form of the kinetic energy for helicoidal symmetry | 


T= p(t + 3) + Apad 


(1) EE 3 Egy + tye) + gs 
+ èri + uw) + iyi 
and the dynamical equations - p 
dz, "PR UL EU 
(2) do m "ou Ses ad 
(3) dy, .. oT oT oT 


di — ng aa — E i E E 


we arrive immediately at the three integrals 


(4) j | 2 T= constant = J, 
(5) a? + a3 + 2? — constant = m, 
(6) | 232A -+ Log + Tays = constant — N, | 


suppose; and in addition 
(7) dys =; " that y, is constant 
ur 19 Ys . 


| Denoting the component linear and angular velocity with respect to 
axes OA, OB, OC, fixed in the body by 
(8) | | U,V, P,Q, R, 


as in Halphen, but a change to capital letters from the notation in the American 
Journal, | 


! | oT 
(9) 7 U= x On, = pu, F gY» 
| oT — 
(10) ke Da + qVs: 
oT 


(a) — | W-$ = pn qu 
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Introducing Euler's unsymmetrical angles 6, $, 4 defining the position of 
OA, OB, OC with respect to axes OX, OY, OZ having fixed direction in 
space, on the system employed in Klein-Sommerfeld, Theorie des Kreisels, p. 19, 
in accordance with figure 1, and the scheme | 


A AMET: Ea 
X | cos @ cosy — cos X sin $ sin 4 | — sin $ cos — cos X cos sin j| sin S Sin sj 
Y cos $ sin ẹ + cos Ò sin $ cos V — sin sin 4j + cos $ cos cosy — gin 3 cos P 


Z sin 3 sin $ | sin 3 cos $ cos X 
OT. a dS su, adl 

(12) By, Thor mut cos $ = + sin è sin $777, 
oT —— MEET E di 

(13) | y, dt 1s = Q = — sin $ | + sin 3 cos Q 7, 

so that | 


(4) — g(a + as) (mt y= P+ Qi m (E t isind TY) en 


oT — PETENS NX da} 
(15) Pa aai mr a d 


From the third equation of system (2) | 


de, | OT OT 

dp Pan Oy | 
= as (qu yi) — (gus + TY) 
= T(E — 2395), 


- (16) 


and from (6), distinguishing this n by an accent, 


(17) Xy, F Ways =! — Bag, 

so that | ; | | | 

| 1/deN e. c" ; 

a8) — A (FO = (min — zug = Gt + a) + 98) — Ga + ut) 
10 s ! 


T, 
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Again from (5) and (4) | 
(i) b+ a= mad 
r(yi + ys) — 1 — p(m — 23) — pos 
,—— 2g (n! — zY) — 2g UY — 1 ys 


29) = (p — p') ag + 2(q¢ — g)ug — mp — 2n' — —"ys +! 
: —(p— p)(z$ + has — m) 
on putting | | 
(21) | (p — p)m, = mp + mg + ry — 1, 
(323) - (p—p)h = 2(9— 2); 
and now 


(28) (SP) mrt! — ped — my + Jas — m)— ras — n}, 


a quartic in 23, as in Halphen’s (13), so that a, is an elliptic function of the time t. 
Writing F? for m, as in the American Journal (Am. J. M), then from 
Halphen's equation (45), F. E. II, p. 159, 


(24) xı = F cos AZ = F sin $ sin " 
(25) x, = F cos BZ = F sin 3 cos 9; 
and introducing Klein's a, B, y, 6 defined by 


(26) y —isin j9ei*-9*;  $— cos 1Sei- *- 95 
(27) z+ ayi = F(cos AZ + cos BZ) = iF sin 3e-* = 2F BS, 
(28) zy = F cos CZ = F cos 8 = F (aô + By); 


thus expressing the constancy in magnitude and direction of the resultant 
momentum F of the system, taken as acting in the direction OZ. 
gpr z for cos 3 E (23) becomes 


and - | ! 
(30) Fr (p! ~ p) = n, F*r(p! — p)= an’, 

so that | 
(31) a= + 1 when p' — p is positive, as for prolate bodies, | 


(32) ü cel saspe negative, .... oblate ....... 


GREENHILL: The Motion of à Solid in Infinite Liquid. f5 


then D 
dz s 

(83) | | x) = mZ, 
where | | | | 

| = = LÀ, my (Frye nn 
(34) Z-a(f D(2 + e pi) | LL), 
and -> | M P. g 
(35) nt + f 


an elliptic integral of the I kind. 





2. The system of axes (X, Y, Z) can be brought into coinciderice with the 
system (4, B, C) either by the successive rotation through the Eulerian angles 
ad, 3, 9, about. the axes OZ, Ox, OO in succession, as shown in figure 1; or 
else by a single rotation about an axis OQ, through an angle o suppose. 

Then if a, b, c denote the angles which OQ makes with the axes (X, Y, Z) 
or (A, B, C), the quaternion versor Q which performs the displacement of 
(X, Y, Z) into (A, B, C) is given.by - 

(1) | Q = Ai + BjTCk--D,.-— 
where | | 
(3) A — gin 4o cos a, B= sin ġo cos b, C — sin 4o cosc, D = cos fa: 
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Now in the figure, Q lies on aw, the bisector of the angle Zz = 3, so that 
QZzx = QCx; and drawing the perpendiculars from Q, Q8 on ZX, Qy on CA, 
ZX and CA intersecting in 0, the spherical nee QZB, QCy are nepngruent, 
and QZB = QCy. Thus 


(3) | QZo = OCz = half sum of X Za, Ads = à ọẹ T Jj), 

(4) 'QZà = Q08 = half difference, "TM = + 4); 

and thence _ 

(5) D = cos $o = = 008 aQZ | = cos 43 cos $(@ + y), 

(6) C = sin $o cos c — cos aL cos aZQ = cos 13 sin HP + 4). 
Similarly 

(7) - A = gin $3 cos 4(— $ + 4), B — sin 49 sin }(—9 + 4; 

and thus | | | 

(8): ak, per eS 0 — * x. p-2t$ 

(9) a= D + äi, B=Ai—B, y= A+B, d= D-— Ci, 


(Klein-Sommerfeld Kreisel theorie, p. 21). : 
. In Routh's Rigid Dynamics the sequence of displacement is about OZ 
" and then 3 about Oy,, leading to a result of appearance slightly different. 


3. The relations 


(1) Ebo x COOP VO oP + Qi) -" JW — {R 


pre-q gre 
(2) E y + yu — PESCH =a. 


: obtainable from (9), (10), (11), (14), (15), 81, give a, 2, &, Yi» Ys, y, in terms of 
the linear and angular components of velocity, and hence the kinetic energy 
expressed as a quadratic function of U, V, W, P, Q,.R becomes 


r=," + Y)— ua + Qt oP P) 


(8) PA odii aret MA oon 
pr — q? 


as in the American Journal of Mathematics where " and g' are zero; and now 
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the six dynamical equations of Kirchhoff become | 
(4) zou "an gt es. 
(5) fo - R35 + O55 — vi eri aa. 
having three first integrals, and leading to the same result. as before, but not so 
simply and directly. 


4. . Darbonz's notation employed in the corresponding motion of the top 
(Despeyrous— Mécanique) is convenient here also; using T instead of his B, 
we put | 

















| | nr .jL Frys L. h 
i Fu aec Fu MP 
and now 
ly — 
| Zza (2b Em ted E 
(2) — 
Ecl: Si B a- (Per E 
or | | 
| D 
| a= ae — i (2 «B, —™ (E> =) 
(3) OIN 
=a —1)(#— 42,1 — an) (I7 T), | 
where ED BEL 
OE  1+aD=™, ial, 
M m—m p g-4DP-—1^ 
(b) t ` | R ree os M* 
Putting — | 
(6) |^ —Zz-af pario +. Ade - o, 


then by T— with the corresponding ¢ case of the spinning top 


Z — a(g — 1)(g4 sabe — 1 — aD)— 4 [SE 


7 A ! 
e) Mibi eio ee T x 
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where | oa 
|. (8) | P tpe Fee ' suppose 
and 
i-re 
(9) 


. The special case of h, b, B= 0 was the one considered by Kirchhoff, and in 
the American Journal of Mathematics. 
But now we continue with the more Viren: case invented by Clebsch and 
discussed by Halphen, and identify the notation as we go on. 
Proceeding with the determination of the Eulerian ad 3, $, V, by. 


means of the Table above, 


(10) cos AX + $cos AY = (cos > + i cos 3 sin p)e* = a? — BF, 


(11) CO8 AZ = sin 3 sin @ = Bô — ay, 
(12). cos BX +i cos BY = (EA E OO mn E 
(18) | - '" cos BZ = sin 9 cos p = i(— 88— ay), 
E (14) cos CX + i cos CY = — i sini $e = — 208, 
(15) . COB 0Z= cos Pe eee 
So also | | 
(16) . cos AX 4-4 cos BX = T (p — tcos 3 sin "T — E + 3, | 
(17) cos OX = sin 9 sin py =—aB + 76, 
(18) . cos AY + écos BY —(sin Vj + i cos 3 cos p)e—* = 1(0" + 0°), | 
(19) | CO8 Cy=— sin X copy = t(a8 + yò), 
(20) - cos AZ + i cos BZ = i sin Je * = 236, 
(21) '" . eos CZ = cos 9 = að + By. 
.  . Again n. | 
ces s. eae) 


(3) | | P ei (25 + i sin Senn — si(g à Hu a8 gy. 
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r(yi+ yt) = P + QV — q(x + zi) 


| | dd... : 
(34) — -[2 + 2 sin e —qF)| e * 
_o:fadd dB, 
= si(8 5 — 5 8) — ag FB, 
(25) Ty, — | cos & + sin 9 sin o(@ — gF), 
(26) | Gp — sing G + sin 3 cos Te —gF). 


n! — 3ys = LY + sys 
= F sin 3 (y, sin $ + y; cos >) 
(27) D | 
== sint (^5 — gF), 
so that, with a, = Fz, P 
L — Iz 





ES dy Wr — Frye 
(28) ga e paces es 
| = u L— Liz dz 
introducing the IIl elliptic integral. 
From (15), $1, 
1 R — cos 3% 
pridie d =? 
(30) 
n la Le 
N Wu", P La | 
p CUM CACHE Dn ag s 2) 
31 ud s e T T —T ys 
(91  e-(g—) ad (+5 ti aur 


introducing another HT elliptic integral, with parameter (w) corresponding 
to Z2 — o. 


Then ce 


o9 es v-z f| —2e—9 «Iz + Sates 


(33) @— seen] "E 
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From (24) and (27), §1, | 


| a. ay 
| ; ar sin > — qF 
(34) yi gab i ©: k . 
Ta F at ifr sin 3 
and: thence Halphen’s ® (F. E. I1, p. = — his notation for p, 8 for m 
moment, is given by 


£ HW = —- en + aut ys + yt 





ty + my 
A GE em 
| = F’ sin’ 3 
(85) | Fr sin $ 
| P . da L— s 

—WVdt ) 
_Fnf.,7, a bD— iez 

TV Zt 2 ap), 


D. For the motion of translation, denote by X, Y, Z, the coordinates of - 
the origin O fixed in the body, with respect to axes fixed in space and parallel . 
to OX, OY, OZ; then according to Kirchhoff's equations (Halphen, F. E. II, 
p. 162), 


(1) . | EX — = gi COB AY + jj COB BY + y, cos CY, 
(2) mE FY=—y, cos AX — y, cos BX — y; cos CX; 
so that, from the preceding relations : | | 
(3). — F(X-4 Yi) —é[y,(cos $ -- i cos 9 sin d) + 


! . Y(— sin p + $cos 3 cos.p)— ty, sin Je 
PC n- [3 sin 3 cos (Z —qF)— 9 E mins |e | 


di 
S T Lz — LY 44 
| -(— Een M sin $/" 
Changing to ES Bel p,wina plane perpendicular to OZ, such that | 


(5) | OE 2 y=piinw, 


A 
Is — I 
(6) perro Wim ads (iv 2 + s ean 
80 that 


C E peni E E 


9 
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(8) psinSsin(s—4)— VZ, / 





(9) p sin $:c0s (a — 4) = ge E 
I2 iS Ia— D 
(11) | w = 4 + cot- i A 


so that wand 4, depend on the same II elliptic ee the parameter of which 
will be denoted by v. — 





Differentiating | 
ROS | de gi li a E -1o L4 — L 
., (18) ; 4 9 EE wan 2 Pus | 


ET ip deu ^ 
P pare 2—1—aE 


a4 nr Le — I 


(18) 


ae /7 1 = cot(w— 4), | 
.80 that the plane CZ is parallel to the tangent to the curve Ká sanis and 
| the: velocity along this curve Br 


a9. — VIG E k 


Thus = Hula of c curve (p, w — qFt)i is given. by- 
| U—gPY.— a vi oF — dp | H- Eus 
(16) d d (pe “= n(z ay) sins Se -1 bons e 73 


The other quantities such as A + 236, Y a yt, U+ Vi, P+ Qi depend " 


on e* and 9 is given in (31), 84, by two elliptic integrals.of the III kind, one 
with parameter —" to 2 = œ and denoted by 15. the oiher depending 
ona parameter denoted bv v. | | 

If v, and v, are the parameters vorrespondin to Z = T 1 and — 1 , equation 
(32) and (33); 34, show that | 


J. (17) Re 8 MIA E EUM 


"qi o sw ous — (v v), e  d(o — v). 
11 | | E | mE 


—— A — 
` 


5 and then, since 
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ee To prove o Kirchhoff” 8 expressions for X and Yi in (1) and (2), we return to. 
. `- ` the use of U, V, W, P, Q, E as independent. variables; and to the expression 
.of the kinetic energy as a aueereue function of aoe variables as in $3. 


iL: 
^ (19) s CO8: AX, cos BX, COB Ox by 0, dy, (5 
(20) | | cos AY, cos BY, cos OY by By Bs; Bs; 
i (21) . . e08.ÀZ, cos BZ, cos CZ by Yis Yis Ys; ` 
. then BEN | S | E 


OD By — Br) U (Gans — B9) V+ Bays — Bg) W 


= (WA PE Vys) + bal Uys ` a Wy) +. BC Vy. — Uys) | | 


(389): . LR E: am E u 
| and (Halphen, F. E. II, p. 148) - E Í 
. doT | 0T oT oT oT 
(4). oP = = Way viy + ESO- PU ! 
. we find F | 
| dX . oT oT TN 
FG = OW Sp ma aw) * (Us - W$p) 
| y s T „ôT 
o +B YIT Uap 
d oT T 
=F GaP Cie - 05 
d oT . nee 
-o d ar Y 
| E | + 85 oR (ot NS 
(25) EE E 
; - | dor d oT d oT 
c cm ip^ goo uon 


+ (BR — BQ) 55 + (BP — BR) Sa *(&.9— ap ee 


= uu 
Dn di OP | dt 0Q rr 


= a (6 or p+ hg t Ban): u 
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and integrating 
i FX = 
(26) 


Similarly 


eed 5t Bs 50 ^on. 
= i X Biye + Bays: 


aY 


(27) a 


d Y 


den 


(28) 


_and inte grating 


E oT OTN. fer -OTN 
=—a( y raw) (Ud WaT: 
EP oT 
—e(Y3p.— Usy 
d oT oT 
MMC. 5— 925) 
^" do2oT E OT: 
-a 5 39+ c (P3 — 2 5p 
por 
-asg oR t (op "S 
a OF. PTS d oT. 
—~ "9 digP IM 8 dt OR | 
| oT | oT 
= (qk —a,9)55 a: kx ag eae E a, P) =F 
B dor dor. dart | 
— "map uI "diaR 
- day 3T  da,0T — da,OT 
LAS = dt OR 
| oT 
© 0T "PTS 
azp "390 3OR 
ae AsYs — Agl/s 


| FY = 
(29) | 


(Riemann-Weber, Partielle Differentialgleichungen). 


= bU + b: V + BW 


= (7203 — ott) U + (ysa — 


—— a ( Wy, — Vys)— as (Uyas — 


Yaa) V T: (n8. — ya) W 
Wy) — s(Vyi — Uy) 
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As for the. coordinate Z (which should be’ distinguished by an accent from. 


E the previous use of Z), 


| GPx Uoo AZ + V cos BZ + W cos CZ 


| = (pa + qy))sin 3 sin 9. karu > cos. - 
: + (log + gy) cos 2) 
= pF'sin? X $ p Fco 3$ + sin S (y sin $ + y, cos Q) d- gy, cos 3 - 


(30) co stp) ee XM 4 sin (Z — gr) qu 
=(p.— pP? £ pF + ( — ya) + due 
| =(p — p) Fè +a — oë tpr | 
=(p —p)F(s— F) — Ur — 2) + prt 25 


so that Z' depends on an : elliptic integral of the second kind, to be given here- 
after, in 3. | 


6. In the special case of p.— Ly- = 0, 
T d? 
(1) 








ga — we, n= (g —9) Frys, 
| = (2 — Desp a i 
pom : (m(6—)6—E-3(0 7) 


and the motion of the axis can be compared directly with that of a symmetrical : 
top moving about its point under gravity, while the curve (p, wœ — g Ft) is 
. traced out by the vector of its angular momentum. 

Also | 
s. — 4 ==) pq Lr qu 

| Due. p ig Fr PEG. 

" When g—g =), too, His motion is non- elliptic; and when r — r! — 0 as 
' well, we have the case " helieoidally uns d and the centre describes a uniform 
helix. 

When m = 0, F = 0, the impulse of the motion redüces to a couple; and 
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. 24, Xa; Tg — 0, 2 HER | ‘ o. d 
(4) i l U= qu, V = ys, W.= 3, 

= P=ry, Q= Th R= 1'ys; | 
and the three equations (3), $1, expressing the ia in direction of the vector | 
resultant of y1, ys, Ys, reduce to i | 


-- d dy. X 
(8) Ws <6! ryan, Ge = ry Ge = O- 
Taking OZ in the direction of the resultant couple G, 
(6) a= = G cos 3, so that 3 is constant, 
(7) y= G sin $ sin $ = = yatan 9 sin $, y,— Visa ak a ytan co $, 
&) Ba rus, cos 3 FE = ry 
" m" | 
(9) di7-u—-gw sin > sin 4, Wag — q)ygsin $ cos "n" 
(10) . AX £71 sin $ cos $ cos +, Y= = 14 sin cos S sind, 
(11) = u = sin’ > + g ipe G, Z —(q sin? X — = dew 3) Gi; 


and the n of O is helicoidal. 

There is an elliptic function solution in the most general case of a body . 
of any shape i in the liquid when the resultant impulse of the motion reduces to a 
couple; the equations of motion reduce to Euler's form for no applied forces, às 
if the liquid was absent, and a Poinsot geometrical interpretation can be con- 
structed (Lamb, Proc. London. Math. Society , Vol. VIII; Love, Proc. — 
Phil. Society , 1889). | | 


7. We now proceed to the Elliptic Function tion denoting the elliptic 
argument by wu, where | 


d) 5 f eA 
and Z has the form in equation (2), (3), (6), §4. 
umpiey the POTOA CIETELT ARY formula 


Pa, Z5) F VEN Z, 


(2) 2 " ok m=: a c 20 


‘where 
(3) F(a,m)-— aue + Nod + a) Hoelz? + Amm, + g) t 2d(g, + g) + 6. 
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Then if v, and v, correspond tom = 4-1 and g = —1, 
| 8. Tn 
(4)... rota (a meer) 
80 that, putting. 
(5) v; T 9 —— 0, yy — V, 
(0 7 oro = 30+ B— 2 ay 
- : - . L’ 
(7) | 6pv' = 2a + D—22, 
(8 ^. pl — po s T rg = D— B) 
Another — — gives l 
ip (o = a) = = Sixt E 2b — 2d + ) 
(9) | j 
| m^. 
so that | 
| | | TET 27 BL 
e 20 9 ay + Pe 
| "ow — uso E! BL 
(11) iv = pc 94m 
Again if o, v, correspond to | | 
ee a :- 
(12) PIE =B ayanta, 
we shall find 
a3 o. p(w bm) a + E— 2 a 
80 that. EP | 
(14) Nu vs + *, — Pa | 


as could be anticipated from equation (3), 84. 
When a root e.of the discriminating cubic 
(15) 43° — 928 — gg = 0 
is known, and thence the resolution of Z into quadratic factors, say Z = XY, 
then e(u + uy)— e is a square, which can be written 


(16) | p(n + 4) —e = da ja (1A BENEN BY, 


a formula due to, Laguerre m de la Société AERLE 1875). 
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| If u =w makes a=, then from Hermite’s formula, H denoting the 
Hessian of Z, l 








(17) RT flier H — (ac — b) + ...:, 
(18) p20 = EAT, aq 
(19) | alp'2w = a'd — Babe + 2, 

| E | aB? + I? 
f 2 
(21) p2w — pv = ES ae 


Supposing Z is resolved into factors l | 
(22) = a(s— a)(s — Deed 


and that u = 0 des to 2 = ô, the Biermann-Weierstrass formula (2) gives 


M | ač? + TERE c(z + 462 + 2) Hen Er e 


2 (z — ày 
(23) = að? + LN 3có + d Ys } (ad? + 205 $ ^ 
| -Dag o | 
= f£ Z, 
a fundamental formula; and | 
Zn | 2 iZ de UL. 
m (gd MOV 
Putting u =w, z= œ, -— | NE 
(25) ` pw = #2" (8)= } (ad? + 263 + o), 
a i ad? + 359? + 3e8 +d 
ee): pu — p= 120 — "rl ee 
s (27) ply —i1Z(0)a; 
| , pw [ZZ 
(28) PES Ja (s — 5j 


and differentiating again 


(29) p'u | = ¥ TENES T + Ab ET ER 
| ee y 


(80) gw» = e (að. + b. 
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Then 








(31) . " dcn m pu — gu! 
and by TNT 8 formula (16) 
_ | (32) pu a= "d 
. (83) "E pw — e, = ła(ò — 8)(8 — y). 
| | pu — e z—a | 
EE ia pw — e, z—ó06 . 
so that | | 
. (85). A/a(z — a) — Masi UN poe 





ia pu— gu gw — ea 
and by differentiation of (31) 


| MEE de Puw 
(36) | | Vagy = = Vay Z= (pu — poy? 
| | = p(u — v) — gu + v). 
Proceeding with the differentiation 
— 5 [ab 3b? + 3e + d — UEM E 
“8 ud E egiuccu) p iuc) 


2A/ a 
| | LIS PE MELIA 
G) — , gu-m utu) 
| | t ou — w)— g(u + w) 
| | = p(u — d) + p(u + v), 
[ se ala ohm BA à + p2w] 
= g'(u — w) + p' (u + w) 
iis E 
E e bm — witout uj] t 
Ore | = PTN a 
7 Were Haas) a 
dE = Salo (u + w)— 6 (u — peel" 


(39) 
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E T u = 0, 


(41) | a b= Va (w — too) = ja 
From (25) and (33), by subtraction, 

(42) €, = gra [(a + 9)(8 + y)— 208 — 25y] . 

and thence | | 

(43) E — e, fala — 98 — y). 


With 4 = 4%, w =u and zo, =w in the Biermann- Weierstrass 
formula (2) 











(44) plu + w)= pla? + 2bz + c — van Z), 
(45) | g(o, + w) = 4 (aa? + 2ba + c), 
supposing z = a makes u = o., a half-period; and then 
(46) pa, + w) e = tafa — BY —y); 
and by analogy with (41), — | | 
ps g (a. + w) 
(47) ARPO EN 
8. TERRE 2 -in (30), $6, by analogy with Py + Yi) or pe?" in (5), §5, 
FeZN a (Fr! | 
o fes NE 
| | = az + 2bz -F (mp + n'q)^,. 
Now with | 
(3) ak + 4b + 6e + 4dz + e, 
and denoting the Hessian of Z I Hy, 
dZ 
(6) 9 TNE y 
while 

PL dZ 1 - | 
(4) EE CZ (Z) ZJZ' 
80 that — — 
| 2H . d'/Z ,dZ 1 E n bz + c. 
”) a ag da ye E 


12 
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and 
GeE. — of d: p INA — 
(6) — 2/77 t? cu + (mp Eni? 
in which | 
H ! H dz — 
^ (T) z= p2u, so that — 2 ZJZ^ C 2u, 
while | mE 
| GON A as GONE dZ — pP (u m eur w) 
(8) dz du l du ~ p(u — w)— p(u + w) 
bin io w)— $ (u + w), 

E | 
the cae "i when a — + 1, and w is a fraction of the real period. 
Otherwise with a = — 1 itis preferable to return to (6) and (7); and then, in 


the reduction. to the Jacobian function of the II stage, where the roots 
&,, €p, €z of the discriminating cubic -— $7, are known, we find ` 


ae 'H + e42 de 


(10) | d di 
| | P + 4v Z z tog (H + es) t 26 E. 





as is verified by differentiation. 
With the roots in. the order "V 
H-FeZ  p2u— 





| DTI M oa. 8 2 2 T 
(11) | H-ce&e£4. g2u—6 =dn’2Mu, M*— e éz, | 
OQ Pitas dz E 
a9 26—9J 7157 v2 — aie fan 2Mudu —2M* ^, u + Mon 2Mu,. 


] 
so that Fr 





is expressed by gecular terms proportional to u or the time, by an 
algebraical function $4/Z Hd log (H + e2), and by the zeta-function Mzn 2Mu, 
functions which do not become infinite. | 


| 9. With wu == Vis V for z= + 1,— 1, 


a — phu 
1 i aaron 

(3) V a(1— %) = Ne 

(2) ai z= -—pho(pu gu) 


(pv, — pw) (pu — pw)’ 
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and similarly | E 


(3) Ove teem 


a= Pe) eee) 

















Also | | m 
Q Gia -4 = Bee ele + w) —p(v, — w), 
| US E MA popu TS. | 
5 2 = ESETT Vas 
(5) Ziva — (pu — pw)? £v; | w) | p(v + w), 
with | 2 ! mE 
(8) | y — gFt— y+ Ys, 
| | | mE .L— I f du 
e) (o asir fiie 
m | | Lc: 
ZEN popu 
Dhi — 24/a (po, — pw)" 
du. — p'w(pu — pr, 
ui a — pw) (pu — po) 
pv (pu — pw) . 
©) v (po, — pw) (pu — poi) 
-— Op 4 ipu 
"E E 201.80, — pw |u—9, — | 
| =pl — w) + M tw) Co 
+ Fe £))— $6(u + v) 4- CM. 
| Similarly 
(10) dhi = = Hl) + aU w) tn + Kun) Vr a+ oon 
ates | | ' 
(11) ; M - MEG 9) 64 w) nt + Hog Se 
D .^ das i) (os + w)] nt + Hog EUF E 


With « v + vs =v, and the formula 


8) | EL EI : o (2u — v)e*(u u + w)o%(u+ vy) 
PCY v)— pu + v; "u- + v)e*(u — v, vi) (u — e) 
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T ] o (2u — p (u — v) — P(u — vs 
G9 Wb ioca p (u + e)— plu F, t) 


(a5) - = Q= = C(v, — io) + (v, + o) + (s — w) Elos + w). 
Introducing.a standard form of the III elliptic: integral, from the memoir 
on the subject in the Phil. Trane., 1904, 


— flog £ 


| A s E (s — 0)— isv -— 
_ o ss | | ds 
(16) eee een 8—98 MWD 
(07 E es g(2u--v) /Pt, y | f 
| | =4 [oe Sage) > Qr + 9j 
| "M TP | 
T in F7 
then : "ges 4 


"e "n q Foi (s 4i ps 
(18 x qas P(U— th) — £(u— vs) 
=Q- ay — i ptt $200) flog Hobo) udi) 
Another application of the Biermann- Wernau formula (2), §7, gives 


opere 2(b + a+ d)e #0 F 2d +e + zi a SZ 


mE "dmt iiit / L 
TT RR PE IR EC spor a cab a duel 
: | 2(z + 1) " 
(a) ` p(u— v)— p(u— €) A  iBWZ | 
| E pù +o) plu tv) 4A —iBWZ' 


| : vi) — p(u— vs) _ BN Z | 
(22). Hog ru Sput $4 tan- a 

















(23) . Ala bsA+(at 3e) -- 3(b + d)? -F(3e 4- e)e d, ,- 
(24) B' = aes Teth, mM | 
| A further application of formula (44), 87 , gives 
(25) "p(o + w) = ttt. aya a PE 
(26) | — p(v, + w= H aiva LEL 


M 
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(21) piv, + eren v) ae Zia a = s 


(28) 


while 


(29) 


and then 


p(o — w)-- (+ w)— a+ e — ziva t 


=— ły tła- HE — Biva +, 


LL 


(80) LL ip t vay pa 


=(if + va), 


(31) . "T P(vs + to) + plo + u) = GELO 


(32) dece Uso) e) a, 


(83. | ~~ t+ v) — Ln + 0) = Ke Va, 


(34) 
so that finally, 
(35) 

Putting. 
(36) — 


(37) 


! (38) 


me - 2o = č (v, + w) + niea 


m Sl NUM 





ne 
=% | 
NE 
bas anm Egli Qus en 
apo LI Pu eoe de mt d 
| OplgF,L—P, 
aT ? 


"NEM in de - [pt oP pte 


af ae P)? —2Lz - L-- P ds 
| M(t. — 2) u-— 


| "uns -+ jtan-! Led 
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-and the right- -hand E can be- made the eee of an Mdasboiimi fonction 
ofz when v is chosen as an aliquot uth part of a period, as shown already i in the 
American Journal of Mathematics, XX, 1897; and for subsequent. details. consult 
the Phil. Trans., 1904, on the Third Elliptic Integral, etc.; to which references 
in the sequel are: indicated by the page and article or ection! 

For comparison with Halphen’s results the following table gives his EA 
in the left-hand column, and. its pm on the right as employed in this 
“memoir. | 

uc | uU 0 


"wd | utww 
v 9v — 
a v, — tb 
l b — V — W 
a — b v 
a 4-5 --« v 
) a+v v + w 
b+ v — 9$ + w 
u—a u — v 
u--a-d-*v u -+ v4 
a, — vg — tb 
b, p, >= w 
— a, + b v 
e $(v; — v) — w 
C | —i(t —*9)— w 
qi Fv, + v) 
E x $(v, + %) 
w glou — v) Fw 
i = Fu — n) + w 


10. Denoting Klein’s functions. » a, Bi, yi, òp in Kirchhof's — | 
case. where q, q! = 0, so that 


(D. , | d 9)— Ye ie — Vand 
then E 
(2) x m gum — ^i 4 S e 
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log a, = hi + log j= 


! = $[E (v — w) + (v, + w)]u 
| | m | oa(u —v:)  $p'w(pu — pv). 

(3) I2 . + $log aa Va (po, — pu)(eu— pu) 
= $ [E (v — w) + C(us + w)— 26v, |u 


a(u — v) uč : — gp w 
| E E | + log Gus, € ay v a(po, — pw) (pu — pw) 
g (4) | e am ey) “ata — vo) ra — 
EP | CU; J apu — eu) (pu — pw)’ 
where 
(5) -Ea w)+ fs a- di = ait 
| ty | | l 
its bas Mam we; — ow 
(6) . ayo e Ne . Oucv, ouso, .° m 
iad | = 
DO | Q—dMg o 0 
.Q) | pS po, — guo 
and | 7 | | VEM | ' 
"E (Ls goes G(u + LP s 7M 
A ) | A e 0409, | / a(gv, — pw)(pu — gw) 
EC! sete ren 
(9) à oe oust, Poe gw)(pu — pw) 


When uv, or uv, is congruent to a period, and y is an odd integer = 2n + 1 
then a, o Bn yn OF ô, i8 the (2n + 1)th root of algebraical functions of mig form 


(10) ` 8 | E ETNA, 
such that 1m 
ipo ements 


and A, B can be determined by the method of réduites, (Halphen, F. E. IT, 
Chap. 14) or else as explained in Phil. Trans., 1904. 

, But when u is even = 2n, and nv, or nv, is congruent to a half-period then 
ay; Bi y1; Or 6), 18 the nth root of an algebraical function of the form 


(12) . g Aw Zi + (A A, i 
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such that - : | 
| as) c0. 7 AZ A (FST), 


2 and Z, denoting the quadratic factors of Z. 


In Clebsch's case where q and g are not zero, , then Klein's functions are. | | 


given in | general by 

(14). a ei a I— € a B= — ei^ «g, y» ey, (= — e 1, 
Where from equations (62), (33), St 
(5) A,A =F fig — Qi (e f dde 


and introducing Halphen 8 o (F. E. H, p. 151) 


E @—oF ol bod D ae 
(16) a —Wa(g--5)7 quie "m 


(17). E ARAR vile du — iB. C25. 
recoge, 
in which IS 
X [feed ae = f i£ v) E(u— e) — C] de | | 
(18) = jog (U + 9) reos 
| "m u— w) 
BO that - 


EN ME a= [ES w as ae 

0 . Loe(v—w) . 
is the form of the dli for A and for a "" and if g — g', B — 0, A and A! 
reduce to a SEDIGHIDIO of the time, 
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11. As the simplest illustration, suppose v is & half-period, so that - 























| EL BL' | | 
from (20), gr, and thei from (3), 84, 
T md Iz— U 
Qc Z —a( —1y— tay (2 — )^ aa y 
and | | AEN 
: gg Iz — D 
(3) P(eé—1iy-z- ( ae — 4 a Be n ut 4 y ) 
is made a square if E | | 
| B? p aL? 
(4) —. 00 8—a—y Es LER] 
: Putting : l | 
T | | 
imp any. 4 
| ü lcge m 
(5) — $cos-1 Goo aan 
! TE ka= .- 
y, O NF 
put E M 
sin" 24/ (I5 + al?) — 2) i 
^ | L—Lz .L 
m | ay wa”) 
.- (8) ur | dz — (1— 2). Z | 
: N d) pdt Indi 
— da da M dz’ 
(1) | | V.P pnm | 
In Kirchhoffs case of B = 0, a — — 1 is to be rejected, and 
B | | | L L 
(8) | ZZ Pepe 
Again $ en 
(9) poa DEA) 
(10) | je deat SLE 


^L M — ap, 
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— B PUS U — Izy 
ME g È zur +6 = jC- M /' 
Nr 9 4 — —/98 E. md — Lz 9 Lu 
(i2) Alp! — Z — (3? — a)p | (lO " ane n 
is a square if | "n 
(18) - us (M —a-m 5, n 
and then putting .- i 
| | | aB elke 
(14) V pini mos L M 
T kg" a kp PES 
(15) "EQ —Lo1 de  Qp9t. indt 
ds | Wi MAZ de * e a’ 
(16) a | »—gFt — T nt = ul. 


In this’ caso the vector: sin. 3e"* and pet each describes the arc of a conic : 
on a plane perpendicular to OZ, and the motion is algebraical except for the 


| econ term q Ft + ig” nt, and this can be panpeled by putting . 





(17) ar qPM + Là — 0. 
Now suppose in addition that o is also a hulfgeriod 80 that 
(18) . V1) Vg =O, + $65, Fog, | 
T DI/ BL 
D LH y i I? — p 
(20) (CECI Di -E= Aa | 
| Z^ I^ — LE. 
(1). D=4 i past aB = — F 


Z «(P — (2 + E tented )- (leg! A 


EFI. uic “Gp iro) n ta) 
DL. 
M ' 


(22) 





Writing A, A! for 


en aZ —(2 + 2aAAMs + 1 — 4(A* + a)(A^ + ay. 
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With a — 1, put A, A! = sh a, sha’; "m. | | 
(24) Zee ZZ q | 
(20) ..Z,— 2 + 2zch(a + D+ 1, (26) Z, = 2 — de d) is 
and with a Pt a, the roots arranged in ascending order are 
(27) : a serait —e[*7*, ect, ant, 
_ and Eee then by 29; As x | 


(28). Ace) 2. (9) B= daa, 


and 
(30). n &« iLa i ul n 
With a = — 1, putting À, à! = eh a, cha, 


(3) ZA=m%—2%wch(e—a)+1, Z, = — 2 +2% ch(a + d)— 1, 
and arranged in ascending order - o | 
. (32). 7 po eri ere. quee ere. 





denoted by z,, %, 2 By PX , 
(33) Z — (a — 2) (n): (34) Ze =(2 — 2) (2 — 29), 
(35) En hx 1n n 
With a = 1, we can make | 
à i 1 3 
(36) AZ, canes y i 
by taking © 
— dio pao hà (n d) | ch 4(e—e) orshi(a— e) 
UM dip Wei ach a BEEN YT TI 
. and then put NM 
(89) ] T -[se: J- d) v Z, 4 iie m -ewan 
| | Mm 2«/ ch a ch a! 
| | s ch tata | Z, + ishi(a— al) Z 
AOT eu PET | AM ch a ch a! ie 
Then Klein's a, 8, y. ô, are of the form: | 
(0) —, ac Ga, (42) B HGB, (a3) y itg, 


(44) . Sev 23 
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(45) bi sin Set — af == eth tnt, B, 
(46) pv! = ¢ = 4 ha — p sb* a! + 3, 


(47) > po ss jah! a+ sh? a! + 4, 
(48) - e = — $ sh’ a — $ sh? a! — $, 
(49) 'e—e — sh'a—sh'w, (50)e—e = ch*a, (51) e — e = ch? dl, 


(52) pho — e+ o =p ehta + geha +} + shasha A 
(53) pu: — e = ch'a shta’, (54) p2w — e, — sh*a ch*a/, (55) p2w — e, = ch?a cha! 
(56) Sous cll + a!)ch a(ch a+ sha’),. y 
. (57) pw — į = sh (a + a')ch a' (cha + 8h a), 

(58) gw — e = cha ch a/[ch (a + a^) + sh(a + @)]. 


























Try j | 
(9) L=, a=d, D= gud. BM- —aD, 
(60) = oe nfe + 1) + 4a Fal 
u representing & state of steady motion. 
| Take a = + 1, | 
(601) ^ Z =(z— 1}, Z= + a ch 2a +1, S 
gee ES pe E 
Ca E. | 1 =| 2cha i að = 2 | 
ra | i 7 
(63) dos B =y =(* 9 ) By, =. 5 . Y= 0. 
 Teakea=—1, d ] | 
(64; | ^ AZ-—(—if& g= +2zch 2a — 1, 
2 a . eh a(z — 1) + 4 | psih, 
(85). uo ou) =( — | P). 
SEA E | s c Z— 1 3 
-(66) | | &-n-(*37) p "m 


[To be continued. | 
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12. Before proceeding to the general resolution of the quartic Z, we can 
utilise the preceding analysis to the construction of some. cases of algebraical 
motion, in the manner explained in the American Journal of Mathematics , XX, 
333, by taking a parameter | 


(1) | vm, u= n + I. 
and putting | 
- ll. cog 1 PES + Me™ +... 
(2) 2n 4- 1 (— 2 — 1)'*i 
E 1 Kat 4- At: 
=e pi 77—tL34129 V4 


and then determining the various constants of the problem. 

But the degree of the relation (2) can be halved by changing the variable 
from z = cos 3 to ¢ = tan $3, a different ¢ from that representing time, hence- 
. forth to be distinguished when necessary by an accent, as t". 

This is equivalent to a change to the stereographic projection; and now with 








"m "E 1— 

(3) BL UECUTDOEM 

we can put e 

Skupen A 4-1 AUT Up pen- 2 4 

(4) i E 

| 1 AP Aq + 
ule — —— Ark — — V 1s, 

making | 

| (8) dU (L4 Esa 2P + L-— Lp 
di W TUIS ` 

where 


7,7, = (E+ MZ = — (E + 1E D)8 + L— D, 
€) 41  -ane|- aeaa Beate y 
= —(L+ Ly? + 460 + bct +, far seu y K 
suppose; and the troublesome determination of the homogeneity factor M is 


delayed, and does not hinder us. 
13 
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To obtain the factors 1i and T,, write 


(.. Bh=[L+ Lt + we + LIF sepe +3) 
so that.  — 
- (8) 7 o (L+ De 4-288 + oy 4 2 LU, 
2). | EK Mee Lo. 
and | 


- (10) b= BP—(L Dy. d=% es Ly; 6c = 885 — 4y! — 2(L? — I^). 
Denoting. the elliptic argument of the motion by u, such that 
. (11) i u= f AIT 


and pius use of the Biermann-Weierstrass formula (2), S7, with the argu- 
ment v, and v, corresponding now with è = 0 and œ, we find for.v,+ v, = v, 


(12) B ^— 198pv — 6c — 6 (D — LP) = turis diio diio: 
| The formula 
Moule EE EE 
(8) (aot + Shah t Son Dy + op Sent E Me e 
j CE Mg 


with z corresponding to 2 = 0, and j to f = o, leads to 
(14) | T pte Lb —(L 4- 1/)d | 
-—(— DEP— e D a(L— Ly. 
The quadrin variant 
. J, = ae —.4bd 4 3d . | | 
(15) = =(— I*y— 41g —(L+ Ly} —(L—L)y} : 
| EARN e? i1 1 | 
so that l l 
(16) py = 12p'y — ga = 4 (88 — D? + + L?Y + 4yip'v -0 + pr + Ayig v, ! 
a quartic equation for the determination of y. 
A root of this equation is 





(17) E —14 p A a others indian: Part o). 


tp’ ($9 + 2. 
80 that, "e : ! 


uL ! NM - " 
(18) | : w= c i ° 2n + I4 
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and employing Halphen's x and y, we can put (L. M. S., XXY, p. 198) 
(19)  12pv =— (y lf 8e, ipv = acy, gv = 22? — vy (y.+ 1); 
(20): 12pġv = — (y + 1)? — 4x, ip'v =x, pie — c(y +1), 

and then `, | 

(21) y — —i(y +1), 


(22) y? + 3pv = 2x 

(28) — 88 — I?— I++ a, 

putting — | di 

(24) LI? — EP =s, i. e. s — o, witho = 0. 

(25) {a LG +(L+ LP =— + 1) (L* — LP) — ay 
= — (y + 1)s — ay, 


(26) {/(L— E E E NORD EE g 


where 


(27) SS, = — 48(8 + 2 qas. 1)a + ay]*- — S; 
- and then _ | 
7 NS EE Er. 
With s negative:and | : 
(29) L^ — D-——3s-—, 
(30) == L) 8 TU! ^-L)-(y407)py-—czauy, 


(31). rec peer gd cup ee tT ae — ay] = p 
suppose, 


den = [y + 1)p* — zy]. 


= (=e Ly 


Try, as a special case, 
c : x 
(33) s+a=—0, BS5=0, B=0or VIT p 0, 
wa | v erg d v = 29 
n" u Im 
so that it should be possible theoretically to express aj, 61,71, b by the uth 
. root of an algebraical funetion. 





104 GREENHILL: The Motion of R Solid in Infinite Tiid. 
19. Returning to the original variable z by putting 
Q c ftm 
MZ = Mo 2D —2 30 —2)4 (— D) 3-2 
TE +(1—2)[B(1—2) X1 + 3 
=— [2 — 12)  (0— y) — A] | 
E +(1—#)[6 + 6 —(8 — d)z]’, 
E pre 4(L — - po - — 2)(4(5 — y)(b — Lz)—-(L— y — 7) 
e) | E(B y 2° — 9)« + (8 — y, 





so that 
4) — Ma — (8 —3) + (L —y}, 
implying a = — 1 and an oblate figure for real values, 
(5) pt 2a BM = — (8 — à*)— 20 (LE -— y), 
(6) M*(a + D) — (B -- P —(L — yY 4- 4L(L — y). 
Now with a = — 1, 
().. ^ P= tyt a PN CCS) ny, 
( — . 2BM—2LU Sa | 
(9) | M*(1— D= — 32? — 2s + Hy + 19 — a2 — EN COR Fay, 
(10) M*D — VENICE + ALP 
(11) M*E = ivist 4 AD. 
p — MI (2 —4 B uL 
(12) [^ = (2 - Ay 1 +2) 
= [(8 —ô)z + 8 + P+ (L — y) + 21] —(L F y}, | 
(13) ASL E as E C8), 
: =| p — 2 + Ey + 1} — E 3: EN 
(14) - — AI + B 
8 : 
(15) -— A = (I? + 3pvy + 4Lip'y — 2pv", 


(16) .. B — (I? + Lev + igey. 
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Putting | 
(Q7) D+4yt+))= | | 

0,0 64,0 "eq. 
as) iio ay SGN 396-729) 
(19) = 0, = 8 — 8, 


In Kirchhoff's special case, considered in the American Journal of Mathe- 
matics, XX, B — 0, and therefore 


| - | 
(20 0 (any at By | 
(21) . ps, AD? + ay— [(y + 1) 0? + ey]? 
! .OALLD) — i£(y + 1y— 2s; L + ay] 
(23) LM = — D + dy + 1y— w} L—ay, 
. (28) —— ADIPM?— — AID? + £} + [(y + 1)? + ay] 
(24) “LUM = aN, N,N, 


| as in the American Journal of Mathematics, X X. (59). 


14. We can illustrate the preceding theory immediately for the simplest 
values of u, utilising the analysis in the Phil. Trans., 1904. 

















(1) “= 3, 0-405, c—0, 

() B=P—I, B-(L-I)m, as L—P 

(3 R= E+ I) 4- AL Lyme 28 + 21 — P e (p py, 
and then | | 

(4) V — 46051 n pde Pein g v 
— where 

(5) | É N?=4m| (L+ Dym EPI =~ |. 

leads on differentiation to p | 

(6) di — (L+ tiye +L- 

| ae dt | iV (ET) ' 


and so provides an algebraical case. 
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For higher vatum of u = - 2n -+ 1, the work is rendered more symmetrical 
by the use of a new variable g, defined by 





I^—.L 
(7) (ne TET oa UL 
according as e is positive = p°, or negative = — p’. 


Now with s positive and 





T, T; 
(8) TOT m Qi, L —D = Qa 
. 3 P pt 
(10) == ee + 2)— W+ DP — ay 


we have to satisfy the relation | 
T 
dg IV QiQs 


by an expression of the form 


Qi): 











E dart Bg te th SG 
(12) ^en Eu D 
"T" E Kq — LO, 
60 that, differentiating, the coefficients A, B,...., K, L (the two L’s must be - 
kept distinct), are obtained from the identity | l 
f [(2n — 8) Ag’? + (2n — 5)Bg— + .... —(2n — 1) Kg — (2n + 1)L] 
(2 y ag x LEE EE 1) 
+ (Ag+ Bg? 4 0... + Kg t+ L) 
(13) (tegen RENE: Hato) 
= (4g — Bgq?"-* + .... + Kg — L) 


| (an + 1)q + agp UT. Qn + i 
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Hence | E 
ag BoSoXRSEYR Ko VS—X4S& 
| i" ' I pe 
CL =o CES A/S) (2n —1)(y + 1) - (4n + 2)P 
| Á 4p? ` 4p 
1 l 
0) "m qp AL VARY. (nly + 1) + (n + P 
| L~ 4p! 4p |j 
and so on. | 


Induction leads us to infer that 


(16) EE L rano E S, + Ba Ss 
A (0 3p —— r 


derived from the associated pseudo-elliptic integral 


Oe = pum doy ds 








(17) | RAN d ahd 
| = 1 c EWS, _ desde BT —1 E & 
att o T ye 
so that we may take A and L as reciprocal, and AL = — 1, 
l A. [ENM F Ern Sz 


B C 
and thence KO P 


In the second case of s negative we have to change p’? into — p°, and 


q^ into — q*, and take | | 
T, 22s 
(19) DID = Qi TT = Ys, 


a)  &- — Pega ua, 

where ZEN 

(21) p° = 4p (p —zyr-l- nai R= —(y + 1p tay. | 
Tested in this way for u = 3, 


— qox 1 4G b DV Qs - 
Jy = 4 cos im es 


(a) | (A 
ep gin 1 (Ag — D) Q 
. mE = 4sm qi 
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. with | | 
(24) E wra 
E A LL LU SENS 
(25) pos YAINA 
4 
(20) — N=, 
leading to | 
(27) | ay 05S 
ag IV Qa 
Tested by u = 5, we find for 
(28) v = $03, ay, P=, 
"n | 
(29) c= Nan, + y)r E 2yp — y, 
B — S, + 
(31) . - apt Ove (p — MM 
Y = 14 cos -1 42 un nu LP M 
(32) | T. i 
a = tein ét Ft Lg, 
(33) m=‘, 


| This can also be written 
/ / 1 
V = # cos^! ML 


(34) | f / / 
n m e d don petro 


V8, "m. 
2p! i 


(—1 +y) t y -— VS, 


(pt y) + i + yy, 


Ss 
| 
bt BIA hj 7e 


(35) 


PN 
| 


| 


(86) 
(37) 
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Tested by u = 7 (Phil: Trans., 89), | 


(38) v= $e, s=2(1 2}, y=2(1—2), patie 


14 3 " 
A + etit) | d 


(c x x pr(1—2/*p-tes(1—s) d p—(1—s2'pts—z)]V M. — 
- D : j l 





, and thence | E EA TES 
E / [p —(1— 2) p—(1 — 2) p—2(1—2/]- 8, 
erac Fats cient env 


K 2p! | 
| a [— 4p! + 0 + (52 — 42) p? + (1 zp + A(1— zf]4/ 8, 
i) du. [Echt bet ung. Poe P0 Aw 
in 
ETT q + Ba‘ Lopaty 
(42) - | 


di e EE ap E Kg — IQ, 
(43). N= - | 

80 that Q, and Q, must change sign. when z is positive. 

Similarly for u = 9, Phil. Trans., S10, | | 

T v= $on c-—co(1—oc)1-—e-4- c6) y ze — e), 

| d 18P—1-40—38-p'"7à-— v 

- (48) PEE CORP t hp MS C+ hp Mis 


(46) hy = e(1— 20), Me o) | => A(1— (let); 

and thence the remaining coefficients - | | "ow " 
! Ls i (= pt + kap? + ap? + kes p. + ha Sy. 

(47) -B aay TOR Ge ae E — p tls 


pm i escalated E 


(48) — nå 3 EN] | 1. 
DE pe Cee) km e — o —e + e ? 
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and 80 on, in 


(ao) | Y= o (Ag + Bg Off + Dd J Gg Het + Kg + Dw Qi Nj 
RN E E Cg + Dy + Gg — ADT SS Ae 


(50). | 2 CE cb 


Material for the construction of he case of u = 11, 13, 15, 1m oo, Will: 
be found in Phil, Trans., §§11, 12,18, 15,..... | | | 


| 1 o. With a parameter v & fraction of the imaginary period o; we must 


take a = — 1, às stated above in (4), 513; this is also evident from the graph of 
the ‘quartic Z, which must now have all its roote included between 2 — —.1 
and + 1. 


At the same time as «/ is given in (2), un. w = w — pt is given by .a rela- 
. tion of similar form, 


ue MN 1 Ben Hera 








1) | —— 9n 4- 1 is >P pr 
( 2d sin- N d Kun? + ana VZ 
l EL ~ Inti e os peer N aia 
where, as in (7), $5, | | 
(2) 0 P=(e— 22) —k, IL 
If k is positive, denote it by 3°, and Bt | 
mE | B suut "- “Awd 
EE 2a . i 
(4) | E L os 


where this new v must not be confused with the parameter v. 


The degree can now be halved, as before i in $12 for 4//, so that TN 








zi s wossrAt o ope pee 
"m IV nx Nort EK d 
(5) I. 1 TERT $a —1 1 h gm JY | 
| Tar Wen vh. 


which is required to satisfy. the differential relation, from (12), 84, 


(6) 


where 


(7) 


and thence 


. (8) 
- where 


(9) . 


dol =|. 
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OCON 
(Gg) 
EOD MPG 








a | 
E munie? + a a) Moy mid 
: | p | ] 
(s iM. l 9 
| BL f= if 
BLI, L/2, 


deo! ^ (LED) tP +L I 
dv oa ( Vi Va) l | 


o7z — 44M . 
PESTI 


a relation inii to (6), §12. 
. Writing the quartic Z in the form (3), 83, we saw in (14, sr, that the | 


elliptic arguments v, v corresponding to 


(10) 


p = 0, Pas | 


were guch that . 


(11) 


vy d v, — 9 — v t v. 


But written in ilia form 


a2) - 


the values z = + 4/ F correspond to arguments v, and ve, such that 


| (18) 


Z — a(à — [e-ga] un Ky, 


Vs — V — 9g — Vi- 


Equating the coefficients 1 in the two forms of Z, _ 


(14) 
(15) 
(10). ' 


AH* = —a(F— 1 + ie 
4HK = — 20(F — jr d a 


| 4K* —a(F — (4 45 — E) + i 





LEL ș 


. 
e. . 
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uni eliminating H and K, we obtain the equation ` for ub iud that, t reecting | 
F—1=0, : 


coa. 2 oe ne. : 
(18) BT | Nba jd. 


Then | RE 
9) Z4 Ga ba) al =a(?—¥)| (*— 7 m |, 


and. introducing. an arbitrary Q, 


ere [ep GT RP 
6» |. [673 - "(673 CE 
| redeem eatin] 


Taking the second quadratic factor 5 . 
| (a? + at) (z — a) — 42, (Ba ~~ - es — i) | 


—(@ +.4 la — 4 d aF), 





(21) 


make it a square by the condition 


(22) (a8 + a2? y a? +45 TEE MEE oF) 4 (are TM 4 = 0, 
This quartic equation on- putting NET 
(23) | D a= y—-L 


M 1 
will be found to reduce to ' 
(24) : OF + 3pvy + il -— 9gl'y = — 0, 
ag before i in (16), $312. 


Then we can write 


as) | m A Ge Zt De Re C+ ye L— Lr 
; ; l + 4v (B'e 4- 58, E 
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_of the same form as 7,7, in (7), 312, and the resolution is effected in the same 
way, 80 that the preceding algebraical results for 4/ can be. utilised with slight 
modifieation for ow’. | | | 


When i is s negative | we must bales 





Zn | at H1 
ECC EE DN LS 


to effect the halving of the degree of the algebraical results in the form - 





2001 Q2 OU Ew) uuu. 
ig cr E “wt pays v 
(28) 0005] LO qua Em pe 





We can 1 however infer the result from the form ic: ki is pu by putting 











(30) | Xa o= tti t= a2, 
; ! |... B | 1 u -+1 
(81) e= pma 2i 

a DARE HT EX! 
when Ens l 
(83) dw . ESTE AL" GP + v) 8r 
| dw (— w? + 1 (WA W3) 


and then a change of à into Ai, L/' into L'i, and w into wi, with appropriate. 
change in the coefficients will enable ùs to pass from positive to negative 4. 


Now with positive %; and 
(34) V, at + 209 + Qo? 4 20v H e, 
(35) | Vy = — awt 20v) — dye? + 2v — e, 
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and with - 
| = qut + Ala + Cou? + Adi + 6 
=. we find 7 : 4 
(87) |. a — 4d — bou? — Adw — e. | 


16. In the algebraical case | 
2 — Aat t Hu. y. EHE. S 


Ub 
ay Esci s (— w + 1y* 
- LH, LOQqu- 14 H, 107 —* +. 
"EU TESI Byw, 


Thus for instance, for w= - 3, 





(2) w = poomi V RYT, =p sina ER yy, 


(3) Fis. A +(L 4 pw + a(L + Dine? ce 2yv? dE (D Ine ee Jn 


leading on differentiation to. 


(4) RON NT TIN DB PA 
| s e CN v (P 8 a Vo) 
and replacing v by the new variable w from (30), $15, 


—ı Awt+B Bw t+ A nu 
(5) Xm $ cos Ww pp hm # s1n~ ‘Mow ti Way 


g where | 

(6) A -—1-4n, B=1—n, | 
(7) Wi = aut + 4bu? + 6ew? + 4dw +e, 

(8) | W: = — ew! — 4dw! — 6cw! — 4bw — a, 


(9) — =2(L + y)— 2(L + L')n — A — D^ 


i 


O) em xD y) 2b + Dn L NE 
(1) | b 32! (Lt Dyn +L 1, 

(12) | J— 29L! + (L 4. L'n —(L —1»- 

(3)  e-3L—dy. | | 
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Putting n = €, we can write | 
| _, wchta — sha sh ee 

(14) , w-— $ cos RT a s sin os them 
(15  a—L-4y—2Lcha — 2L"sha, - 
(169). e= L+ y + 2Leha + 2I/sha, 
(17). b = L" — Lsha— L'cha, 
(18) d = L" + Lsha + L'cha, 
(19).  e=L— $y, 
leading on differentiation. to (33), 816. 

Now to pass to negative k, replace w, A, L’, a, by wi, ài, Ili, at; 80 We 

replace cha by cos sha, a by 2 sin a, and put 





(30) . W, = aw* bait tei q dde 
(21) | | Woo Mp UMP oe 
— with 
(29) . -a=L+y— 2L cos 4 — Pr sin a, 
(93)  . e — L + y + 2L cos a + 2L" sina, 
(24) | (0 b — LI/ — L sin a + I! cos a, | 
` (25) d= -rL-—lLsna-dc L cos a, > 
(26) | in n 
and now AES. | 
| (27) w! = $ cos enda inde be rw, — iet + cog EA 


satisfying the relation uu 
(88) . (w eos $a — sin $a Wi + (w sin $a J COS jaw, = N*(w^ +> D 











(29). (ON? =y — L cos 2a— L" sin 2a; 
(30) ^. ee EPI: Jo + 1)? — 4Lh»o(w? — 1) — SL" | 
| ; dw | + 1)/( WW) ! 
We can now infos that the cerca result in the — (1), with e ——X, 
. assumes the form 
- 1 3 " i i 
(n dn gh yea t c I uy 
e) |/— "Toon we Rar bo RU 
| +a" AFI » 
with W, and. W; related as in (20) and (21). | 
The details: of the calculation for des — 2n 4 1— 5, T, 9, ., can be left as 


an.exe reise. 
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17. With u even, = 2n, it is not possible to have 


ed QA CH p Mm p esee Ku 
a) | P m e NP d , 
| | _ 1. he T — AUT t+ Lue. 
. ko ; TEAM eM 


because, squaring and adding, : LES E 

(2 (WEF APH PT A APF PC... 15, 

. consists of odd powers of t, and un be made equal to N wm. ! 
But in the case of u even, T breaks up into factors quadratic in e, of the 

form 

(3) L= ant + 28, ys - (4) 1, = — agt — 20, — ys, 


and from Laguerre's formula (16) $7, when 


(5) | Oy Oy = Vs fg v, — vy = v = flag, 

(6) A a — pu = Vaio my (Vas 0p) 

(7) 2 M ey— pu = M 8 — § TEE (A as y, — V aya), | 

(8) — A as y, = N85 — 8 d N 8 — 8; (9) rum M8 — 8 — M85, | 
and | ) 


(10) dg =(L+ DY, (0) yxp be Dy, 
(2). Moy 099/197 =L’ L? =s—o =a(v')—a(v), . 
where c or.s(v) was replaced by Zero in §12 with u odd. : 
Formula (13) $12 gives —. | 
(13) A/4.8,— c. 82 — O «8 — TP v/ Es 1 (8 ys - Muda 


— = $ (Vagy T voya) " Vaya T Bs V a yi), 
80 that, from (6), 


(4) saoao o= Mag b y). 
‘and similarly - 


(15) ms. 88 (B Dd US 


. With one condition still at disposal we can make 





(16) 7 V ayi = ^/ a ys = ^/8— 0, 

Bi Va,—0.8— 80 -- V8, — 8. smë 
17 <= SS ma 
(17) Bs | Vs — o | 


O EBLIS ETEF SOTD E OTE, SÉ 0 d af 5, E (L— ae $y— Gk $3 — 8 
(is) 7 A 3—6 
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suitable for L/— L/?—s-—e positive; and then putting. 





REA = 2, 
(20) „M ea —¢ —A/3,—8 192 A/87—9.8,—96 + ^/$,—8. M /3,—¢ + /8, =) 
(L— eo N 8—0 gma A/ 8—s 
Stas —3 A/8 —2. 81—6 . 8—7—A/ 8,—8 . 8,—8 3,—8 OA Sy — an 8—3 
p A/ 8—6 s A od A/8—6 


homogeneous in o and e, and so independent of homogeneity factor. 


Àn appropriate change of sign will serve for LA— L'?—5—G negative. The 
same form of T, and 7, will hold for parameters | 





2r 
(21) gU eee TO qam 
with an interchange of s; and s. i 
. But with 
2r -+ 1 
(22) ` wo may 3) 


s, and 6, change place, and /8,—o , /s,—s are negative, so that we take 


Al 8— 8, F A 0— 85 


/ 8— 85 EN G — 8; 
MA Lu m 2 
A/8—G ? 


A/8 —G 








(09) M=(L+D) (24) y =E) 








A/584—0 . 0—8; + MV 8—8 . 8—8 
op) Gà Na B i 8s, 
d Ps /3—o 
Finally, with | 
(26) EE v0 =o, I Pies 


s, and s change place again in (23), (24), (25). 
The discriminant of T, in (3), (18) as a quadratic in Ë 
(Vso. M + /3,—8 .8—0o)* 


— Oo 


(27) 0. BÊ— åy = 
so that the roots can be expressed rationally by ^/s,—c , ^/5,—8. 


When the shape of the body is such that p = p', the quartic Z reduces to - 
a cubic in z, and our equations connecting z — cos 3 and 4) become the same as 
16 | o 2 
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hose required for the motion of a symmetrical top (Annals of Mathematics, 
vol. 5, 1904); in this case # + 1 is a factor of T, say of. T}, so that 


(28) l | a — 20, + y = 0,. 
reducing i in the case of v = o, + fa, to 





` (29) oe Vo — &) —(L— UVa, 8g + MON 2 
, | | = 2( 8 — 0.0 — 8; + M 8 —8.8 — &), 
and then 
(80) e + Ds s— 8 — V3 — 8) (L NE= A) 
| | = 2( X8 — o. 8 — 8g + A B — e. óc 


whence L and Z/ in a case where the motion is the same as top motion. 


We can put 
(31) LA4L-«s—c.a, L—l -—s—96.- 
‘and then from (29), (30), _ 


(32) NE - ee et er dion 
| | MA du. 

while | | | 

(33) | M? = sk(v " v) — ek (v — v), 

denoting c ande by.s(v) and s(v’). 


18. Before proceeding further, test by a simple case 
E s | V = Og 
so that we can take (Phil. Trans., §37), 


(2) 4— Gok, BO, ges 
| mee a Z8 KC" PA 
(3) P=i(—+0)=S22, with x = o, 
and now put g s 
(4) 8,— 8 = BP, Aesth, $,— 8 = o +h, 
(5) , B? = s — 8 .& — 8 = 1 4- (AP? — 2)? + ~ —(1— & P+ APTPP, 
(6) 4P = 8$ —0.8, — 6, 


() — D—I^—-s-—somi—H 
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Try ^ 
(8) DE 
with ` | | | 
(9) n-a-(EEAS — (09-05. y= 0—8) 
(11) Bos ERE, qug p OPTER S 


~~ and then to nibh the differentiation 
| dy (LAL fl +2(L + I) Pe + L — LP 














Ue) di | WET, 

we find | b ue 7 

ye _  2Pb+B _ APb+B 

(14) E m (L + D + 6)’ og (L ns L)(1-—5b) 
| The results.can be thrown into a more symmetrical shape by putting 
(15) | "e| igi (or zu * 7 f requisite), 

and writing . 

[=+ | 2Pb + B 
: 1—b VNV i+ 
| A eeu e cr V X, 
(16) — E — 9Pb + B »Pb- B | 
Qd pM TIENES an 
= sin A/ AX. , 
jit P 1+% | 

| * - uat B 1—6 

2. —— UH 1-Tb'. 

! leading to 
' woes P die 5 | 
(19) ay — TIRE 
dx Wen XX, 

| and, , squaring and adding, we find 

(20) N’? = mU i u—Pyi 


implying that a and AX, should puauee sign. to optan & est result. 
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If L? — LP, 8 — o, and 1 — b are negative, so that it is requisite to take. 


| | D— L 
21 = rra ERES od 
then we write 
| IL: B= 2Pb B B + 2Pb 2 Pb 


—- rp Bb 2Pb 
| = P sini b --1 b — 1 vd, 
mm b—1 p ALEX: 
d | ies aici ] Fait 
! | b 4-1 B—2P b —1 
24 Are -A PIA ee, 
ey a po XD bri 
leading to | | | 
| | " 
! a? -f 2x -— 
(25) | BB" aE 
dt Xy Xs 
" and | | | | | 
| o — 16P 
. With a parameter 
(27) -— E . ' v = o; + $93, 


8,— 0 and s, — s are negative, and we take. 


(28) c=1, 6—54—1, s8—8 — b, 

(29) PI? =s—o =P —1, | 

(30. B = s — s. s—4=(4—¥) (B — d) = 4PSP — (9 — 1), 
(31) | 4P = 8& — 0.0 — 8p | | | 





(32) . Pail cp E, x co. 
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suppose; and this can be normalized to _ 
(10) | . B =(4 d by + p, 


where o denotes the octahedron irrationality, defined by 








(11) gm ad at, 
1 —— ôg 
and with | ! 
(12) | C —(A +e) te), 
m $560 QM BMC 
a3) — cd o fcc p uera 
| | bto ANTI SN O 
EMT 
M an ey pth + mu E 
Bat with 
(15) I?— IP = 8 — o positive, 
we put 
> , A cM II 
b and c must change place, and 
P 
(17) dV | dida 7r de 


dæ ^ —— IEA XX; l 


With a parameter 











193. 


i bc 


b—c, 
_ fjb—e 


bpe 











(18) | v= o t, 
we have to put | l 
(19) 8 — 8 — D, oO — 8g — e, | 
(200 — B = 8,— 8.8 — 8a = (8, — 8g — B°)(b" — 8, + 8), 
or normalized Hu 
(21) B -(4 = 2G wil), 

l 1 : 
(22) © C =(= — eye — e), 
and then | | 

"m b—e VB—~J/C_/b+e 

E jx AN OV pet EL Be 
| oy oo ufo o 5 VB V0, /b—c 
Us AE ims ma ERE b +c’ 
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or else b and c, B and C change place, according as we have to put 








| -n JDN. L—L 
(25) f= 2 Lip NIII 
. In the determination of the coefficients A,, .... La, 45, ....,Z,, we can take 
| | (01 fbe ,.. t/ b — c 
(26) A, ee L =A y 
: P 7 o "T * b +e, 
(28) Med =— I, 


and the value of ~ may be inferred by induction from the associated pseudo- 
elliptic integral discussed in the Phil. Trans. 1904 
npP(?-cgG)-Q db 
-— fe) “S — Fae JB : 
29 
| uu Ew $ DB, + Ew $B, — NIRI. 
f | Pe = toO s c?) n j B ren BB; ; 
from which we may take 
E l : E, s By 
(80) à mew — BAM e T Een 3 
| The remaining coefficients are now dd ddr from the HHOrOBe 


tiation in (17). | 
Tested by u = 8 (Phil. Trans. $38), 





(31) v = 0 + las, i 
(32) | "rre b= Fy 4B = — 4 sh- ab oS ABI, 
(33) B - 041) e (o aye 





OC ae 


mt (38 +18 —1 
(35) aS oe, 


(09 | ^ @=}(4—1)=04 0; 
and working with 


(37) | He E I? — I? —8— o positive, 
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then 
| a 2 m a 1 
(38). dy — 7 T eat 
da i dtr X, X. i 
is satisfied by l | P s 
(39) Mu = oos! (Ag? + Bu? + Km + L) X + Ne 
= 1 sin (Asp) + Ba? + Ke + L)s X, 


with .X, and .X, as in (23) and (24), 
(40) | $us A= (b Ai OHAR 


and in addition to the values of A,, Z4, A,, L4, we find 











B, / VB+ C A B—A O0 . 
vn ze "Oe ape 
B, _ JS B --/O V B —A/ C ES 
(42) a iE coc Vx. AP) tea, 
K, _ AB C B — NS 
(43) z-C- "nm 2 TN C — AP) B TE, 
| K; B Q «XB — Wm 
B , a AE ITA ET -AP)*P—2. 
2 E " ce 1 4, .1Y 
(45) Nia gee c ip Ss ) 
"Tested numerically with | 
(46) partos ge EE 
wefind — | 
=] QA 5T CLA 
ay = i cos eus t * J5 Tc AS 5 — van) i 
4 SE d ^ 
à ; s 
MCN RR 


JC Tei + 4/5) + Nat, 


leads to the requisite differentiation (38) with 


A(P—c) ^ 84b a/b 








16 
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_ In this case, and also generally when jc 1; | 
. (48) | v=o —1e, =a ta w- de 
. 80 that a4, Bis Yis 9, can be expressed by algebraical ATA 
With u = 12 (Phil. Trans., $40), v = @ + to, 
(50) =a + @ + a’, | 


(51) Bt ++ 3(1+a)(1 —a)b F a1 -- a 4- a’), 
2 


(82) /O=4(1 — a'(a +@ + a’), 
(53) P —d5(1 — a)(5 + 3a + 3a? +a’), 
(64) aak m 1 ew P—( —2)—1—a—a vB 


| DP — a — a? — a} 
and thence the calculation can be completed. 


Material for the construction of cages corresponding to parameter 


(55) | | | ] ES v = 0; + $6, Qi + Og, E E ees ; 
will be found in Phil. Trans. 1904. 


20. With u = 4n + 2, the method of reduction given in §24, Phil. Trans., 
p. 251, must be followed ; choosing a parameter 


2r +1 








i BO Se 
and using the new variable | 
: -2alL-c^L. 
(2) m oe TET 
implying that Z? — L” and s — g are negative, we can write 
| "— _ A+ Bory... HE+ L, 
3 dun m 1 ^ Nae. Nei 
(3) O l gig A+ Beh + Ket dy yy 
2n + 1 oo UN , 
gatisfying the differentiation | | 
oe — 


(4) ay Vo) 


GREENHILL: The Motion of a Solid in Infinite Liquid.» 127 





and | 

(5) | X, = aye? + 38m + y Ay = — aga? — 2B — Ya, ` 
. (6) a m NE ES — 

( ^ ge VO vo os 

l . 0 — 8 

B) am—yy—L | 

(9) B,. ~ei — o.c — s + V8) — 8.8 — 5 

doe OTT. 
Then | 
(10) Á mM Lp 
Q2)  - Ap eH, L-—3aa 


and guided by induction we find 


1 _ Bs, — 8. 8— 8, + FA/8 — 8, 
19 px 1 8 2 
( ) A", PI (c gii 


-~ derivable from the associated masndusiltotiodeie ied 


|. f5P(c —5)—Q X ds 
| Io) = fo JC 
(13) 


s 1 oh-1 Ev 81 — 5. 8 — 8s qai F5 —8 
. nti (c — ay *t 2n EE D^ (o — sy *i' 
80 that (c J 
(14) Au — gn PI) 


^X Performing the differentiation of the cos~! and sin~! in (3), 


Q5 ide — Dou X, X, E | 
u M t u No 
2(A,x +... + Le XX,  2(Agg"-....- Lye XX,’ 
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and 


N, = [Ba — 1)4,2™ + (9n — 8) Bini ....— (2n — 1) E s — Qn. DL, agg + 38; + n) 


d UIN EU BM 2 ae th Ka+ La + 86,2 + 0) 
(8n. + m 


0$) 


= (Art? + Bit.. Miche TET 


N, = [On — 1) 4420» + (2n — 8)B,ztn—1 b... — (2n — Kz — (9n + DL art — 28,2 — y,) 





17) + (Aye + Bai... + Kye + L,)(— a — 28,2 — 0) 
( T j, 0n + DP 
= (Ao + Bait... + Kye t L| — n: + Ist — 
g — 


pom 


and more than sufficient equations are obtained by equating cofficients in (16) 
‘and (17) for the determination of the 4, B, ...., K, L, and for their verification, 


when 5, 81, 8, 8, 0 and P are assigned for a given integer n. 


ave we find the values of A,, A, and Z4, L4 given above; and further 





| B, _ DA B. fa (2n + 1)P 
aid a (n — 4) 7 SM UM vo 
B. B By (2n + 1)P 
1 B ae vi uude uo 
(19) d, more T 95 o IDE. 
K _. B p. (2n + 1)P 
20 t= — A 24+ 
) p csse a c ec TERN 
| E, 8, B, , (2n - 1)P 
21 die oL (n, — 3) E — Ps ; 
(21) ean Det — (nt nes ALTE. 
and so on. 
If in addition .- 
(22) ! o = Qg, 8 = 8, | 
| (233 °° X= daos eZ, 
= 98 
(24) X,— — a+ dT FNA — 6. USE NACH 
77 OF 


ànd we can take 


(25) P E PEN an od 
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Thus, for example, utilising subsequent results in 322, we have the following 
cages; for u= 6, 








dnd dii )4 (2 + 22 SE aki ESL. 1) + e 
(26) 
= $ sin” (æ ML x pns Nat, 
(27) N= ute 
de | 4a 203 — 3a F | 4ar 
ENTE, G0 NEM Ls a ec S AEN 
my | x 2c | t Jai | 


~ 2a — 1 2a — 1 
and putting 


(29) | | 2z— lay 
V —deo I v (y + ) v + = ati), N' 


sii (9+ vg aN jut 


For u — 10, 


(30) 


H em I C= oe) -— A 
egens [e t t yyer eFI "341 "rna T arer t] 
; &— oo + 8e +1 
(e+ 1) ye1— 1. cp eee 


M [2 43x 


+1] + wal 


(31) E 
= ysn [at 4 Mr ROIS ~ije +D 


e$ — c — Se + 1 | i 
N [79 co yarn ec 


. or, putting "— ee 
E y 


B MENS S NBN c-—4e4- 1 
V = cos wet 79 (5.3- 1) d — 1. — € 4 4c -- 1 Tre 


Alt 4 e -——e-4-3c-4- 1 
NLT (e IWF. E41 


jy +1) 





gp e— č — be 4-1 
J|- y+ (e + IV à —1.— e + 4e + if 
128c* 
G3) = CF INK EE de + IWF IPF de 1) 
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Haare on differentiation to 


a (c + 89(— e! + 4e + 1) 
dy’ ——— RER + de +1) 








4) a DIT TN f P. c + So + 1 x | e — ce — be +1 ib 
m Yates 4 uee e erar] (c + 1) (à — 1(— ci F 4c + 1) 


Utilizing the results in Phil. Trans., 8831, 32, we could go on to the con- 
struction of the case corresponding to u= 14, — 
VY = 4 cos ^! Ov + Ew + Ej) v? + ivot By 
| xi EACUS par 


and corresponding to u = 18, 


(35) 


36) J/ = $ cos ^! Oe + E + Ew + Hp + EWv t B 
= $ sin-! O(e? + Fe + Fo + F)A/ v! + 1/0 — 6. 
21... But if 2 — L’ = s — c is positive we have to use the new variable 
: _, [LU 
(1) omIIL 
and make the expression for 4// in (3), $20, satisfy the differentiation 
| | P 
(3) 0008 dy T? T PL, 
| dæ V X, X, 

and | 

(3) P dL nd + 20, + Yi» A, = — ay — 23x — Y2, 
2" n NE eee remm 

(4) m E LT z= — », 

| ^/8— 8, + VO — 8, 
(6). a= gee vU 
T Bi — M8, — 8.8 — 8 + N81 — 0 . 0 — 8 

(6) By p | 8—0 iy 

(7) Ay = =A} L, = (—17 va, 

(8) Ap == M8, L= (1 Wa, 
-but now 


(9) 22 = Nea CEST EU se PEDI. 
| | (s —oa)*t 


( 
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derived from | | | 
ig Q Wes 
l. e LE zs a EV8,— s. $— 8g 
~ 9n4- 1 (s— —gyti— EE (s—oy** 


In this case the degree can be halved by the substitution (Phd. Trans., 324)’ 











; aa oe CRN ad 
Q1) S qeu ce 
(12) s—o= 5s, s— = (0 — 6) 3 
. (13) ; "ns saa > aia 
PS 8 — 8 = c — 8s) TAL, 
Q5) dier s) zx 7309. 
(16) | o- Og + Og +1, 
| n o C.0 —8 — 1 | 
P A an bearer $&— 5, Wala — m F 1) 
pe e us O —— 8. 
(18) ; o = 2 — 68. LLLA 
(19) BM TS A») 
(21) " N 81 — 85 e 82 — 83 ME Ure i *— l 
g ? | O. — 8 


(92 f'(? — ipare "sve iq 


NE = + 1 a ds —1l. l 
E en CEA Qm Lr BA Cr IQ, 














E 


= apy toe, 


(23) 2 = e" tO — p Rea VQ + NET A 
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Introducing the appropriate change of sign we have now - 





, B -pa-p B, _ (2n 1)P 
(24) Toppi Enc p A DE 
B, — 8. s (2n + 1)P 
(28) p cem Bc mST 
Ai (s — jl a P O ana La 
l CTE A 1 i ma 1)P 
(27) f cea nes LET: Wee 
and 80 on. | ! 
Carry e up to ¢,, so that 
(28) ves vau 
: Qj. Ma — & "E OG — s — ys 
(29) D. : ü Ms — 0 omy! 
By _ o — 8; . 
es Beet 


and we can write 2A | 
(31) > = inne eth a i cs MVO — 8$, 
(32) X, = — a" (Me, — s, + Vo — s,)— 2x0 — 8 + M ane sae O — &. 


22, Tested by (Phil. Trans., $29), 


(1) u= 6, v= + io. 
(2) . o= 2, &=1, P-i(2e— 1), 
(3) 8y — 848 — 8 = — 8 + (P + 20) — P 
(4) 8, — 0.0 — 8g = cà (2c — 1), 
(6) . e m — off & eq + 1, 
(6) | TT vertu e 
(7) Bio VOW: E el — 1) 
Be 2c — 1 
(8) | B: (G@t 1) F —1WQ; 


B, Vào — i 
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‘ i i i" = $ cos? (Aya? + Biz + LX, + Nat 
| — 4 sin (Ag? + Bg + La) X + Net, 
(10) | dV "s t ev (2c — (f — 1) +1 
dx 2aa/ X, Xo | | 
with A, L, a, y as in (7), (8), (19), (20) $21, and 
(11) ys 188 (g—1). 
(2c—1)f 

. Tested by (Phil. Trane., $30), | 

| E10, v=o + tos, 
(12). . P =le 3)(— P + 4c + 1), 
(18) o — a= (0 + 1f (& — 1)( — e + 4o + 1), 


(4) (&—e)( — n) 16&(c + 1 (9 — 1)(— + 4e + 1), 
(15) (8,—4)(s—&)= | (e&— 1 (— c+ 4c + 1), 


(16) = E ELON 1, 











a) xi or rives E + rivo, 
(18) By. (e+ D(e — 1 OW Q; + 4c(qg? — 1) | 
| Be (c + DN (e — (= + 4c + 1) 

— 

(19) (q — 1) [e (e + 3) — (P+ 38 — + "mme +1)] =i | 
(20) (q Ja) [2c (e + 3) f -- (e+ 3c — e 4- 1)q 4- (e - 1) (C 4- 1)| = E. 
(21)  (f—1)[2e(e- 9g — (+ à—9e—1)gp2(0-2] Shy 
(22) — (f —1) [ele 4-3) "- (P+ à —5e— 1) g - 2 (c - 1)] EI 
(23) (q +1) [4e — 2e(e— 3) q— (e + 1) (e— 3)] =M, 
(24) (q —1) [teg + 20(e— 3)g— (e + 1) (— 3)] =H, 
G5 — SEF + e-e] =D, 


p 


17 


134 — GüseNmizn: The Motion of a Solid in Infinite Liquid 





we find 

(26) DB, = (— Hy— L)A/Qi +(+ Hj + D) Qs, 

(27) DB, = (+ 4,— Ly) Q; + (+ H; — Lh) / Qs, 

(28) DK = (+ Hh, — Ly) / Qi + (— Hy + Ls) Q, 

(29) Di, = (— H,— Ly) A/ Qi + (— Hs— Ls) Q, 

m O,—(MQ--MAQ)————c—l 

(30) Qt. Qi Min) T ris pay! 
= o c— 1 

e) | = Oh Q IN dU ah ee aT FN + 4041) 
Ge | a c—1 (q* — 1) | 

(3a) | mesas [ T D Te [(c zm J(— ê+ 4e 4- 1)]t - 


A change of c into — 1/c ue give a parameter 


v = 0, + fo in: the region /5+2>c 7» 1, 


























with | 
(33) ` P = $(3e — 1)(— & + 4e + 1), 
(34) o — & = (e — 1y(e? — 1)(— € 4 4e + 1), 
|. (385) $4 — oc. Se Lt 1)(— e + 4c + y 
E. 2cq qt 1 a—l y 
(Q6) age — HH ~Q, HA 
l T a= 4c*¢* = Aeg 
b " i (c+ Is a 
n Es DA RANT 4e 1) (979 
. We can construct the special case in which 

(39) v=o + tos v =a, + Fog, 
by taking | 
(40) . im Gc uL cL 
and now . 

l J 1 
(41) woa= 6GRD I ` 9A/e ’ 

T =1> 1 | 
(42) l Q= Qa = 4e c + id 
— i te+1 
(48). iege eti 
1 í z 
(44) dioe X NOS i 
+1 —c+2+1 


(9) BE Tey fey Hee acl 
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and we find . 
V bona [e i+ tore etn 
(46) ui ae 0a VS] var Nes 
= pon [eeu ue 
tUi DEC tye vo [t irae +N, 
| (47) oe NS 2 (c +1) 


c(c* — 1 (— e + 4c+ 1) 
satisfying the differentiation (15), §20; at the same time 4$ is also of a similar 
form, so that o4, Bi 71, à, are quasi-algebraical. 
A change of w into æi will give the case in which 
(48) | I?— L” =¢—a= dm t 


is positive, as in the region | 
ye Lr 


where 
(49) v=o foy, v =a + a 
and now we take | 

| EUN NC SO a 
m A/— 0 em É+ 1)(c — 4e — 1) s "i 


c? — 9c— ] me 1 
V(—@+1)(@—4e—1) Ve’ 


PEE pL (e+ 1 (2+1) 
dinis Exes dé (ER DP QUOTA 


+a (0— 2) oc eg ge Red ce 


(51) X, = — av? A/— e+ 2x 














(52) cH C eml —04-1 
E E (—e + 1) (30 + 1) 
— LN efi tT" CF IvA ii 
—3e6—8e-F1 ;—c+1 _ c — 4c-- 1 -| e+ "T 
E 4c— NS €4- 1 "VETAT - nos Ne, 
(53) M= let 


— e(— e+ 1) (à — 4e — 19 
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satisfying, as in (2) $21, 
(c + 3)( — 4e — 1) 











| | : 

(54) dO "T 5 — er (—c — 1) (à — 4c — D 

de 22V X,X> 
According to Phil. Trans., $31, | 
(55) | | u-—14, v= o + +o, 
we have 
à, — et) 

"| (56. 1 PES 

n = Ag + Ag + tia VQ (det — Ag+ Nts Q 


| (87) e s Og +: Og +1, 


and putting N, = 0 in Phil. Trans. (16), p. 248, 


(58) uem MU m M= 4m — 11m? + ami 
thence | | 

* gy = ilon- VA) 

60 .4- ore. 

6) a= FT. 

(63) Hu a 


and here is material enough to build up the corresponding case of | 

(84) | i" = + cos ™? (Ax! + Bg? +.. + Kye + LAX + Nak 
= 4 sin"! (Au + Boab 4+ .... + Kyo LA X, > Nat; 

but Á, Aand Ci, O, are used here in a meaning different to that above. 


Similarly, from PA. Trans., 832, or Archiv der Mathematik und ns II, 
Serie L, p. 73, for 


(65) | | 47218, v=o, L Tas, 
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the expression for À can be written down in the form 


A= eF 
" (Aag? + Aug? + Ag - ES act Ag Ag iN]. 


(67) § = Gg + Og +1, 


and he values of 4,, A, A5, and C,, Q, are given in Phil. Trans., p. 271; and 
thence the construction of the case | M 
(68) | L SELAA E BEE oo + Ræ + Ly) /X, + Nat 

| = $ sin! (Ayo? + Bax! + .... + Kye bL) X No, 
in which the two meanings of A,, "i and 1G, an must be kept distinct. 

So also theoretically for u = 22, 


23. For the determination of the motion of the centre O with u even, we 
proceed as before for odd u, and the expression for 4/ in terms of t= tan 43 
will serve for o, if L/ is taken to mean L", when k = A? is positive. 


w+ i 
w+ i’ 
= (w — 141, 
mE = fw + 1 + 20 7 — 1) + yo — 1) 
(1). = (a, + 20, + y)(w* + 1) 
+ 4a — yw +w) 
+ (6a, — 48, + 6y)”, 
in which we can take, as a typical case, 


A/8 — 8, — Vo — 8 


Replacing this £ oe and putting 





(2) o = (L+ L/)—— a 
(3) Cao (n atya, 

4° Bye Mao at aoe me 

so that TN M RO USC 

«(B) a, — y, m aia Ne 

(6) . Q4 + yı = eked me Tae 

(m at+%+n= y EVI In NTI VI, 


3( L's — s, — IN a— 85) +8, —-G. 0 — 83 -^/ 81 — 8 . 8 — 2n 


(5) 6. — A, + 6y, = 4 Ui 


i 


138 7 Guemwnnt: The Motion of a Solid in Infinite Liquid. 
`. and so alo for W.: and then 


| (9) de €—L a EEP UU + w) FBI 
dw (— w* + 1)/(W, W) 


a 


f But for negative k we o" w, L', and Vs — s by wi, — L^, T 8 —58; 
and obtain a real form for w’, leading to the differential relation | 


(10) dw _ ai Per 21) wo? — w) — 8Lu* 
tn ETT 


24. Returning to xis QUEDA: variable z, and considering the eo een 
of the quartic | 


Z = as P E E E E 





B | Ii — Ly 
(1) =d — 1)(# — 44p2— 1—aD)— 4(— 5 
! B 
caeca ay. 
denote the roots by 3, a, B, y, 80 that 
(2) 7 BtotBt+y=4e, 
(3) Q-aXB + ES peel TE NE NEST L 
ud » i Pus M57 —aü — 4a gfh 
PE B LU | | 
(4) Ny re eal) oby = — 4p tl 
| Boc | (pn 
(8) Sy bob = 1+ aD — tai m 1+ aE— 4a ary 
Then if x, y, denote any ius values of z corresponding to the values u, ug ` 
of the elliptic argument | : how 
(8) c 


a s formula gives 


1 
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Thus " and v denoting the values of u corresponding to 2 — + 1 and 
z= — 1, l 
e(ei + 9,)— e, 
— {fF 
= 4a[1 —(2 + ET 4y)t da + By + bay] pe a 


= mde 1— 2(8-4- «(B +y)— RAS 1 pen as 


(8) M* 
I) — I5 
* 2M? 
I? or LP 
mida + o) (8 pp En 

and denoting v, + v, by v and 4 v; — vs by vy, as before, 

(9) p — e= — ta + NB +”) e 

(10) p/ e= — talè + oB +7) — 35 

The factor M is at our diyil as 8 homogeneity factor, 80 "m 
DRE poe = y 

in accordance with the notation employed in Phil. Trans., 1904; then 

(12) — 1M8 + (B + y)= — aL — a(s — 2); 

and | 

13) ^ AAP"[O-o)4(8-py-P 

so that —— | | 

(14) | — WPL + o) —(B + y)]! = B+ aD? + alo — s.) = IN? suppose 

(15) FMS 4 2)—(8 +y] — 

(16) | &M(8 +a) = B—N,, 

(17) M(E +y) — B + N., 

(18) | Mà = B— N. — N,— N, 

(19) o Ma = B— N, +N, +N, 

(20) | | MB= B+ N.—N, +N, 


(21) | My =B +N. + Ne — N, 
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Then 

. @aB+ I? N? 
(22) : . PV — Ca — -ø T: 
and since from (19), 87, 

Bp 9 

(23) | 00 pow — po = = ^. 
therefore 
» pte, 


w denoting the value of u corresponding to z= œ. 
Thus v = 2w if aB? + LD = 0, implying a = — 1. 
Denoting z — ô . z — a by Z, and z — 8 . z — y by Z, 


(25) Z, —(s — 4) — 23s = a) bat MY Ne — (Mp + NY 


ERE eene nr 


and - 
| Z = ad s 
E QEUEN EN N,N,N; 
(qan) 4 -4( )-? (—37)—* "xx —x) 
| 4 DEN "m ee ee 
| AM* 
and, therefore, equating the coefficients of the powers of z, 
B -NE + N+ Nè ? 
(28) 6a 35,— 2a Air tg tie s ge = — 2a — E— 47, 
so that | | 
M? 2. 2 2 a 
(39) ^ ^ tg MEE AE NS gat E+ 4 Ta + 6a 17, = Open, 


& verification; 


| BOO  N?+ N2+ Ne B N,N,N, LI 
(80) — tags 4a D — Sa at = Ad = da +8 5h, | 
p NEA N A NE B NNN, B Ni +... NENE... 
secati =a 


M” 
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From (10), $7, | 
(32) BLUM = iLM'g'v — ED M* = al — $e LDAP, 
80 that from (28), 
(33) — 9aBLUM = aly —X — Ha i? + N24 -A aM? — 21? — 3a B”, 
and from (30) 
(84)  9aBLIM- — BM’ — B! + (N? + N? H- N?) B — "nm 
so that | wx ng uu | 
(36) l (B+ al’ M’ "p + aie y + NP + NS B — Sa B I? — 9] 

— 2B,N.N,N, — aL — X, 


B T — BN,N,N, + ab — X 
Mr = Nt + NI NP B — tap PENMAN, Eat — 2 


(36) p > ! 

= ! St dl d eae ade 7 T, 
and we should obtain the same value of M? by equating the coefficients of 
#-in (27). 

This determination of the homogeneity facto M* is essential in the -— 
cations, when we build up a solution on arbitrary values assigned to B, L, and 
c, 81, 83, 65,.88 Will be seen in the sequel. 

The expression for M? appears rather complicated and inelegant, but not 
much more than the form required in the corresponding case of the motion of a 
top (Annals of Mathematics, vol. 5, 1904). | 

The expression for M? can also be thrown into the form - 


(37) M’ = S a o ra ae, PE idu m Nagy — a|s(2w) — s(v)]. 


Putting | "EN 
(38) e(2w)— p(v) = s(215) — s(x) = & — e; 
and choosing s, == 8, we can now write 


(39) aM = (BVI — i — $8 — I) c/o — I LT 
nd a 


"18 
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20. Going back ae to the zanati t, of $12, and working with the case 


. of 8, = 83, and. 


T= (L4 nya ELIT 











A/8 — | 
(1) D | Serre Pee 
| M8—0 ` v 
A/8 — 8, + Vo — & 
= n N88 T NO & 
1 — n v8 — G 
A/8 — 8 + Vo — e 
—(L+ [/) 7 a vt 
did Vs—o —— | | 
| (0/8; — 8.8 — 8g — Ty CA 
(2) : pec a” ots 
n A8 — 8 — Vo — 85 
TM "1 ^/8 — G i 
then put | 
ZUM ieg B. 1—2a 1 _1+2 
(3) | Pg Po 9^ PCI. 2 
| xiu, dE 
(4) MA aM" ZZ, = (84-1 , 
and identify with - 
! oT. 
MAS E ry 2 
— $,— ^/8 — 8; 
/ 2 
=( 40) Hd s | mE | 
6) : jos PN S 
| prem A/8 — o ( 2 
A/8 — 85 + NO — 8; 
I) 3 
— (L — I/) Nes (e + 1), 


and 


VEM a =(:— a) 2 (a — a+ Ni QNS 
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so that, equating coefficients of 2, — 2z, and 7, 
(7) Me IN — s — Ia b Mi 8a n 0.0—8 
DAP M8s — o | 
(8) B+ N, _ IVs — s, — Lio — s) 
M M8 — c ; 
9) Gy Gey oe d LETT 
M f M M 8—0 
Similarly, with 
| | | 2 T, 
10 — 2 
= thes = BEE | | 
s 2 l ? Ar \2 
(11) | Z, (sr) +H o Ns :— +) + "IE. 
f e 8—8,— LA/ o—8,—V 8,—8.8— rc 
(12) dn NE nr oru E ed E EUR E DECR 
| (13) B— N, _ — IMs — s — LIMo — 5, 
M | M,N 8 — a MM | 
(14) NC y- (Romy. e EATER E T RM STU SE 
= M s—6c 
Then 
(15) "EL E 
M/8—0 — 
(16) M, — m= Lis — 8 + 4/8, — 8.8 — 8— 8 
| aM? = MM, = (L~ o — 8, — See o — ej — (LV 5 — 8; + ^/8,—8.8— 8$) - 
n LE} / —84L 
— — L + 2(s — o) + 3M*gv VEL — 
analogous to the form in (36), $24. 
Algo | | 
L^/8 — 8, — L'N o — 8 
! BN ee ee ee 
(18). Mace — E 
" — I/M s — 8: — INo— 8, — v5 s— 8 HMs — 0.0 — 8 ` 
mE V EE DOS 
aM(B— N)— — IF s — s, — Lio — 8, | 
(19) 8—0 


p Wa I — b i: CEN EI diens | 


8——90 
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and adding, - 
(20) %@BM=— opp — iw ~8at Uw — 2 


l 8—0. 
Subtracting 
| 2MN, = DO m 
(21) | pg DIN 8 DELEEDES T BVH 
| 8—o 
Again 
(22) ERN aN, + N, = (LV omit ima, 8— 8) — (I/A amia mo OH)? 
l 8—0 
(23) PRO Ee P-V 5—5 t 5—6. 0—85 
$—80 
and subtracting | 
© (24) a BY, s el iS I RS Cs 


while. adding leads to an identity. 
From the two equations (24) and 


ie — 8$ 4- LV — X > 


8-——60 


(95) . ` 2(a.B.M + LI/) = 
squaring and subtracting 


= Ds, —8.8s-—8,)— L"(s,— 6 o — 8s) 
uu (BM + LL) — (BN, — Say Di 0)— IA 0.0 )— Ps 
= L'(s, — s +0 — 8g) 3- (8&4 — o)(o — s), 


| 2a BLUM = — B! M* — TPL” + (BN, — NN; 
+ Hes +o — 8)-(&65— a)(o — ey | 

and eliminating Pz — Ý between (17) and (25) 

(28) — 2aBLL/M = — aI?M* — Lt — 1A(30 — s — 4 — &)— IVF, 


(27) 


80 that, eliminating 2a BL! M, . 
(29) (B+ al’) M =(BN, — ANT (Lo — 8 — es ^/8; — 0 . 0 — 83), 
as before in (37), $24. | | | | os 


2 
, 
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26. With aB*+ I? = 0, implying a= —1, equation (20), $7, shows that’. ' 


and now, with 


.(2) 





[( Z= — £ + 4b t bc? + dz i e | 
=+(¢ —1)(¢ —4472—-1+ E)— 4(74—), 
7" _B LL! | 
(4) DELL, as B= + L, 
(5) 6c = 2 — E— 46°, 
: o ea dw. 
(6) - ez —14 E—(14 7), 
0. | E = PE 
(T) poten 1— 4-45), 
5 ý . d . 
(8) plo, aa v) = —e«—à(1 F +) l Z2 
(9). (v, + v) = = c — b, 
2 z b4d)—4P(b—d) , 2 Bie 4 d? 
(10) : ip (u — v4) = Oa a eh ip (v; + v) = o | 
whence | | 
a) — rwm-w-iC tp 
(12) | pilo + v)— gu = i(ad? + 25d + c); 
and E | | | 
(3). pu u= SEEM et) 


| : — è + 9bgz— < + (—Z 
(14) (uh v + pi v Iu P E, 
To or E | 2 
m | 
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| Now if we put 
VL 


(15) | n s Lu d 


sin ee eee cos T rro ae red 
Ga oh te=? +1) | 


we find c on differentiation 











1+ -——}— AN | | 
(16) d m : T >) “toe dp —gFt), 
7 VZ cy + we NEA da 
17 | - P | 
(17) xE — a) JA 
according as B = + L; and 
(Q8) . | (s 23- diii: dap Nd 
80 that | | 
| 19 c(v. — w) vw 
(19) P [227 ar ECC Tum a 
and algebraical cases can be constructed by choosing w an aliquot part of a 
period. 
Now 
(20) | Ni =s8s,—o = — o, suppose, and 2N,N,N, =~ — X, 
(21) | 2BNMN— Ly —X.. _ 2BYp'y - pn 
A poc maet E | —2Biply '- 
(22) — M? = B+ NP 4 NP 4 Ne + Pd 
k | l Bigp'v 
! 
BM*— B + BES — 3Bpo + tip 
(23) 


"G4 QCER 7$ 
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and from (34), 824; 
| 2LI/M = BM? + BP +(N? + N; ToS — 2N,N,N, 
(24). 





| = 25 — EET + ipo. 
With ! | 

(25) N= 0; aB + I? + o —8, = 0, 

E u = B am N; + NV. 2 - N; N 2 
a) |. a=- a) Cr asem E 
(27) | p2w—e,— 0, p2w=0, — | 
(28) | E 2b? — 8abe + ad = 0, 

ata + wp eit, + s + 8, — 6 
(9) o cU emos 
* 0, — 06.0, — 0 
ECL J) Oy n 
24. With u = 9n, an even number, and a T 
(1) ; ' "- or a, + —, . 
we can write 
| m o. Be- 1+ Hie = 
mo dn NL E ED 
CE Cum +R. —A— ue 
ud cd Ceri - /aZo(— 1^ 


and determine the coefficients from the differential relation of (38), $9. 


It is of great assistance in the calculation to start with a knowledge of the - 
the leading coefficients H and KẸ, and these can be determined readily by ene 
z= 0, when ' 


(3) | ows = H4 RVG. 
4 : Ge ee E 
( ) = Kid a 
since | m 


(5) : H? + K?a = 1. 
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But now at z= oco, from (18), $9, 





t = Ww, v poi — w)— po — w) | 
Nc o PME ECCLE 
and from (25), (26), $9, | 
(7) | poru) — (vs — w) = — 2a 21 a, 
(8). = seeing Dre 


so that 
7 ; B =e 1, in 
gini — gnis HIM T 
(9) =e By —a—L 
writing I for J (2w, v). 


With a parameter v as in (1), and 














(10) | | M? (p2w — pv) — 5 — o = aB* 4 D, 
we have J given by an expression of the form (Phil. Trans., 1904.) 
(11) T= l cop 28 1 n-! FNA/a 
: d n (c —a)i ’ 
bos La Fiant deu Ld 
(12) gi — mmy 
EE i GN, N, + PN/—a 
i i Ao Bey ie eat: 
(13) (0 OS Na’ 
80 that | | 
S A/(G.N, N; + F NW — a) 
H K a/—az A T Bty pocta. ly 
(14) T A/— a (B —a + Ly , 
-A/(G.N, IN, — FENM — a) 
= a MON N, — LNW — a) 
(15) | H Ky. a (BY —a =e ) 
whence H and K, in the form 
a) HS alte), E- hn eB) 
on putting 
(17) | E B=Vs—o— OR Q Ê> i= M 8—0: RS B . 
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When | 





























(18) | a B? 4- I? — 0, a=—1, B= Nona: » 
9 | (2E N.) | (2Ly" P 
19 HUpBgA-— Seon rr EE suni UR 
m qr be K= VEN ' 
20 | A, g= ZCL) + 2FN, — | 
a) AK = ZOL (REN, * 
From the differential relation (37), 89, we find | 
B+N L—P ` BN, fe -P 
2 = oe à = — SEEDS 
vu HO—H—aocbaK—ao—, KcKÁgy—aHUUyt, 
B 4- N, 
n= (“a Tes a) wb x)| 
2B--N, L— P 
- + nk (7 —HN a) 
22 | i 
E B — f, Na+ N,V a2 of L— PY 
K=K| (“Fy ) +4 (gp) a T) |] 
+ nit p eni "E ’ 
and so on. | a 
28. Test by T€ a= — 1, as in 818, P which the result in terms 
of z can: be obtained by putting i 
E E a 
dap 
but independently starting with z as the variable 
P | a He+H a Fs 4E, 
1 1 — 1 re sies 
(1) 00A = 4 cos FTI VZ pem EH 
| E B+ My (Bi 
@ | B= a) Car) 
7 — B— N; NEN 
(8) a=k- 9379) - (Aa) 
(4) —B+4+Li=s—o=e +1, 
so that 2 | | 
(5) N = BLT? +1=—s=P, 


19 
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suppose | 
(8) e NP tad =b o, 
and with | | 
(1) — 40=2P, 
(8) anc MN + 2Pb _ US K+ —1) EC. — —BP +1) 
|  P—i  A(NNc-E-—1-—wV(NN —9 3 1)' 
p YO NEP CIL N,— b^ 1) 


| _ AQ, N, E — 1) — US, N, #41) 
(10) H—K- L— 


whence H and A; and | 
a M= H AP H QU Er = DM 
Then | 


| B--NN. L—P- 
(12) Hs +H, = Ae y aa) —2k =, 





oer B—N, L—P 
(13) o R+R= K(s 4 2 T4 2)—2:8 a 
and the verification can be completed. 
With 
(14) B—[=0, B=L, b=1, 


(15) N?=1+ 4, Ni—1- o, Ni—i, 


(16 LM*—- (L— =) (L—o) (L—= —o) = (L — 2PL ded p- 2P), 


Le ep 
CQ: dide p p 
Try 
(18) H=1,4=0, P= [, 
(19) AP -(L-—1) (2L — 1) (21 Le 1), 
with - > 
(20) N;=0, b=0, Gm 8B i —B=1, y=, N, =0, 


= 
(1) H=L, K=B, M*=(L—2Py—1. 
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In Kirchhoff's case of | | 
(22) B— 0, D—1, L=—1, =), M’?=4P(P+1), H=1, K=0, 


me — Pt 
(23) pb! = $ cos? | Same 2 dad cm 





— 2 --1 Zo 
satisfying 
| —(P + 1)¢ + P— 
a —M— #41 Szo 


A change of sign of œ will change the parameter v from ta, to o, + Fas, 
still with ge : and now . 


^(25 M=B— D a1, Ni— P—lI?—1i4o0, Nj—B—L-—1 
(26) = —o = 2P. | 


As a special case, take 


(27) |. N,— 0, B*—IP-—1. 
Again, still further, take 
(28) L=0, Bil H=1, A 0. 
da | (2+4 ta NIG e M Jal 
(28) | 
2P aP I. TA zal 
m M 
—£ ; ? 
a L 2BP 
. (30) i —! M^ 4P41° 
This case can be written, putting E zb 
(31) (sg 1er (2 +b) Ia —— 14-8] 


4i (1 — B) [—(s— 5) + 1 + 38°]. 


29. Next, with. | | 
(1) | v—a-J-io; a-—l, 


(2.7 7 07 =B ++I, 
suppose; 8o that mE 


(4) "—M— grip, 
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Now we find, with 











NOS 1 Bc | «(B+ 2Pb—1 ; P. 2Pb— 1 
Ò posaven tt a: 


(b) H— Kia tov 2p dto Manes. 


"E 2 (ies P c a " )V/(9— P0 — a) 
io) E ME B+ Li) 


(8) | pp L3 DA +P DBP 


(9) (gn BAD 





"e 2 Pb — 1) mE L YO — Ph — 1) 
2(b* — 1) | à 


4 +H, a e+, 


(10) | a} = & cos a p Ac bein 








DF IYA 
O fZ BENN (NN 
(11) B É 5 a )- CA x) i 
5-(— 36) Cr 
Bs oco aud 


. From the differential relation 9), to | 
B ut N; —9 orl P 











. (18) B oH A= M 

(14) Í K+K = roe gh eau gt 
As a special case, try 

(15) | N,= 0, es Mmab=t, 


(17) "E | prett: 
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dud then j in Kirchhoff case 


etek ote Jn ese 
(18) , B, Bede L—(-—1) Mc iic. 








[uude LAE E. vie eit du sees) | 

| Jue Fi 

(19) | (- psy 279) [rr s regt ED 
= isin- Mp pum 


leading on CUISEODURMOT to 


(20) dy vine A P [P4 ido p3— o FS i- med 

dz =< ——- 
so that L’ —'0.. ; | | 
But if L = 0 instead of B when N, —0, 





1 E 
G3)  —HzE-—,BzW(u—1) M= 
a+ A/1-— o - 41-2. 1-— o? oi4-2,/1— ot 
: ETE rici hiis isa 1-+ of — et | 
(22) | 
—./1— o? 1— f/i—o? , 1—0%-+4- o — A 
T us UT ZEND pee - l4 o8— oi | 
i UE ] 
and = | ps 


(23) 





EN œ by k, 





en RE E] 


ee onder > _ Vitae cg c Isl. 
(24) | 
(25) - 
(26) 
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30. With a — 1 and a parameter 











1) | v= Q + 0j, 
(2) MBP os — 3—s,, with B+ I? —àá—o6, 
and, as in $22, M 
(3) g-9e, 0—8,— 29e—1, VW (8 — 0.0 — &) — ev (2e — 1), 
oM — Ez 9e(2ce—1), P=} (2—1), "S 
so that 
(4) N$za—8-8—1;,: 
(5) N? Ni (s—2&) (8—8) = 8° —(e + 2c) s +e. 
Asin $21 we can put | | 
| 8 — ag ER | 20-——1 _ 2cq? — 1 
(6) N P,- T dag" ert 8 — g—1 , 
and then | 
| 7 a —(0o-—1 - NiNi— 9e — 1 Qi, i 
(7) =(%—1)5 $= (21) G8 
with Qi, Q as in (16), $21; a now for u = 6, as in $22, 
(6) =| vati ne, 
(9) | | Qi, Kp 
Now we have | | ' 
{y= poor HEE Het B y 4) 
i 2 | Ke+ Ket K, 
cd iic 18 2 
= } sin CEES M (— Za), 
B 
(1). Z epe EN Sr” x) z= (4— P3 - PE 
12 M? == — L -= 1)— 1—25 = 9 Gs) | 
(12) | + 2Le(g! —1)—0 + ans 
But with a= — 1, 
| — oog HA + He He 
(13) l Y= 3 COB” (34-10 A/.— 4 
K? + Ks K, 


oed sin 


(— 2 4- 1) Vey, 
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with , | 

(14) |OHt— K*—1, H=cha, K= sha, 
(15) —JB'-[-—s—o, B—-L=o—s, 
a6) — B — As —o sh , or /a —s chf, 
(17) | L — Ws— 6 chg, or Vo—s shg, 
and | | 
(18) eim (er vase {io iva) ett. 


The determination of H, Ki, H,, K, can then be carried out by (22), (23), 
§24, and the verification effected, but the presence of M makes the expressions 
complicated, much more so than for the previous form of solution in $19, so we 
do not proceed further with this or higher values of n, with z as variable. 


31. A similar procedure will determine the leading coefficient H and K 
when uw is odd, and 4 is expressed in the form of equation (2), §12, although there 
is no need to carry out the rest of the calculation now that the degree can be 
. halved by changing to the stereographic projection with the new variable 
i— tan 4 0 in the place of z= cos 0: | 











In this case a — — 1, and taking the parameter 
. (00) . ^ aS = , 80 that e(v) — 0, 
and putting 
(2) - — B+ D? —s(2w) —s(v) =e’, . 
we can write | 
(3) I-—I (2w, v) — E ch Pu) = ES Shed faves 
| u C ^u C : 
(4) aen YO HW z fw 


40 EMO, + FQ 
f HoA 1 

(5) l iss WC, — PW Og 
l = BWC, + F C 

0). HtE— "wLBw ^ 


| | F0, — FO 
() -H+ k=“ Gra Bw 
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But if L= B,e=0, and 


pi iy E LADY | 


(8), A a= (2L) "—- 


i pE , Big!"'v a $p *y 
3— T3 9 cadi AURA | Rt 
E EE 
Take for example - 
u= 3, -2 ; 
S == 48$ — (s — ^ 
81 + & + 6g — t, l 
8383 + 858; + 8,89 — 4m = lev, : 
8,5585 = Įm? = — ip"v, ipo =n, 
10 m -r (2Ly | 
(10) H, K= (2L m i 
| 9 2 - m 


decies a t E or x) 


T ge (e — Ly 


or, singe .. | | | 
(11) m = 2LM* — 2L(L + 4) 
; L 4 
z=— (z=) + un i) 
| LAP—BL(L4- 4p; L 
a im pce aPC, T) 


1 ALM?* — TATE 
~ 16M: 





Putting z= ET | 
ie (Ug) 


18 
( ) u es 2L -+ t j Uo D 
| CUN anm. CIN | 


1—32m. 


 16M* 
| 


a 
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so that | | | | 
G9) —— ee eii 2 
(5) eM ppp RACE EEETE zi D acre) 
| 1 -p-Gbti +I) QI—L 4) 
(16) -Z+ (2 A= Jp 1) (ead si + E) | 
(qno ETC 


` 


In the result of §14 we have now to take 





o 0. gh gM |M—L—à 
3 Pho, as b= 3D g—-MN MTL SE 
c0 Try DISSE TEL 
(19) E p (Of — — (2LF; Kai 
(20) m © W= 6L)(1— aL). 
(21) © 4M —1—4L=— (V1 F 6L-- V1 — 2Ly 
| (32) E AM 1d 4L— (VI + 6L + A/1— 2Ly, | 
. 80 that k is imaginary. | | 
oo Ty v MCN 
- (28) e 5, mc(2Ly H=0, © 
(834) -« o. o AM? (o ay 4 AP 
(25) -4P (2L + 1P = 16 oOo og 
-— t ^ ae JAM Y 3L X 1 x 2M — 35 — 
| | uds = A/9L 4- 1. 
Thus, asa numerical case, with | | PT 
(m)  . — L=1, M-$,m-8,L—-— k=3, 
E pee d | 8, 22, 232 759 
Vn) (d —o—tg cg — gs — 135" + Gap? 


20 
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Z — 0 having two real roots between + 1;and we find 

| ME g 7,,4 59 | 4 | 

(29) 2 pe dpt 9B eo (s 3) Z | 

or changing to the stereographie projection, 

(30) 104/5(te"*)§ = ((— 3)A/( 4ë + 248— 52 + 4t +6) 
EE ! + a(t + 3) /(— 4t * 24f* + 5 + 4t — 6). 


For the motion of the centre 


e ut d p=( iei tgp 


and ' | i 3 
(9) ^ paima + Hat yt EE, 
a 104 
(33) ool, Hp gg 
The degree! is halved by putting | | 
| = 2 [9w 41 
zo) | fais Fa P= 5 w —1' 
and then 


og (w IWW, + i — 1) W; - 
(35) (pé PE CIC D 


(38) Wi= (av + 34/3)w!— 8 (4/5—n/3) 08 — 10V 3u? + 8(v5 --A/3)to 
0o— ÁN b + 84/8, 
(37) M= (b= 34/3) wt —8(/5 +V 3)w! — 104/80" + 8(4/5—a/3)w0 
E ^oc AV + 3/3. 
A numerical application, such as inserted here and elsewhere, is useful in | 


showing the existence of a real solution, and the region of its reality, as well AS 
in settling a a doubtful sign in the general algebraical case. 


The Theory of Implication. 


By BERTRAND RUSSELL. 


The purpose of the present article is to set forth the first chapter of the 
deduction of pure mathematics from its logical foundations. - This first chapter is 
necessarily concerned with deduction itself, t. e. with the principles by which 
conclusions are inferred from premisses. If it is our purpose to make all our 
assumptions explicit, and to effect. the deduction of all our other propositions 
. from these assumptions, it i8 obvious that the first assumptions we need are those 
that &re required to make deduction possible. Symbolic logic is often regarded - 
as consisting of two coordinate. parts, the theory of classes and the theory of 

propositions. But from our point of view these two parts are not coordinate; 

for in the theory of classes we deduce one proposition from another by means of 
» principles belonging to the theory of propositions, whereas in the theory of 
propositions we nowhere require the theory of classes. Hence, in-a deductive 
system, the theory of propositions necessarily precedes the theory of classes. 
. But the subject to be treated in what follows is. not quite properly described 
a8 the theory of propositions. It is in fact the theory of how one proposition can 


be inferred from another. Now in order that one proposition may be inferred ` ` 


from another, it is necessary that the two should have that relation which makes 
the one a consequence of the other. . When a proposition g is a consequence of a : 
. proposition p, we say that p implies.g. Thus deduction depends upon the rela- 
tion of implication, and every deductive system must contain among its premisses 
as many of the properties of implication as are necessary to legitimate the 
ordinary procedure of deduction. In the present article, certain propositions 
concerning implication will be stated as premisses, and it will be -shown that 
they are sufficient for all common forms of inference. It will not be shown that 
they are all necessary, and it is probable that the number of them might be 
diminished. All that is affirmed concerning the premisses is (1) that they are 
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true, (2) that they. are sufficient for the theory of deduction, (3) that I : 
_ do not know how to diminish their number. But with regard to (2), 
there must always be some element of doubt, since it is hard to be 
sure that one never uses some principle unconsciously.. The habit of 
being rigidly guided by formal symbolic rules is a safeguard against © 
- unconscious assumptions; but even this safeguard is not always adequate. 
| The symbolism adopted in what follows is that of Peano, with cer- 
tain additions and changes. I have adopted his symbol for implication 
(>), and his use of dots instead of brackets; also his plan of numbering 
propositions with an integral and a. decimal part. But although the 
symbolism is in the main Peano’s, the ideas are more those of Frege.t+ 
Frege’s work, probably owing to the inconvenience of his symbols, has 
received far less recognition than it deserves. I shall not refer to him 
in detail in what follows, but whoever will. consult his work will see 
how much I owe to him. Especial I have: adopted from him the 
assertion-sign (cf. x 1*1 infra), the interpretation of “p implies q” (cf 
*1'2 infra), and the distinction between asserting a proposition for all 
values of the variable or. variables, and asserting it for any values (cf. 
* 7 infra). The plan of taking implication and negation as our primitive . 
‘ideas is also his. | 


*1. Priimti Ideas. 


Since all definitions of terms are effected by means of other-terms ^ 
every system of definitions which is not circular must start from a certain 
apparatus of undefined terms. It is to some extent optional what ideas . 
we take as undefined in mathematics; the motives guiding our choice will. 
be (1) to make the number of andefived ideas as small as possible, (2) as 
between two systems in which the number is equal, to choose the one. 
which seems the simpler and easier. I know no way of proving that — 
such-and-such a system ‘of undefined ideas contains as few as will give 
Such-and-such results.[ Hence we can only say that such and such 





Mathematics, Vol. X XIV, No. 4. 

t Cf. his ‘Grundgesetze der Arithmetik, ” Yol. I, Jena, 1803 ; Vol. II, 1908. 

i The recognized methods of proving independence are not applicable, without. reserve, to fundamentals, . 
Cf. my “ Principles of Mathematies", $17. What is there said concerning primitive Propositions applies with 
even greater force to primitive ideas, 


* For an explanation of Peano's symbolism, cf. Whitehead; * On Cardinal Numbers,” American Journal of 
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 idéas are undefined in such and such a system, not that they are inde- 


finable. Following Peano, I shall call the undefined ideas and the un- 
demonstrated propositions primitive ideas and propositions respectively, 
These ideas are explained by means of descriptions intended to point out 
to the reader what is meant; but the explanations do not constitute 
definitions, because they really involve the idéas they explain. 

. Assertion.—Any proposition may be either asserted or merely con- . 
sidered. If I say ‘Caesar died”, I assert the proposition “Caesar died" 


if I say ‘‘‘Caesar died’ is a proposition", I. make; a different assertion, 


and ‘‘Caesar died” is no longer asserted, but merely considered. Simil- 
arly in a hypothetical proposition, e. g. “if a — b, then b — a", we have 


. two unasserted propositions, namely ‘a= b” and “b — a? twi what 


is asserted is that the first of these implies the second. In language, we 
indicate when a proposition is. merely considered by ''$f.s0-and-so" or 
“that so-and-so” or merely by inverted commas. In symbole, if p is a 
proposition, p by itself will stand for the unasserted proposition, while 
the asserted proposition will be designated by 


ar, p” 


The sign “F” is called the assertion-sign ; it may be read ''it is true 


that" (although philosophically this is not what it means). The dots 
after the assertion-sign indicate its range; that is to say, everything fol- 
lowing is asserted until we reach either an equal number of dots or the 
end of d sentence. Thus F ! p.).q? means “it is true that p im- | 
plies q”, whereas “F. p. F .q” means “p is true; therefore g is true" 
The first of these does not necessarily involve the truth either of P or of | 
q, while the second involves the truth of both. | 

Implication.—The meaning. to be given to implication in what fol- 
lows may at first sight appear somewhat artificial; but although there are 


. other legitimate meanings, the one here adopted is, if I am not mistaken, 


very much more convenient that any of its rivals. The essential prop- 
erty that we require of implication is this: “What is implied by a true 
proposition is true”. It is in virtue of this property that implication 
yields proofs. But this property by no means determines whether any- 
thing, and if 80 what, is implied by a false proposition, or by something 
which is not & proposition at all. What it does determine is that, if p 
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implies g, then it cannot be the case that pis true and g is not true. 


The most convenient interpretation of A is to say, conversely; 


that unless p is true and g is not true, “p implies g” is to be true.. Hence, 
“p implies g” will be a relation which holds between any two entities 
p and q unless p is true and g is not true, t. e. ROT either p is not 
true or g is true.* The proposition “p implies q” is equivalent to “if p 
is true, then g is true”, 4. e. “'p is true’ implies 'g is true'"; it is also - 
equivalent to “if g is false, p is false". When pis in fact true, iod : 


may be replaced by “therefore”, i. e. in place of “ p implies g" we may 
` gay “p is true; therefore q is true”. For “implies” we use the symbol 


“J”, thus 


“pdg” means ‘‘ implies g” 
*p.).q2) T" means “p implies that g ians p” ,ete.- 


The chief advantage of the above interpretation is that it avoids hypo- 


theses uis are otherwise necessary. We wish, for example, to assert 


“yp”. If implication can only hold between propositions, it is pees: 
sary to preface “p)p” by the o eal "p is a proposition"; and ` 


whenever wé want to use “ pp” in a particular case, we shall have to 
prove first that. what we are applying it to is a proposition. But this. - 
is. highly inconvenient. Again, paradoxes result from restricting the 


meaning of implication. For example,.it will be admitted that “if p . 


and g are true, then 7 is true” is equivalent to “if p.18 true, then if g is 


true, 7 is true”, i. e. to “if p is true, then g implies r”. Also it. will be 


admitted that if p and g are true, then p is true. Henes, by the above : 
admission, if p is true; then g implies p; and here q is not subject to any 


limitation; for, even if g is not a proposition, it must be admitted that if 


p and g were both true, p would be true. Hence, unless a true proposi-: 
tion p is to be implied by every entity q, one at least of the above obvious 
propositions will have to be denied. 

The Variable. —A single letter, unless specially defined to have a certain 
constant meaning, will always stand for an independent variable. The 





"Of. M 5 «53 and »- 5 54 below. . 
tIn my ‘ Principles of Mathematics" I adopted the Interpretation tp and q are propositions, and p is false 


^or g is true”, instead of, as here, “p is not true or q is true". Thus '*p jg" was false If p was not a propo- 


sition, and '* p p" was equivalent to “p is a proposition". The advantages of the present interpretation may 
be seen by comparing.the primitive propositions of y 2 below with those of $18 of the above-mentioned work. 
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possible values. of an independent variable are always to inelude all 


.. entities absolutely. The: reason for this is as follows: If we affirm some 
statement about c, where æ is restricted by. some condition, we must 
mention the condition to make our statement accurate; but then we are 


really affirming that.the truth of. the condition implies the truth of our. 
original statement about z; and this, in virtue of our interpretation of 


| ‘implication, will. hold. equally when the condition is not fulfilled. The 


“universe of discourse”, as it has been, called, must be replaced. by a | 


_ general hypothesis concerning the variable, and then our formulm are 
_ true whether the hypothesis is verified or not, because an implication . 
‘holds whenever its hypothesis is not true. . The old theory of tlie ‘‘uni- 
` verse" had the defect of introducing tacit hypotheses, thus making all 


enunciations incomplete, since a hypothesis does not cease to be an 


essential part of a ppm merely because we do not take the trouble 


to state ite 

— In such a formula as (aay) 2 = —.p) q”, " the z is still an in i 
dent variable, because we are not only concérned with the value of æ- 
that makes the formula true, but also with all the other values that make 


“it false." On the other hand, “p >) q"i is a dependent variable. - 


Propositional Functions. Be statement. about a variable a will be 
e by 
(Of) 


or by (AY), (Bix), ete. .Similarly any. statement about two V vacates | 
a and y will be expressed by | 


(Cio y) | 
or by (A ta, y). (Bla, y) etc., and so on for any Sumo of variables. 


Such expressions are functions whose values are propositions; hence we: 


call them. propositional Duce Thus “pq” is a propositional func- 
tion of p'and g; "pp" is a propositional function of p. "There are’. 
other kinds of functions in mathematics, but they are not ae aba | 


for the theory of. implication. 


"When an éxpression of the form (C TY i8 asserted, what.i je meant is 
that the expression in question i is:true for any’ value of the, variable e. | 


.- Thus, e. Je. 


T. F p ) p” l 
means: “For any value of p, p implies p". But such an expression as 


164 - 


* 1*5. 


RUSSELL The Theor} 4 of Implication. 


(C i» 24) does not — that (C fa) holds for any rode hl only - 


..for such as are of the NH e. g: if. (Ox) i is “% is a — e 


then | E 
um (OY x)” is false, uk 


US vere. S is true.. 


Sune «Lr, (C y (A TOL means: “For g any T of y, (C Y (Ay y)) is 


true”, or “For any value of y, (A{y) is a value ofc for which (C fx) is 
true”. The C in (CXe) has no meaning by itself; all that its use 
assumes is that (C f à) and (C f y) are to have similarity of form, although 


.. this form is not always. capable of: see specification apart from any ` | 
| argument X. | 


Negation. —The proposition "p: is not true" is expressed by 

| i S: | 
Thus “~ p" will be true if p is not a proposition, and if p is a false 
proposition; it will only be false if p is a true proposition. 

One other primitive idea .will be introduced in *7. Two. others; 


_ or perhaps three, complete what is required for the whole of pure 
| mathematics. Thus, six are necessary for the theory of implication, and 
"eight or nine for all pure mathematics. 


, Primiiwe Propositions. 


E Anything implied by & true rogoi doni is true. Pp.* This proposition 


is used in every proof without exception; hence it will not be referred ` 


to in giving proofs. The very meaning of proóf is demonstration of truth 
by the fact of being implied by.a true proposition. 'It must be under-. 
stood that the principle is not the same as: “If p is true, then if pim- . 
‘plies q, q is true", This is a true proposition, but it holds equally when: 
p is not true, and when p does not imply.g. It does not, like the prin: 


. ciple we are concerned with, enablé us to assert g simply, without any 


hypothesis. We cannot express the principle symbolically, partly be- : 
cause any symbolism in which p is variable only. gives the hypothesis that- 
p is true, not the fact that iti is true. 





 * The letters «pp? stand for « primitive proposition " as with Peano. ZA" 
+ For further remarks on this principle, cf. my.** Principles of Mathematics”, $38. 
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When this principle is used, we write 


! “FpD EF: 97 
meaning ' ‘n, which is true, implies g, which is therefore true", or “p is 
true; therefore q.is true". Therefore is distinguished from ius s 
boxe only applicable to implications between true propositions. 
If a propositional function (C Y y) is true for any value of y, it is true 
for such-and-such a value. Pp. 
This principle will be called the “principle of substitution", and 
will be referred to as “Subst.” It allows us, for example, from “For 
any value of y, if y is a man, y is a mortal”, to infer “if Socrates is a 
man, Socrates is a mortal”. The value substituted is supposed to be a ' 


definite constant value, such as Socrates, or the fourth proposition of 


Euclid. This principle, like its predecessor, cannot be symbolized, be- 
cause any possible symbolic expression would deal with any constant, 
and we should need.the principle itself to deduce, from such a statement, 
that it holds also concerning Socrates or some other definite constant. 
“Any constant" is, in fact, not distinguishable from a variable: it is 


like what is called a parameter, i. e. a yere oe we choose to 


regard as a constant. 
If a propositional function (C i is true for any value of y, then 
(C ( (A 12)) is true for any value of z. M 
This may be called the "principle of the substitution of a insistent i 
for an independent variable". It may be referred to as “Dep.”, where 
“Dep.” is short for “dependent variable". It is obvious that, since all 
our variables have an unrestricted range, the various values of (A Xz) 
are among the values of y, since all entities are among the values of y. 
Hence what holds for any value of y holds also for any value of (A fz). 


| [ This i i8 not à proof, but merely an elucidation.] 


To symbolize this principle, we should need a symbol for the suppo- 
sition, as opposed to the assertion, that (C { y) is true for any valueof y. 
Such a symbol is not afterwards needed, since our principle will only be 
applied when (C f y) is asserted for any value of y. In any such case the 


principle becomes 
! F(C Yy) -dF (CC (A T2). 


. The use of this principle is constant. For example, it is needed for the 
21 DS 


=- H. 
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inference that, since ‘‘p) p" is true for any value of p, it is true if we 
substitute pq for p, so that “p)q.).p)q” 1s true for.any values of 
p andq. (The principle is to be extended to two or more variables.) 


. When this principle is used, the substitution éffected will be indicated by 


(op 42 


meaning that, in (Cf y), (A Xz) is to be substituted for y. Generally the 
gubstitution is to be effected in a proposition referred to by its name or 
number. Thus, e. g. "F. p» p" will be * 2*5; thus, 


Cx 905 P 2 q” 
P 


means what * 2:5 becomes when *'p 3 q" 1s substituted for p. | Thus we . 


write 


Fox 25224. Hpg- pg 


in which we use our present principle. In like manner, 


(CY, 9) (4 2 T, Y 


-means the result of substituting (Afa,y), (Dix y) for a ,yin(CÍz,y). 


Thus * 2:6 will be “-:p.).q)p”, 2. e. "If is true, then, if g is true, 
pis true". Hence | mE 
Op 95 PII -) 2 q „gd p" 
| | P,9 
denotes the result of substituting p) q.) .q for p, and q) p for q: thus 
we may write | | 


Lx 2:5229-2- 9,92]. 
5 ~ P. | 


)F:224.29-3:2: 42 p-21229.D.8 


. [In reading expressions of this kind, the first thing to notice is the 


arrangement of the dots, which gives the structure of the sentence. 


"Thus the second line of the above reads: “If ‘p implies q’ implies g, 


then, if g implies p, it follows that ‘p implies q^ implies q”’. | 


* 2*5 
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_In like manner, when a constant, say Socrates, is to be substituted 
to obtain an inference by * 2*2, we may indicate the inference by 


(CY) DEM. 
y | 
hip. > Socrates) p. 


Thus, L.X 26 Socrates 
But this i is less often necessary, since the substitution of a constant is 
generally easily recognizable. 

The remaining principles of deduction are simpler, They are as 
follows: | 


F.pop Pp. ["Id"]* 


- This principle asserts that anything implies itself. We decided that 


“pq” was to be equivalent to “p is not true or q is true”; hence 
45 p" is equivalent to “p is not true or p is true”, ?. e. to the law of 
excluded middle. This principle will be referred to as “Id”, which is. 


short for “identity”; for the principle is a form of the law of identity. 


E:p.2.92p Pp. ["Simp"] 
This principle asserts that if p is true, then if q is true, p is true; it 18 


equivalent to “if p and g are true, then p is true". On this account it 
is called (following Peano) the “ principle of simplification", which is 
abbreviated into “Simp.” This principle asserts that a true proposition 
is pl by — for a may be read: “If p is true, then g im- 


plies p” 

Hispa. y: Qr. RT 5 Pp. [‘Syll’] | i 

This principle asserts: “If p implies g, then, if g implies r, it follows that 
p implies r”. This principle is called the “principle of the syllogism ” 
(shortened to “Syll”), because it is the source of the syllogism in | 
Barbara.t. 


* A name in inverted commas, enclosed in square brackets, is the name of the proposition after which 1t 


)ccurs. 


I have given names to a few of the more Important principles, for convenience of reference. When 


here are no inverted commas, the enclosure in square brackets refers to the proposition or propositions by 
which the one in question is proved. 
] This occurs, in outline, as follows: 


« All a is b” is equivalent to “for any value of z, zig an a or visa b. 
t All b ise” is equivalent to “for any value ofz,zris&65 .). zisac?. 


By the above principle, if these both hold, it follows that for any value of z,xisana, ) .T188ec, i. c. 
‘Allaise”. The complete proof is more elaborate, but the above is only intended -to Justify the name. 
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F:.p.3-993 7T:2:9.2. pdr Pp. [Comm] © 

i. e., given that, if p is true, then, if q is true, r is true, it follows that, 
if g is true, then, if p is true, r is true. "Boushly: if r follows from p 
and g, then r follows from g and p. This is called “the commutative 
principle” (shortened to ‘‘Comm”’). 

(pop Pr ["Ne"] —-—- | 

i. e., if itis false that p is false, then p is true. "This is the “principle 
of double negation” (shortened to " Neg"). n : 
bepy~p.)-~p Pp. ['"Abs"] 

t. e., Whatever implies its own untruth is untrue. This principle is very 
ugeful in philosophy, where many widely-held positions sin against 


, it. &. g. the principle “no truth is quite true" implies that itself is 


x 2:92 


* 3. 


quite true, and therefore that some truth is quite true. Hence it implies 
its own falsehood, and is therefore false. Tt is called the “ principle of 
the reductio ad absurdum” (shortened into ''Abs").* 
F:poq-2.92— p Pp. ["Transp"] 
i. e., if the truth of p implies the untruth of g, then the truth of q im- 
sites the untruth of p. In other words, if p is incompatible with q, then ` 
q is incompatible with p. This is called the ‘“‘principle of transposition" 
(shortened to “Transp” ). MP 

In * 7, three more primitive propositions will be given. For the ` 
present the above completes the lst. In what follows, a few of the 
more important propositions will be given names, but the rest will be 
referred to by-their.numbers. 


Elementary Properties of Implication and Negation. 


The propositions that follow are all such as are actually needed in 
deducing mathematics from our primitive propositions. I shall omit 
proofs of some of the less important, and shall sometimes only briefly 


. indicate the proofs where they are very obvious. But in most cases 


I shall give the proofs in full,+ because the importance of the present | 
subject lies, not in the propositions themselves, but (1) in the fact that 
they follow from the primitive propositions, (2) in the fact that itis the 


* There is an interesting historical article on this principle by Vallati, “A proposito d' un passo del Teeteto 
e di una dimostrazione di Euclide ", Rivista di Filosofia e scienze affine, 1904. 
+Certain abbreviating processes will, however, be gradually introduced. 
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easiest, simplest, and most elementary example of the symbolic method 
of dealing with the principles of mathematics generally. Later portions 
—the theories of classes, relations, cardinal numbers, series, ordinal 
numbers, geometry, etc.—all employ the same method, but with an in- 
creasing complexity in the entities and functions considered. 
[:-p.2:p2q4.2.4- | 

Dem. ` 


F. Id PIT. dbp dq. d-PI¢ | 4 (1) 


F. nm 22424, JL: 224. >. pogidiep-): 529.25. I (2) 
H().5: F- (2). F- Prop. 


In the above, Dem. is short for demonstration. The proposition : 


proved may be stated: "If p is true, then, if p implies g, q is true" 


This differs from x 2*1 by the fact that it is not only concerned with the 


case when p actually is true, and does not end by asserting that g 


actually 1 is true. The symbol “Td PS 7 has been explainedi in connec- 


tion with *2°3. The passage from "ay and (2) to the conclusion is 
effected in accordance with *92*1; (1) asserts the hypothesis of (2), and 
the apodosis in (2) is the iopo Lon to be proved. In future, instead 
of "p. (1). : E. (2). 5 F. Prop.", I shall write “F. (1).(2). F. Prop.”. 
The numbers (1), (2), etc. refer to everything to the right of the last 


 agsertion-sign in the line in which they occur. .''Prop." always means 


*3'11 


*12 


the proposition to be proved; thus every proof ends with ‘yf. Prop" 
which takes the place of “Q. E. D. v 


gaJ: PIP 
Dem. 


F. Comm Ei p2-d409p:2:9.0- 2p | © (1) 


F. (1). Simp. j F. Prop.. 
F:.927T-0:p29-D- pDr 


Dem. 

PIT, pI" l 
F. Comm 2 aU » | | 
F::p2g-2:90r-D.pOr:-):.907-D):229.D. pO (1) 


F. (1). Syll. > F. Prop. 


* 3'2 


* 21 


ROSSELL : The Theory of Implication. 


F-D ~ (~q) 
Dem. 


t- Tronsp “2. > JH: IN J. qo) (1) 
F.(1).Id. > F. Prop. | 


The above is the converse of the principle of double negation 
(X 2*9); it asserts that if p is true, the negation of p is false. 


H:—p529.0.7—90p- 


Dem. 


psa Po C y page (3): 2322.7: (4) (1) 


j 


Hosen 00 9 F-42 9 (9) ^. 7 — 19 
F. (1) . (2). DFi 2294.0. »2 ~ (^ 4) (3) 
Hk 2199 Tod ODE M2 (3.2.42 (p) (4) 
bee 3°12 ~ GC pup, Ybnstss)pOteeten) Osa. 48) 
F. (5) x 2*9. DFi ~g ~ (~p). D. ~g P . (6) . 


F- (3). (4) - (6). Syll. >‘. Prop. 

Note. In the last line of the above proof, «(3). (4). (6). Syll." is 
an abbreviation for & process which occurs constantly, and which is 
tedious to write out. It will be observed that (3) is of the form [.a) 5, 
(4) is of the form F. à e, and (6) is of the form -.c}d, while the 
proposition to be proved is a) d. The process of proof, in fall, is as. 
follows: 


F. Syll. — ee ! IT 
F. (3). (7). 5 F:2550.2.a2c r mE | (8) 
fF. (4). (8). Fe ade | a (9) 
es - yki.ayje.)icyd.).ajd p s | . (10) 

F.(9).(10).2 F:02d. 2.a)d | | (11) 


F.(6.(11).9 F. «5d 
and a) à" was the proposition to be proved. [In the siege aiscp)g, 
bis ~p) ~ (~g), cis ~g) ~ (~p), dis ~gp] 


* 3°22 


* 23 
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The above proposition is a second form of “Transposition”; the 
two following (x 3°22 and * 3°23) are two further forms. All four may 
sometimes be referred to as “ EE 


F:pDg.-D. ~q) ~p 


Dem. | 

pasar D.S pi. 93 (9) .9:p34.0 PI (d) (Q) 
F.()-X3:2-. 2 :229-0-p0 9 (~g) o | (2) 
Fk 23925. 9F:»2—(—99).9.—49—9 (3) 
F.(2) .(3) . Syll. 5 F. Prop. 

Fi~g)~p-)-Prg 

Dem. ` | 

Fk 2927 1, 9E:342—p.2-:p3 (^ q) us 0 
pasir 704024. 4: (mgg Dp ~~a): Dp — (2) 
H.(2.x29. . 2OEp2-(-9.-2.224 . | (8) 
F.(1)-(3). Syl. . > F. Prop. | 

Ep.9.—p294. 


t. e., 1f p 18 true, then ~ p implies g, m q may be. 
Dos. 


Simp 74. DFP- J.~ gp m B (1) 
Pos. DFi ~g p.d. ~ 9239 E (2) 


F. (1). o». sn D F. Prop. 

[i~p.)-p dq 

4. e., if p 18 not true, p implies q, whatever g may be. 
Den 


F. Comm. E A PD ~N PIJEDE ~P. DPI | (1) 


L. (1). * 3'3. jy F. Prop. 
H(p9)O.p [x33121] 
Note. Here * 3°31°21 is short for *3°31°%* 3°21. When a proof is 
very obvious, as in the present case, I shall merely indicate the proposi- 
tions employed in it by enclosing the percronees in square brackets, as 


\ 


above. 
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F:i(p29).0.—q [Simp. * 3°22] 


F: (pog. py ~| 
Dem. 


. sim LP pixa.. i» | S D 
H- Simp ZLE, d a . (1) 
F. (1). x333. Syll. > F Prop. 
bi~(p)9)-d-~pdq [x33283] 
F:~(pd~q). D.p | x332 74| 

F: (pO Q).2.q | 653824. 2 | 
E:.p.2:q- Quse a 


Dem. 
pasim 3 Er pD:p27 q.0« 70 | () 


Fox 292 237-4. dF: 307 4.2.7 912192. 10079 18s 


F-Q)- (2). " ) F Prop. 
Note. lt follows from *3:36:37 that in ~ ( (p) ~ q) is true, 
p and q are true, and it follows from * 3°38 that when p and q are true, 
~(p)~ g)istrue. Thisjustifies the definition below ( x 4*1) of the joint 
assertion or propositional produet of p and q. 


H:i.p2g.20.7:2:224.D- 27 


Dem. 
pakaa tng 2 E::p294.2: D Der, | (1) 
Hx» 122312-7 P7, rT, PIT 5 


P4,T : M 
iiT.0.907T:20::20q4.20«.7129-7:.0):. 24.209.712. pyr (2) 


c FB.8Simp — »F:p29g.0.7:2.7:.0:.929.D.7:2. pr (8) 


F- (1). (8). Syll. D E::p29-2:-229-D 7:2. 27 (4) 


t. Comm 224,229: 2.7, PIP (p 2g 2-7, PI 2) 
P, q; 


F::.p24.2:- 24. ).07139.p)r::9::p2q. 9. 0:2: | 
| : Po p29-.2.pO2r (b) 
F.(4).(5). DF. Prop. 
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fi~p)p.).p 


-Dem. 
(Fox et sag P Cpl »k: Ocv(p0.20:7—225- | 
-~prI~(~p) (1) 


VER 


g F.(1).*3:2. E ee eee = (2) 
Hro Py pm (~p). Cp) m (3) 
L.* 2*9. DF: (0 p5.»5.p (4) 


* 3°42 


°43 
* 3°44 


c 946 


22 


F. (2). (8). (4). Syll. > F. Prop. 
The above is the first use of * 2:91. It asserts that a proposition 
must be true if it can be deduced from the SUPPOSE that 1t is false. 


ft.p)q- di ~prq-d-¢g 


Dem. | | 
ox 3722. DF:.pIG-Ii~qI~p. (1) 
F. Syll d Dheg mp- N pgm (2) 
he3 cL, q J ) 

q, T 
E y. 9101.79 p)q.D. TT ):7 2234.2. (3) 
E. E *3:41.. 5 Fi. p239g-0-—9324:2: — p)q. 2: q (4) 
F. (1). (2). (4). Syll. > F. Prop. 
F:. ~ p04-0:p2q.0.q [*3:42. Comm] 
LF:.p239g.2:p2— 9.5. CUP 
Dem. | | | 
Fek 3:22. >E: PII diI~qy~p (1) 
Lunes ~D p.0:pO ~ID PD ~P . (2 


Lkg90027-€PJ9 Du Dea 
P, d, " | 
bit py~ped-~ Pi d?-PI~G-I-PI~P2)IIPI~ .)e-~p (3) 


F.(3).*291. DFi. p¥~G-d-PI~PiIipI~G-)-~P (4). 


F.(1).(2).(4).Syll. FF. Prop. 
F2.p234.2.4:2-.— PIG 
Dem. 


F. sn Dua, )EepO-209:2::2292-9:2- 204 (1). 


Pati). * 3° 31. Ff. Prop. 


y 


+ 


Tia: 


* 3°46 


"4T 
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Fea —p)3q4.2-9:0- Pr | xas ZE 


Note. In all formulæ concerne only with implications, p may be 
substituted for ~ (~ p), in virtue of x 2:9 and *3:2. In future, this | 
substitution will be made (as it has been in proving x 3°46) tacitly; it 
would be justified, in each case, by. exactly similar steps, and it is not 
worth while to fepent them explicitly on each occasion. 


F:.p2g.2-4:2:90p-O- p 

Dem. | B HEP 
L.*3:45. — 3b:029.0-.4:0-204.— - (2) 
pex — )Ob:ep24.0.—32p | | (2) 
prsa DP. y pies gp. 2:42p.O.p | (3) 


F.(1). (2). (3). Syl. DF. Prop. 


F:.-p.-D.P)4:D.PDq4 
Dem. 


ot a3 P24, Jkt =p. D. pDq:D p- POPII C) 
F.(1).Xx3: E -3 F. Prop. 

kiere RR | ars xaar 221] 

Fiep. Digri D: pD- D pDr | 


Dem. — 
HF. Comm. | A bE:.9.0-927:0:9-D- pOr (1) 
F. xs12P37. 9bF::4.20-.227T:20:-p24-2:p-OD- pDr (3) 


L.X*3' 1222 qP.» «Je pora ) 


T€ | 
3:-p2q.2: pr (3) 
pas. jt: Ps pari. PIT (4) 


H. (3). (4. 9 E::p2q9.0:2-D0-pOr:.D:.p209-O- Or (5) 
F.(1)- (2). (6). Syl... JF. Prop. | 
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F::pO.927:5:.p.29.7286:D:p-D.0)* 
Dem. l 
TOVE 2975795 2:929? > 

Q, 5 : A A 
F::i.923 T.2 1728.20.02 6:2 :1p-D-929 7:2 t. p. 

Jirds-d-gde (1) ` 

FQ) x32 1027 DHP.. grid: p.175. 925 (3) 
Foxare T2, Ab:ip.3:irT058.).928:-D:- p. 

| EN | 9.7T38:03:p.2.925 (3) 
F. (2). (3). Syll. > F. Prop. | 
F:-p2q.20. p37T:2:p.2.92r7 
Dem. — | | | 
F. Simp. 5F:9.0.20q4  . . | = 
paa PADIT, y pui pg. yi pg.) pri «PI? (3) 
F.(1). (2). Syl. 5 E::9.2:: 024-0. pOT:0.p2F | (3) 
F.Conm £:224:9.P37,p)7 JR LE UP UE PIT y 

P, q, T | 
E:i.9.20:.229.0-pOr:10pOri12::p24-D- por: 

| 2 Dig.D. pDr (4) 
F. (8). (4.5 F. Prop. 
Multiplication and Addition. 


In this section we shall be concerned with the fundamental proper- 
ties of the propositional product and the propositional sum of two entities 
p and q. The propositional product is practically “p and q are both 
true”. But this, as it stands, would have to be a new primitive idea, 
and it is desirable to avoid primitive ideas whenever we can. Now we 
have seen (*3'38, note) that ~ (p) ~q) is true when and only when 
p and g are both true. Hence we may take ~(p) ~q) as the proposi- 
tional product of p and q, since this implies, or is implied by, anything 
that “p and q are both true” implies, or is implied by. 

The propositional sum of p and q is practically “either p is true or g 
is true". We avoid a new primitive idea by taking as the propositional 


4*1 


‘ll p v4. 


*12 
‘13 
"14 
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sum ~ pq, 3. e., “if pis not true, then g is true", which is obviously 
equivalent to “either p or q is true". There are some yu iiia in 


taking the propositional: sum as a primitive idea instead of */p)q" 


then define “pq” as the propositional sum of — p T q. The choios 
is a matter of taste. 

Both the propositional product and the united sum of p and g 
are propositional functions of p and gq. They are significant for all values 
of p and q, t.e., even for values which are not propositions; but they 
are not poran unless p and q are propositions. 

In a definition, we write the term, or combination of terms, to be 
defined to the left of the sign of equality, and the defining combination 
of terms to the right; at the end we write “Df”? The sign of equality 
and the “Df.” are to be considered as together forming one symbol, 


meaning “is defined to mean". A definition is not properly part of the 


subject, being concerned with the symbols, not with what they sym- 
bolize; nevertheless, practically, the definitions are usually the most 


important part in a study of principles. 


The sign of equality not followed by “Df.” will be used to express. 


identity, and must not be confounded with the sign of equality followed 
by “DE” 


P+ Qs 


ACP yrs í Df. 
0 p)q ` S | DÊ. 
p-q. =-p)q-qIP H | Df. 
p) qdr. —.p29-92* Det 
pHq=".=.pEq-q=r | Df. 

Definitions have no assertion-signs, becausé they are not expressions 


| 


_of propositions, but of volitions. Of the above definitions, * 4*1*11 have 


been already explained.  *4:13:14 are merely convenient abbrevia- | 
tions. x 4°12 defines eguivalence: “p= q” is read “p is equivalent to q”. 
This holds when and only when p and çq are either both true or both not . 
true. In the theory of implication it plays a part: analogous to that of ` 
equality in ordinary mathematics. 

When it is necessary, the propositional product of two terms will be 
a by placing several dots between. them. Thus, e. g., 

D)9.0.4:90p — 

will express the propositional product of p}q.).qg and qp; 
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p.199 7.) «61.9.8.0:p192 Q.D «7 | 
will express the propositional product of . 
| p-3:997T.)5.5and q.5.5:p:p23q-.D.7 
where q.58.9: p:p 2 q- D. expresses that the propositional product of 


`. q and s implies the propositional product of p and p)q.). T. 


k 4*2 
*21 
*22 


* Z8 
* 24 


H:.p.9:94.0-. p.q [3:38]. 
br.g.)ip-)-p-g [ 4:2. Comm] 
bip.g-)-Gep- m 
Dem. 


Fox 92 DE p:q) pO. P~ | DE |. (1) 


|. 3° = ) 

HD p.237 9:0: (9279). ~@~ p (Q3) 
Fe (1) (2). 9. F- Prop. : | 
F:pvg.O-gvp [*?'21] 


Fe~ (p.~ p) 

Dem. | 

H.x3:2. )Fp (5e coc (1) > 
F.*3:2. 9E:p2-—(—»-2. Ae e © (2) 
eue (xe. SPa Pa a | 4 
 F«(.(3). Syl. DF: pd ~ (~p). >. ~ (p.~ p) (4) 
Fe (1). (4). ) F Prop. | | 


The above is the law of contradiction, in the form ''nothing is both 


‘true and not true". When a definition is referred to, as in the third 


line of the above tool, it is adduced in round akei: because it is not 
logically relevant, but only symbolically. 

Proofs may be made both shorter and easier by the following plan. 
Suppose we know some proposition (CI p,q), and suppose that some 
previously proved proposition (a) gives 


| (CYp,9) -2- (Dip, 9). 
We may then write the proof - (DÍp,q)intheform - 


F.(Cíp,q). 


ey ;o00 hiDis 


where the d by which the transition is made is indicated in 
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square brackets on the left. Thus in *.4°24 we should write 


Fx. DFP ~ (~p). 
[x32] — 2». vEb-i»-(-2»] 
Hd. (x 4°1)] Hs (P. p) 

Another similar abbreviation is got by the use of * 4°13. Suppose we - 


F. (a). » E: (4Ep,92-Gip,q) 
F. (©). »E:(GBTp,9g)-D-(Cíp, 9) 
F.(). DE(Chp,g)->-(Dk p,q) 
and we wish to prove (4 {p,qg)-)-(Di p,q). We write 
F-(a). Dhi(Alp,g)->.(Bip,Q). 
[(6)] . | .2-(CÍp,9)- 
[(c)] | De (Dp) - (1) 


' have 


` „where “(1)” means *(A41p,9).5.(DÍp,q)", which follows from the 


x 4* 25 


+26 
97 
+28 


°29 


* 4*3 


above by means of Syll. This abbreviation is of very great convenience. - 


F.py~ |1à ~2| 
P P p | 
This is the law of excluded middle, in the form "'everything is 
either true or not true. 


E:p.g.O.p — [X336] 
b:p.9.0.q — [* 3°87] 
F:p.0.puvq [x33] 


TN sius d BI 
F:9-2.pvq | Simp $77 





Hisp.q.2«r:2:p.2.qOr. [4Exp"] 

This is an important principle of inference, called bs Peano ‘‘expor- 
tation", because the’ q is "e out of dic PO ESIS It will be 
P as ' Exp". l 


Dem. 

F. Id. (x41).DF:. p.q- D-r: D): ~ (pO ~q).).r: 
[* 3°21] 7 9: 7.9.9)9: 
[Comm] T 3:p.9.— T) -q: 


[*3:23:12] ` 0023:p.23-942r:.D E. Prop. 


k 4°31 


c 4*32 
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In this proof we use the second of the abbreviations mentioned in 
X 4°24 note. ` The fact that there are two dots, not three, at the ends of 
the lines (except the last line), indicates that it is not the whole of the 
first line, but only its consequent, that implies the second line, and so 
with the transition from the second line to the third and from the third | 


“to the fourth. Thus, by Syll, the hypothesis of the first. line implies. 


each successive subsequent line. The three dots before “) F . Prop. n 
indicate that now the hypothesis of the first line is again to be taken 
into account. M 


F: pO DrDip qn ["Imp"] 
- This principle is of equal importance with x 4*3, and is called by 
Peano "importation", because g is imported into the hypothesis. It 


will be adduced as “Imp”. 


Dem. | 

be 32912 D F: PDT: D: P-D TIM q: 
[Comm] B © Dir). p) ~q: 

[ X 3°21] Ji~ (po q).2.r: 
[(X4*1)] . | PEG UTE 
Pp:i.p.q.D.Timup.D0.90Timig.D.pOrim gp 


Dem. 
Exp,Imp 


L.*4* 2— 27 )l:.Exp.9:Imp.).Exp.Imp. | | (1) 

F. (1). Exp. >) F: Imp. >. Exp. Imp. | (2) 

F.(2). Imp. > F: Exp. Imp.: | 

[Id. (x 4* 12)] DFe. p.q. D-r: =E: p. J). qr l ` (3) 

F. Comm. D E:.p.2-927:2:4.0- pDr | (4) 

F.Comm D. e 3E q.22p27:2:p-2-927 (5) 
O (0-9) ox4s2. D nnpOD.q0T:2::9.0.pOT | (6) 
. H. Imp. Exp.].* 4*2.) F:.9.0-pOr:£:9-p-2D-T | (7). 


F.1(8).(691.(7)). ` DF. Prop. RI | cl. 
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Note. - The use of x 4°2, which is given. at length above in proving 
F. Exp. Imp., will in future be assumed, as it is above in passing from — 


. (4) and (5) to (6), and. from Imp ande» Ezp to (7). By x42, when 


two propositions have been proved, it follows that their propositional 
product is true; but it would be unnecessarily lengthy to go through the 
steps each time this principle is used. Observe that (1), in the above 
proof, is obtained from x 4°2 ‘by the use of * 2°2, not of x 2:3. 


F:p29.3427.0.pOr [Syll Imp] 
—F:129257T.923qQ9.0-pOr [x*32.Imp.] 

These two propositions will hereafter be referred to as Syll"; they 
are usually more convenient than either * 2*7 or * 3°12. 


tip pg. d-9 [i Ass] 
| *3'*1. Imp. ] 

. This is an important principle of inference, which I shall call the - 
“í principle of assertion”, and refer to as “Ass”. 
F:9.p239.0.—p [*$3:22.Comm. Imp.] 
Hi. peq. D rD pe T.) q 


Dem. 

Hex 322.9 F:92T.9. TY 4: | MEE 
[* 3°12] JEP. D.I ri Dip). ~r) ~q (1) 
HF.Exp  2E-.p.9.2.7:5:p.0.90T — E (2) 


L.Imp. 2Eb:.p.0.—72—4:20:p.7—7.2-—4 | (3) 
F.(2). (1). (3). Syll. > F . Prop. | 
This is another form of transposition, and is a principle constantly — 
employed. A 


[:p.q.O- pg | 53471] 
F:.p37.29:p.9.D.T. [ 426. Syll] 
F:.qg)r.Jipeg.)-7r [X427 . Sy] 


r: PDJ- PIT-D P-D „qer [“ Comp] 
This is called by Peano the “principle of composition"; it asserts 
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that if p impliés each of two propositions, it implies their propositional 
product. It will be referred to as “Comp”. 


"3x Dem. . e 


emm v T 


[* 3:12] Quupy3rTs3ipsDsgerts | 
[Comm] (0j: p.3:p3r.3.q;r Ta 7050 (1) 
F-(2.* 312.5 E: PDDE PD PD PDT. Digeri 
[*3:5]. |... ::p.20:pOr.D.g.7:: 


[Comm] | | 3:1p)r.O:p.Osq- T EA (2) 


. (2). Imp. >F. Prop. 


r 4°44 


k:.gdp.rdp.diqvr->d-p. [VAN] 

‘This principle is analogous to x 4*43; I shall call it the “principle 
of the alternative" and refer to it as “Alt”. The analogy between 
k 4:43 and * 4°44 is of asort which generally subsists between formule 
concerning products and formule concerning sums. | | 


. . Dem. 


r445 


F. Syl. JF: 94237.703p.0:7 922: 


[x94] ;|- Digdpsd-p 5 Wa 


F. (1). Exp. 3E ::—427-2:-.72 p.20:90 p-O- pt. | 
[Comm. Imp] = ):.0) p.102 p.)-p | | (2) | 
F.(2).Comm. 5F:.92p.72p.2:17927-D-. p: | | 
[(4:11) >J F. Prop. | 
H. p29-2:p.T-D.g.r [^Fact."] | 

This principle shows that we may multiply both sides of an impli- 
cation by a common factor; hence it is called by Peano the “principle 
of the factor". J shall refer to it as “Fact”. S 
. Dem. s 


lan 5. DH 229:2:92 77.2. pri 


Co[xe3:00 5 070 0: - (p3 9). 3s (qo 9: 


[X 4*1)] Sys Prop: 
28 
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F: pdg-Dipyr.). qvr [Sum] | | 
This principle is analogous to * 4°45; it may be saed the : "prin. 
ciple of the summand". -I shall refer tô if as "Bum". 


Dem. 


ec crm 
[Syl] - - 9:7 p3Ti).7 qr. 
[(* 4°11)] DF. Prop. o. 
F:i.pOr.q28.0:p.q.D.r.6 

This proposition, or rather its analogue for classes, was proved by 
Leibniz, and d pleased him, since he calls it ''preclarum . 


B üheoremd i 


* 4°48 


Dem. 
| Fex4126.5 F1: p27.925.0 1p: 
[Fact] |. . z Jipe Jig, | 
[x 4°22] . Dee Deger (1) 
Few 4:229.» E: p97.938-2:428: | 
. [Fact] — A Jigit. ater: | l 
. [x 4°22] Jegere Jeret i (2) 
F- (1). (2). 42. DF: qn Ds: 9:p-Q-D-q.T:.por.q)s. 

E 3:q.T. ).T.6 
[Comp] © Jh: por. JEDE p-Q.D.q.T1q.T.D).T.6 
[Syl] Ji.pegs).7.82 E. Prop 
ps “pyr. q35.2: pNq-O-rvys 

This theorem is the analogue of *4*47. 
Dem. | a 
F.* 426.9» Ft. p97.926.2:p27T: | 
[Sum] - | :pvq.O.vTNQ:  . 
. [X 4°23] | :pygq.O«quT ` a | (1) 
Fek 427.» E. 927.925.2:9325: | | 
[Sum] y:qyT.D.8vyr: | 
P 23] OigqyT.D.mTys- M A (2) 


F.(1).(2). * 4:2. Comp.) | 
Fi.pOr.q25.0:2VQ.O-qurzqut.D. rys: 


 [SyH] 2000 Dipyg.D.rys:. D}. Prop. 


*Philosophical works, Gerhardt’s editlon, Vol. VII, p. 233. 
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*45 [:npyg.m:pOg.0-:q [434345] | 


x5 


"51 


*6 


"61 


HujOumupDpo.p x94 rgart] 


| P 


e J 


b:.p=q.dip)r.=-q)r 


pek422. »b:pzq8.2-.922»-.p24 ub (1) 
F» Syll. )F:-92p-20:pOr.D.-90r E (2) | 
F.Syl.  5F:.2294-.0:907T.0.0DT ^ | — (3) 
F.(2).(3). *4'47.) | | | | ! 
F:-92p-203-.0:p2r.zm.9)5v | (4) 


Fe). (2). Syll. 5 F. Prop. 


Fi. p=q. D: rD p. =.r)q ^ [Similar proof.] 
Formal rules. — — | | mE s E 
In this section, we shall be concerned with rules analogous, more or 
less, to those of ordinary. algebra. It is from these rules that the usual 
“calculus of formal logic” starts. Treated as a “calculus”, the rules 


. of deduction are capable of many.other interpretations. But all other 


interpretations depend upon the one here considered, since in all of them | 


we deduce consequences from our rules, and thus presuppose the theory. 


of deduction. One very simple interpretation of the “calculus” is as 


follows: The entities considered are to be numbers which are all either 
0 or 1; "pg" is to have the value 0 if p is 1 and g is 0; otherwise it 


isto have the value 1; ~ p is to be 1if pis 0, and.O if p is 1; p.q is 


to be 1 if p and q are both 1, and is to be 0 in any other case; pyq isto 
be 0 if p and.g are both 0, and is to be 1 in any other case; and the 
assertion-sign is to mean that what follows has the value 1. | 

To show that our primitive propositions are sufficient for the propo- _ 
sitional calculus, we may compare our propositions with the first set of 
postulates in Huntington’s ‘‘Sets of: Independent Postulates for the 
Algebra of Logic".* In making this comparison, observe that his class . 
K is replaced by the class of all the entities, so that postulates concerning 


membership of K are necessarily satisfied by everything. His two rules 
" of combination are our addition and multiplication; his ^ is our (s). s 


[see *7], and his V. is our ~ (s).s. -Then.his postulates Ia and Ib are 


- *Trans. Amer. Math. Soc., July, 1904, p, 292, ` 
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; satisfied because the class K is the class of all entities; his equality is 


replaced by our equivalence, so that IIa is our * 7*3, and IIb is * 7°31, 
IIIa and IIIb are respectively x 5°31 end *5°3. IVa is x 5°41, and 
IVb is *5:4; V results from *7°34°36, and VI results from * 7°26. - 
Thus our material (together with the additions to be made in *7) is 


sufficient to found the propositional calculus. Symbolic logic considered 


as a calculus has undoubtedly much interest on its own account; but in . 
my opinion this aspect has hitherto been too much emphasized, at the 
expense of the aspect in which symbolic logic is merely the most 
elementary part of mathematics, and the logical prerequisite of all the 


. yest. For this reason, I shall only deal puey with what i ig required 


*5'*1 
| "1l 
*:12 
*13 
'14 


for the algebra of 3n balia logic. 


FEip0g.m.—q40—p p*3:22:23] 


HPipzg.m.—pmeq o [*v2723. x44722] 
Hipmeq..m.qmep o [**92. x321] 
Lip (p) [x*29. x62] - . 
HE:.p.q.).T:imip.eT.).—4 [* 4:37... * 5:13] 


n that if p==q, q may be substituted for p, or vice versa, iù -© ` 


any formula involving no, primitive ideas except implication and nega- 
tion, without.altering the truth or falsehood. of the formula. This can 
be proved for each separate case, but not generally, because we have no - 


means of specifying (with our apparatus of primitive ideas) that a com- 


plex (C Í p, q) is to be one that can be built: up out of implication and. - 


= negation alone. . 


F:.p.g. 2. ~riSiger.). ~p [#422 x51314] 





L.pmp [Id. X4: J 

H:p=g.=.q4=p_ o [*422] 

—F:ipzq. ger. Je De 

F. x 4:26. Obipmq.qmr.9.p3q. nx 
[ X 4:26] : PIT | | (1): 
f. k 4°27, ObEbpmqg.qmr.»..— 

[x426] | 0. 39.9237 | b. (2) 


be (4) 3 (2) Comp. Ykip=Hq-q=r.)-p)¢q-q)r. 


[Syll] | | 9.pOr — ..Q) 


k 5°24 
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VE 4mm m a 2H p= =q. q=r.). gets. 


[ & 427] 0009-2204 7 0— (4) 
L.X 4:26. |^ 3bpmgq.qmrpmq. 0 000 
[* 427] | O Dp ^ (5) 


“F. (4). (5). Comp. I pzq.qmr.D.724-90p- 


[Sy1] - | © DrD | (8) 
F.(3).(6). Comp. 3. Prop. i 

. Note. The above three propositions show that the relation of equiva- 
lence is reflexive (X 6*2), symmetrical (  5*21), and transitive ( X 5°22). 
Implication is reflexive and transitive, but not symmetrical. The prop- 


erties of being symmetrical, transitive, and (at least within a certain: . 


field) reflexive are essential to any relation HIDE is to have the formal 
characters of equality.. 


Hip.m.p.p 
Dem. NET | | eo 
Fx 4°26. »Hp.-pO-p | m e OR i, 
boexe2. Dei. p-Dip.D-pepes > 07 0 í 
—— Dkip-depep 000 L3 o (8 
r.(1). (3). ken JF. Prop. -— | a 

tip. = PVP B 

. Dem. ZEE ANM E 
Lx428. — DPPD PVP | | (1). 


o ped. (x411). Dhipvp.d-~pdp- 


[x341]; FP a R 3 i 
FQ. *e2 DF. Prop. — Ee, 5 E 


Nole. k5'24:25 are the two forms of the law of tautology, which. is 
what chiefly nee d the algebra of e logic from ordinary 


__ algebra. 


* 5*3. 


Eipeg.meq.p c [422] | 
Note. - Whenever we have, whatever values p and g may have 
(OXP) D (OXL P) 


we have also | | | 
(kp, - (Cla, 2): 
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For MCX p,g)-d- (Cla, p $5 (OLD P) (CIP 9). 
+81 Fi pvg-=-9VP | [x3 " NEU" 


Scion 


Dem. : "D | 
bow 5°15. Jr peg Dmr Eig. reJe~p: | | 
[x612] —— Eip.) (ger) (1) 


F.(1).* 511. DF: ~ (p. q+). vr) =. ~ (p... ~ (q.r): 
(410] DE. Prop. i 

Note. Here "(1)" stands for "4; Da Qe GP cC-Timip.). i a”, 
which is obtained from the above steps by x 5:29. The use of * 5°22 


will often be tacit, as above, The principle is the same as that explained 
in respect of implication in k 4°24 note. 


:33 Ter | 


Dem. 


H.* 5:2. (x411). DF: (pyg) vr =: (—229)-2.r: 
[x51] | Stier. Dev prog: 
[4°32] =3~p.).~7rT)G: 
[wk bel we 461] zicep.).-9)r7: 

[xó2*(ke1)] —- =: py (gvr): DH. Prop. 


The above are the associative laws for multiplication: and addition. | 
To avoid brackets, we introduce the following definitions: 


34 p.gr. (p. Q).7 | p so depu AJ 

'35 PVINE "ue | E DE 
5.36 bi. p=q.dip.7.=.q-7 ! [Fact. %-4°47] 

"UU Tepic dien . [Sum. *4:47] 


— 38 fi.p=r.g=s.Jip.g.=.res [RAAT . x532, x 4122] 
39 biep=r.g=e.dipvg.S.rys [x44847 532. 4022] 


NU 


* 5°41 


Ispeqyramipsq.vapem 
This is the 2 form of the distributive law. . 
Dem. s m 


bike 00 duce ee ee 


[Comp:] Pp eg ee es 
[X448] — —- ):-gV r.D1p.q.V D. * 
F. (1). Imp. )bhi.p.qvr.dipeq.y.p.r 

b.k 4°26. (00 9E p. D. pip... pi- 
[Alt] - + 3E pLge ve p. T:D.p 

Fx4937. —— IFP. ge Dq p.r. J.T. 

[x 448] 00 9 EH.p.9-N-p.T:D3.q9N* 

F. (3). (4). Comp. 9E-p-9-N-p-T:0-.p.qu*- 
F.(2). (5). [0 y» EF. Prop. 


Hop. yege rE. py. pyr 


This is the second form of the distributive law—a form to which. 


RUSSELL: The Theory of Implication. — 


187 


Q) 


(2): 


(3) 
(4) 


(5) 


there is nothing analogous in ordinary algebra. By the conventions as 


to dots, p.y.q.r" means “py( pir)”. 


Dem. 


CAR 


L.*426.Sum. | )F:.p.v.q.7T:D.pvq 
F. x 4'27 . Sum. . PF. pey.. 7:2. pV? 
F. (1). (2).Comp..DF:. p.v-9-7T:0-pvq.pvr 


F. Id. (4411). JH: pug. PNT. Ji~ pqg. ~ pòr: ` 
[Comp] J:~p.).q.r: 


[Id. (x 4°11)] ley q.T - 
F.(3). (4). >F. Prop. , 
Her nap 

Dem. 

Few 4°21. 9 :.9v— q.2:p. DPLI 
[x425] 5E:p.O.p.qvq 


o Fex426. 2E ip.qv g.2.p 


F.(1). (2.5 Fi. p. Eip.QV 4: 
[x54] (OEHp.qee pe "un oF. Prop. 


(1). 
(2) 
(3) 


NOE 


(1) 
(2) 


. X543 
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hipe —ipyg.pvog 

Dem. | l 

P.ok428. | JF: pedi Pva: P.>-PYEQg: | ee ae 

"C 2:7 p.O-pvq-py-q | | * Xs 
jv p2g. 2: p274. D.pre | 

[imp] " JF: Mp3: ~py~q-)-p: eee 

[X410] Dkispvg-py~q.d.p 7 i (2) 


F. (1). (2). | DF. Prop. 


bi. p. =: p.v. p.q 


. Dem. 


'45 


* 5*5 


Hk 4°28. »bng.Dip.vep.qo (1) 
F. Id. x426.) F:. pO pip.g. dpi. ` E | | 
| x 4°44] JE. P.V.p.Q:09p 000 (2) 
Paths (9. » F. Prop. i ARP 
bip.=.p.pvq [*426:28] | 

The following propositions are important. They show how to trans- 


form implieations into gums or into deriials of products, and vice versa. 
Compare * 1*2. T | 


P. 
2). 


a ~(p.q)-=-PI~G 512. (4) 
ti ~py~g. =-py~q c [*513.(x411)] 
bi~(~p.~g).S-~poq  — [x53] 

HF: pyg. =~ pq [x52] | 

FH: c(p.-4).mep20q >.  [*55us3] 

Fs ~ Pyg. =-prq | [#5183] > 

[: © ~(~p.g) =E mpg Ld | 


l 


l:^ ^ py—q.m.—p2-—4 | 5991 | 


From the above we obtain De Morgan's formule, as follows: 


2 ~(p.q)-=.~ pyg.  ——- [55°51] 

8002 Paqe ew (~pv~q@ [x562] 

:~(~p.~g). =.pvqg .  ,  [x*5'52:53] 

P5 peng. m.p) [x56212] - | : 

> 0(p.o qq). E. pNq _ [x55455] ^ 
Do pew ge Sew (~pvg o — [56412] CC | 

p CRs Oa a pyosg [* 5°56°57] 
00 peg. m. 


—(py—q) [x56612] 
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KOT FPDEP. Depe 


Dem. [n 

po 426. 312 9 Fiap. d. p.0:2-p2q Rd 4 
. F. Comp. DEI. pI. pI DY. Dip. gs. | 
[Exp | 2 b::pOp.2:.224.0:p.O- p.41: E 
[Id] 3b:.2239.29:p.2-p.4 : B (2) 
Pols 2)s yk. Prop. — : 


“71 P:pOq.mip.cm.p.q 
Dem. o 
F.*421. mes 


P-Qe Dd» p:D1-p.O-p-Q:0:p.— p.q 
[ x 4:26] Dhi.p.d.p.qidip-=-p.g (1) 
F. x426. )b:-».—.p.q:20:p.O-.p.q (2) 
Peas. Disp. epg See (3) 


F.(3).x6*7. DF. Prop. 


The above proposition enables us to transform every implication 
into an equivalence, which is an advantage if we wish to assimilate - 
symbolic logic as far as possible with ordinary algebra. But when 
symbolic logie is regarded as an instrument of proof, we need implica- 
tions, and it is merely inconvenient to substitute equivalences. 


5°72 bicep dq. Sig-=-Pva | 
Dem. | 
[XL DITSPOQ 


| «242 —7| 
(pud 


wg eoe pe 


il 


| 


~q.=. ~q. ~ p: 


[ X 5:12] =:4.=. ~ (~g. ~ p): 
[x562] —ig.m.qvpU 
[ € 5:31] zi:g.z.pyq:.DL. Prop. 


73 b:.q.0:p.—.p.qg [Simp x*b5Ul|- 


'This proposition is very useful, since 1t shows that a true factor may 
© be omitted from a product without altering its truth or falsehood , Jast as , 
. & true hypothesis may be omitted from an implication. 
à UA bi p.dig-=-Pvg [* 3:31. * 5°72] 
24 m | ! 
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k576 FpD- PITE: p.gr — | ea =P. 45°56] 
‘TT bi.q) pet) p.Siqvr.d.p > [Alt 4528729] . 
"8 Fi. p)gey. a ea 
Dem. | | 
TERRENO 
[ * 5°33] | =. ~p. Vegy pvr: 
[ X 5°31°37] —ivep.V.pvqvyr: 
[ x 5°33] =~ py~p.y.qyr: 
[x 5°25] = MDs VG ys 
[x 5*55] =:p.).qvri. dk. Prop. 
979 Fi423p.v.0TD)pimiq.r.).p | 
Dem. ` | | 
F. x539. DFi gD p.v. TO pim pI ~g. ye poor: 
[x578] | —:ive9p.).—qVoTi | 
[X 5*6 . k 4761] =:~p.).~(¢.7): 
[ & 5°1] | | mE —i:q.T.D. p:.D F. Prop. 


Note. The analogues, for classes, of *5:78'79 are false. Take, 
e.g, 5°78, and. put p= English people, q— men, r — women. Then 
. p is contained in g or r, but is not contained in g and is not contained in r. 


x58 Finpy~p.=.~p [x 2:91. Simp.] 

81 Fi~p)p.S.p . [ x3*41. Simp] ` 

82 F:pdq. pd ~q. =. ~p _ [x344. Imp. *3:31. Comp.] 
.*88 [:p2q.7p23q.—.q ROS [x 3742. Imp. Simp. Comp.] 


Note. 5:82:83 may also be obtained from x 5: 43, of which they - 
are virtually other forms. 
*6* Miscellaneous propositions, 


The following are mainly propositions inserted on account of their 
subsequent utility. They are all easy to prove, and I shall therefore 
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either wholly omit the proofs, or merely indicate the propositions used 
in the proofs. | 


clo oFip.y. prog [3:31]: 
‘11 F:pdq.v-~prdq = [* 3°35] 


"12 Fipdq.vepI~q [3°34] 
3 F:p5q.v.q90p |  [*3°32.Simp.] 
"14 FipDqg.v. gDr [ x 3°33°31] 
"16 P:ipzq.v.pz-q 
16 F.—(pzsq.pzs-q) 
17 bB:ipyg.c(p.q)-—m.pzm-—q | 
"18 fip=q-=.~(p=~q [x6 15:16:17] 
°19 Pre (pz) | x682. x52] 
*6€2 bLb:p.q.9.pz4 | [ X 4:4*22] 
21 b:i—p.—93.0.pzq . (0 [*6*2.* 5°11] 
"22 F:.—(pzq).—:p.7 Q.V. peg [ *5*6:54] 
"28 Fe. . pHq-=ip.geVe~pe~g | x618. x71]. 
*24 Fie (P.ga m p.c g) ipe QN P [ *6:22*23] 
Gol: p.q.9.T0:m:ip.q.)9.p.m 
C81 Fs.7r.p)qidip.).g-r | 
32 Piopij.gssTicip.q.oc— par [*5:76.* 4:32. * 673] 
This proposition is constantly required in subsequent proofs. 
°33 E:.p.qOr.Eupip.q.D.m | 
384 Fi.p)q.):p.q)r-).7 | 
35 Fi. pdq.-pyr.dJip.).g=r 
36 Fip. p=q.=.q-p=q . | 
*6'4 fi.p.).pIgr=.pI | [Simp. *3'5] 
“41 F:.pDq.D.pDr:=:p.). qr [*3:62*:6] | 
u2 Fisp.).g)ri=i.p.diq.).p.r [ 6:3. Exp.| 
43 bF::pye:.p.23:140. 2.7.82.) : p. D. qo "s 
"44 F:iip9q.9:.pD2 T.—:p.5.9.7T 
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epep ipg Sg 


F:-p23q.2:p.D. qv? | 
F:.9.V-p24:z:.p2q P " 
F:.pyqyT.D.8:zzi1p)58.Q006.7)56 [* 5°77] 
Fi.p.q.m.pivip.q.m.q 

Fi. pvq.zm.pivipyq.m.q 

F:.p.m q.D.rimup.).qur 
Fipyg. ~q. =E. p. ~q. 


pegy Y Qi pyr x5r BE | 
Fabret desc ak l pgd 


P:i.pyT.m.qyrimuir.y.pmq | 
bii.r3p.D3:i8.7 p.V.Q1).Ti.—.8)p.q0)r 


Propositions: ‘Concerning All Values of the Variables. 


In this section, we have to introduce a new a Due idea, namely, 
the idea “(C Xæ) is true for all values of x’ Our formule hitherto 
have concerned any value of the variable, not all values, and what we . 


. may call the range of the variable has always been the whole of the 


sentence (4. e., the whole of one asserted proposition, or of as many 
asserted a TA as enter into a single chain of deductions). The | 
point of the new primitive idea may be illustrated as follows: Consider 
*3:31, 66, Fi:~p.).p)q. This means: “For any values of p and g, 
not-p implies that pg". Here although g only occurs at the end, its 


"range" is the whole proposition. But suppose we wish to say: ‘‘Not-p 


implies that, for any value of q, p implies q”. Here q has as its range 
only “p implies q", not the whole proposition. We may proceed a 
stage further, and say: ‘‘Not-p implies that p implies that, for any 
value of g, q is true". Here the range of q.is confined to g itself. 
When the range of (say) q 18 not the whole of an asserted proposition, 
we indicate the fact by putting (q) before the beginning of. the range, 
followed by as many dots.as occur at the end of the range, or (if the end of 


the range is the end of the sentence) by one more dot than occurs any where 


between the beginning of the range and the end of the sentence.: ‘Thus 
"bic p.3.(q).p239g" means: "For.any value of p, not-p implies 


RUSSELL: The Theory of Implication. 193 


that, for all values of q, pimpliesq". Similarly, F:.— p.5: p.23. (0.9 
means: ‘For any value of p, not-p implies that p implies that, for all. 
values of q, q is true’. When the assertion-sign is absent, any complex 
(Cfa), containing x, is a function of Œ, which in general has different 
values for different values of c. But the proposition “(C{a) is true for 
all values of z" is not a function of c; the result, so far as a is con- 
cerned, is a constant. [The case is more or less like that of the x in, 


f f(x)da.| Hence we may, following Peano, call the x only an 


apparent variable in such a case. A variable which is not apparent is 
called real. [The sense of real which is opposed to complex cannot well 
oecurina context in ie above sense might be meant.| We denote by 


~(Cf x) or (x): (Clo) 


(GE by & larger number d dots, if. necessary) the proposition “(C ýx) i i8 
true for all values of x”. Thus the "range" of an apparent variable 
becomes that MN oe it is) whose truth for all values of 
the variable is being considered. z 

The utility of the above idea and notation arises when the proposi- 
tion (æ) . (CX æ) is not itself asserted, but is p of an asserted proposition. 


E Thus i in the above case, in 


(q).q is not itself asserted, but is a constituent of an asserted proposi- 
tion. Note that (q).q is an absolute constant, meaning EAE i8 
true", Thus the formula 


Fio p. ):p.3.(g).g 


may be read: “If p is false. then p implies that everything is true." 
— In (C Ya), where the x. is undetermined, the « is supposed to have 
. some value, but not this or that definite value. Thus, when we assert 
. (Cía), we assert an ambiguous proposition; this assertion is true if all 
the values of (Cz) are true, but not otherwise. This is what is asserted 
in *7'1'11 below. For the sake of definiteness, we may say that 
“H.C Yx” means “(C Xx) is true, where æ may be anything". 
“El (2). (Cfa)" means "(C fa) is true for all values of æ. 


"o4 


194 . RUSSELL: The Theory of Implication. 


The necessity for this rather subtle distinction arises from certain dif- 
culties concerning deduetion.with variables, which need not be here 
considered, as well as from the necessity of & notation for the case 
where the “range” of a variable is less than the whole of one asserted 
proposition.* 
. We may now proceed to iis formal development, which will make 
the above points clearer.. m 
*&7°0. Primitive idea: (a), ). (Of a)” means “the truth of (C ýx) for all values 
of a.” ! | 
“Ol (z,9).(CYo,y) .— (a): (Oe, y) | Df. 
i.e. oe y).(Ch x,y)” means “the truth for all values of t, of the truth, 
for all values of y, of (Oa, y)"; i.e., practically, “the truth of. ( (Cía, y) 
for all values of z and y". A similar form will be used, when required, 
for more than two variables. | 
"02 (AY x) 2. (Bæ): =: (£): (4Xx).). (BY a) | Df. 
Peano employs exclusively the notation (412) .9 . (Ba), which 
expresses what I call a "formal implication”. He has no iris 
expressing (x) . (C f a) except when (Cf a)isof the form (Af a) . 5 . (Ba). 
Tn this respect Frege is preferable. But the above subscript Bsc is 
shorter, and often convenient, where implications are concerned; it may 
therefore be retained with —€— for use on suitable occasions. 


03 (A{a,y).). (Bla, y): = 1 (9,9): (Ala, y). >. (Bia, y) Df. 
A aalas form ppi be used for more than two variables. 
x04 ~ (x). (Cha). =. ~ { (x). (Cf a) } | Df. 


This definition serves iet, for the avoidance of brackets. A similar 
notation will be used for several variables. 


d Fle). (Cfa).d.(Chy) C. | ES 
This proposition may be read: “What i is true of all is true of any.” 


"11 What is true of any is true of all. | 7 Pp. 





* The possibility of taking ‘tall values" of a variable, and the nature of the total set of values concerned, 
are subject to some rather complicated restrictions, not here considered. This results from the paradox of 
the Cretan who sald that all Cretans are liars, from Burali-Forti’s paradox, [‘‘Una questione sui numeri trana- 
tiniti”, Rendiconti del Circolo Matematico di Palermo, Tomo XI, 1897], from the paradox considered in my 
«Principles of Mathematica”, chap. X, and from other analogous paradoxes. As an example of the limita- 
tions, ‘all values of C? in a atatemont about (C1 x) would be meaningless. 
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=` ' This proposition is the converse of * 7*1. It cannot be symbolized 
|» without inventing a new symbol for the purpose, which seems not worth 
while, aè this symbal would not be afterwards required. It might be 

| supposed at first that what we mean could be expressed by 


Hb (Oty). J. (2) . (Cha). 
But this would mean: ‘(Cf y) implies that (Cf æ) is true for all values of 
x, where y may be anything", which is not what we mean, and is not in 
general true. What we mean is: “If (Cf y) is true whatever y may be, 
then He Yæ) is true for all values of œ’. When (C y) isasserted, we have 


.(Chy). dF. (a). (CX a) 


but we cannot adopt this as our formula, ‘because we must only put the 
assertion-sign before what really is true, and here (C ky) is to be only a 
hypothesis, which may or may not be true. 


*712 Fe. (x). p) (Cx). Di p.d. (x). (Cf) Pp. 
1. €., ps it is true, for all values of x, that p implies (Cía), then ue im- 
mes that (Cf) is true for all values of x”. | 

We now have all the apparatus necessary for deductions such as 
occur in the ordinary syllogism, e. g., for proving | | 

“Tf all Greeks are men, and all men are mortals, then all Greeks 
are mortals”. 
The symbolic statement of '' all Greeks are men ” i 

'(m):mi18 a Greek. j.c isa man". 
'Thus the general form of Barbara is 

F:. (x). CA 1£99)2 (Bf) s(x). (BY a) (C f$) 201 (a) (Ata) (Cha). 

This can be deduced from the above premisses; but for the present 
I shall confine myself to cases in which there are no undetermined com- 
plexes, such as (Afz), (Ba), (Cíz). The additional apparatus now 
available leads to certain further propositions, of great importance, in 
the theory of implication, and it is only these that concern us now. 


«7°13, If a is any constant, {(x).(C{a)} implies (Cf a). 


This is not a primitive proposition, but a consequence of x 2*2 and 
*7'1. On the impossibility of expressing it symbolically, the same 
remarks apply as were made concerning x 2°2. 
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x14 F: (æ). (0X2). D. (CX (4Y2).— Dix 23] 


"15 


. Although *2°3 could not be symbolized with our s kT 14 can 
be, because we are now able to indicate the limited range of the æ. 


Fi. (x). pD (C T2) =E: p. (2) (C ha) 

Dem. | | | 
b.*7T12. »5Fk:.0).92(019).5: p.25. (2). pen | ^. XL) 
HF.*3:12. yksi(a).(Cf{x).). (un: Jepa e(t) e(O 12: 


» p. s (Cy) (2) 
F.(2). x 71.5 :. D A. (x). oo 9. (Cf v) 
[* 7*11] ybL:.():.p.5. sv ip. A (OTD) ts 
[ * 7°12] eain a: (x) ip.) (CJ) ^ ^ (8) 
F.(1).(3). DF. Prop. E m | 


Note.that in the last two lines of the above proof two different zs occur. | 
In the last line but one, the z which has come down from the previous 
line has (O fo) for the whole of its range; the other æ replaces the y of 
the previous line, in accordancé with x 7'11, and has the whole proposi- 
tion for its range. The practice of using two different zs in one propo- 
sition is not in general commendable, for in practice it is liable to, cause 
confusion; but the system of dots makes confusions theoretically im- 
possible, *. e., the meaning is never ambiguous, tho’ it may be a little 
difficult to discover. I shall, however, in future avoid using the same 
letter for different apparent variables, except where doing so conduces - 
to clearness. Pilerent real variables must never be represented by the- 
same letter. ! 

The effect of the above primitive stapes Gone: may be stated in 
certain rules. 

1. Given any asserted proposition containing a real variable x, we 
may put an c in brackets at the beginning, with a sufficient number of 
dots to cover the whole proposition. £.g., given b:c=y.y=z.). 
zzz, we may infer | | 

bs (£) iey. y Ez. D). Eg 
.9. Given any proposition beginning by an x in brackets, followed 
by a sufficient number of dots to cover the whole proposition, we may 
infer the proposition which results from omitting the x in brackets. 


kT? 
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3. Given an implication. which begins with an w in brackets, 


' followed by a sufficient number of dots to cover the whole proposition, 


then, if the hypothesis does not contain c, we may remove the x in 
bae to the beginning of the apodosis. 

4. Given an asserted implication, containing a in the apodosis, but 
not in the hypothesis, we may insert at the beginning of the apodosis - 
an « in brackets, followed by a sufficient number of dots to cover the 
whole of the apodosis. 


E:.p.mmi(5.5)p | 
This proposition states that p implies and is implied by the propo- 

sition ‘‘for all values of s, s implies p”; t.e., p implies and is implied by - 

the proposition “everything implies p”. 


Dem. | l 

F. Simp. dF: y* 7 s) p © (2) 
Fe (1). 7°11. 5» b:.(9:p.2.5D22 (2) 
Fe x712. © yLl::(0:p.23.52p:0:.p.20:(9 50 p. (3) 
F.(23.(. DE: - E (6). 8D P (4) 
F. we 7°14. Di. (#).8)p.d.~p)p. | 

[*3:41] — | D.p o | (5) 


F.(.0). — DF. Prop. 


3 ~ p.=.(s).pys 
, the “falee Kood of p 2 and is: HAAS by the paonon * for 
il values of s, p implies s" 


Dene i 

F. x331. DFi ~p.). ps 3 B (1) 

E. (1).* 711. 9 E :6:— p.2.p58: NE i | 

[x712] dF: 2 J. (8). p)s | (2) 
p.xTu4. 9b:6).p55.0.p2 — p. | 

[ X 2°91] J. ~p | (3) 

F. (2). (3). >. Prop. 


Note. %* 7°11 and * 7:12 are constantly being une together. They 
enable us, P any asserted proposition of the form 
deron 5. (Af o, y) a and y being undetermined] 
to infer : (Cla). D. (y). (Af o, y) 


2b 
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In order to apply *7'11, it. 18 necessary, in such a case, to take the 
whole proposition (C12) .9 . (A12, y), not only (A12, y). For (Af, y) 
is unasserted, and therefore does not necessarily imply (y). (A, y). 
For this reason it would be a fallacy to write 


F:(CÍm. 2».(Afo, y. 
[x7 i 12] >. (y). (Ata, y) 


although our conclusion, namely (C Xx)... (y). (Af o, y), would be true. 


F:.~p.Scp.).(8).8 | 


| Dem. 


F.x'715. ks. (s).p)s.Sip.).(8).8 | (1) 
E.) x 7°91. DF. Prop. | | | 


Thus p is false when, and "- when, p implies the proposition 
PONENS is true". 


Dem. 
LF.*714. 3b:(9.8.2.p: 


E [ * 5°73] Dh:.p.>. (8). s:=ip.=. (s).8 | (1) 
EL (1).% 7:22. DF. Prop. | | | 


'24 


Bi. p.mip.m.e (8) .8 


Dem. 
L 7°23 Puts z.p. =: ~p. =. (s.s: 
[x512] . | =:p.=.~ (s)-63.)f. Prop. 

Thus both p and not-p may be replaced, in implicational formula, 
by equivalences. The above propositions *7°23°24 may be read as 
follows: To say that p is false is equivalent to saying that p is equiva- 


lent to ‘‘everything is true"; and to say that p is true is equivalent to 
saying that p is equivalent to “not everything is true". 


k25 b.— (5.5. 
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. t.€., ‘not everything is true”’.* 


. Dem. > 
F.Id.» F: (8) 


EET 


| «7-22 EE 3b: (8.6:5F. Prop. 


'26 -.~ 4 (s).8 


me ~ i *6'19 —— 
oes |: p 


! Note.that X2*2 is used here, not *2'3. 
"27 b:(59.58.5.p [x71] 
*98 Fip.).~(8).8 © [x725 . Simp.] 
Note. (s).s and ~ (s).& are absolute constants, which play a part 


analogous to that of 0 and 1 in ordinary algebra.. The analogy is illus- 
trated by x 73:31:33 below; but x 7°32 makes ~ (s). s analogous rather 


. . — to cw than to 1. 
xS Piro pe=ip.y.(s).s8 [w5°74. 4725] | 
í 81 Fi p.Eipic (8).8 [x 5°73. & 7°25] 
32 bi. ~ (8).8.Sip.y.~ (s). [ 572 . x728] 
33 Fi. (8).8. ŒE: p: (8).8 [x571. x727] — 
34 F: pe~p. =. (8).8 LLL] 
36 b: py~p.=.~(s).8. | 4:95. x irna EXP] 7 


KTS bi.p.zmip)s.).s 


Dem. 

F.*31. 
[* 7:11] 
[*'12] 


F.*7*14. 


| x38512] 
d 


Fey. 9).5 


Dbi.p.dipds.).a:. 
Dk. (s)i.p.dipys.).ss. 
DF: p. Dips. J.s (1) 


D E:.p38.).515:1pOp.D. p: 
I o o E (2) 
F. Prop. 


The above, proposition may be stated in words as follows: p is true 
when and only when everything that p implies is true. 


* ' Everything is.not true’? would be ‘(s), ~ a", 
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Pup.q.mu.p.g28:).5 


Dem. 
F.Imp. i 5 L::p».2.928:2:p.0.0.8:: 


[Comm] | 5FP::p.9.2:.p.2.428:D- 85: 


[x11] 25b::(0)::p.9.9:.p.2.925$:D.8:: 
[x712] DF:ip.g. Dip. D. q)8:).8 : (1) 


x14. DH Steps Deqdsi dist. DIP.) Q2 P. Q0 Pe 


[x42] | Up.Qq -— (2) 
F.().(2).9 F}. Prop. | 

Pit p.g-=t.p)s.V.q)sid.8 

Dem. | 

L.*5779. 5Ll::p36.V.9286:0: p.q.0.8:: 

[Comm]  5Eb:p.49.2:- 228.V-328:D.5:: 

[x 1112] 9 E::ip.q.2:- poe. v.q25:2.5 | 7 (1) 
Hex Tit. DF:pDs. y. qgDE:D.8:. D 

T De De DeGiviged p. Q:2. Peg (2) 
L.x6:54. Dip. de pegiviged Peg ` (3) 


F. (2). (3). 2 ::p25.y.925:2. 8:2 Peg : (4) 


F.(1). (4). DF. Prop. | 
Piep.q.T.mi.pOs.V.q 28. V. T 28:).5 | [x 7-42] 
[:.pvq.—:p28.0)5s.).5 | [ x577] 

The piedi proceeds on the game lines as the proof of x 7°42. 
F:.pvqyTmipos.gOs.T)s.D.8 [x 15] 


Note. Instead of taking negation as a primitive idea, as was done 
in *1, it is possible to regard the property stated in **22.as giving 
the definition of negation, t. e., we may put . 

~p.=ip.).(8).8 | Df. 


This requires that the primitive idea (z). (C íx) should be introduced in 
* 2, and not postponed till x7. Instead of the definitions in *4'1*11 
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it is now simpler to take *#7°41 and *4* 5 as the definitions of p.q and 
pvq respectively, putting 


p.q.—:.p.23.928:).5 Di. 
PVQ.—:p0q.O.d > | Df. 


Instead of x 29:91:92, we can. now substitute a single primitive propo- 
sition, namely | 

| HF:.p20q4.0.p:D.p ` Pp.* 
(which is *& 3°51 in the above)... — 

This method is more artificial and much more difficult than ifie 
method adopted above, but these disadvantages are more than out- — 
weighed by the fact that we have one less primitive idea and two less 

| primitive propositions. | ! 

My reason for not adopting this method is not its artificiality or its 

. difficulty, but the fact that it never enables us to know that anything 
whatever is false. It enables us to prove the truth of whatever can be 
proved true by the method adopted above, and it does not enable us to 
prove the truth of anything which in fact is false. It even enables us 
to prove, concerning all the propositions which can be proved false by 
the above method, that, if they are true, then everything is true.; but if 
any man is 80 credulous as to believe that. everything is true, then the 
method in question is powerless to refute him. For example, we get 
the law of contradiction in the form | 

Hip... (8.5 | 
but this does not show that p..~ p is false, unless we assume that (s).s 
is false. Now in the system considered, falsehood is not among the ideas ~ 
that occur in our apparatus; hence we cannot assume that (8).s is false 
without introducing a new primitive idea. But when once we have 
introduced this new idea, it is economical to make all possible use of it; 
and this leads us to the method adopted above. | 

The above propositions give what is most important in the theory of 

^. material implication, 4. e., of propositions of the form | 


p2q. 


* This is the principle called '*rednetion" in my t‘ Principles of Mathematles ", $18, (10), p. 17. 
26 | | 
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The subject which comes next in logical order is the theory of formal . 
implication, i. e., of — of the form 


g):( (A fao) Jury (B fx) E 


These have been touched on in *&7, but are not there considered on their 

own account. It is only after these have been considered that we can 
advance to the theory of classes, and thence to the theory of relations. 
The necessity of avoiding the contradiction of Burali-Forti concerning 


the greatest ordinal, and a class of contradictions of which the simplest `. 


is. discussed in my “Principles of Mathematics", Chap. X, necessitate 
certain distinctions which render the subsequent development somewhat 
less simple than it would otherwise be. By distinguishing different types 
of variables, and confining the notion of ‘‘all values of the variable" 
to all values within the type concerned, these contradictions can, EE 


"M believe, ius all satisfactorily avoided. 


The Geometry of Differential Elements of the Second 
Order with Respect to the Group of all 
Point Transformations. 


By Epwarp KASNER. 


A simple and familiar example of an expression which is unaltered by arbi- 
trary point transformation of the plane is given by the anharmonic ratio of the 
tangents to four curves passing through a common point. It is understood that 
the functions defining the transformation 


X — o (x, y), Y — 4 (z, y) | (1) 


_ possess first derivatives and that the Jacobian 
J = pay — Py V, (2) 


does not vanish at the point in question.. The invariant property here results 
from the fact that, whatever the form of $ and), the lineal elements at a point 
undergo linear transformation, namely | | 


M9 


In this paper we obtain absolute invarianta involving the curvatures as well 
as the directions of curves passing through a point, 7, e., invariants of differential 
elements of the second order. The transformations of y’, y” are no longer linear, 
but cubic, and give rise to the eight-parameter group discussed in $1. The 
invariants are obtained from the infinitesimal generators of this group in $5. 
They may also be obtained synthetically by means of a fundamental relation, : 
established in $2, between the geometry of differential elements considered with 
respect to arbitrary point transformations. and projective geometry in space of 
four dimensions. This relation suggests a rational classification of differential. 
equations of the second order ($3). It also furnishes a geometric interpretation 

27 l 
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for the new invariants. obtained (86). In the last section (S7) the invariants 
for conformal transformation, which are not all expressible as angles, are obtained 
by a very simple relation to similitude transformations. 


§1.— The Group Gg. 


- Consider a bundle of elements, t.¢., the œ? differential elements of the second 
order at a given point. An element is determined by the values of y', y". By 
a point transformation the bundle is turned into a bundle and the coordinates of 
the new elements are : 


y'— ty vy y! — at By + yy" + dy S. (3) 
Pe HYP | (Pa y $,) 


where a, B, y, ô involve the second derivatives of $ and y.* The coefficients are | 
numbers since the point a, y is fixed and only y, y' vary. It will be convenient - 
to use the simplified notation 


ues y, — U= Y, y — Y". 


Our transformation is then of the form 


| qu4- b a + Bu + yw + dub + (ad — bew 
= A 7 MEE (4) 


This cannot degenerate since it is assumed that 
| | J = ad — bc Æ 0. | 
The constants a, b, c, d, a, B, y, 6 are arbitrary and essential. 
The infinite group of arbitrary point transformations thus induces on a bundle 
of elements the eight-parameter continuous group (4), which we shall refer to as Gy. 
The eight infinitesimal generators of the group are found to be 


9 a UL ad. B na DL ud. GO Uu xc 
Gu? Oo? "Qu^ "Op: " guy C ay) "yo "ao var (9 





.$2.— Representation. in Four-dimensional Space. , 


It will be noted that the numerator and denominator of V in (4) are linear 


with respect to u, w?, uë, v. This suggests the representation of each element 


* It is assumed that these second derivatives exist and that J does not vanish at the point considered. ` 
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(u, v) of our bundle by means of a pot in four space E, with the homogeneous 
OOCR LRS 


a E (6) 


The æ? points in R, representing the o* elements then constitute the manifold 
defined by .. 


an g=, 4 — 8 47:0, d—5 n 2.9. Q0) 


This is a cubic cone S, wie ita vertex at the point (0, 0, 0, 0, 1); ; its section in 
the space 2, — 0 is a twisted cubic. 


The transformation (4) now may be written in the following linear form : 


A= dêz, +3 idi E. 3cdg, + cx, 
Ly, = da + d(ad + 2bc)z, + c(be + 2ad)z, + adz; 


4; = bz + b(be + 2ad)z, + aflad + 2bc)zy + a*cz, | (8) 
Ly, = bz +. 8ab*z, -+ 3a*b2, + a&, 
Z,-—aA + c lz c yg + da, + (ad — be)ag 


This leaves the relations (4) invariant. 

Thus to each transformation (4) of the bundle of elementa corresponds in | Rya 
collineation for which the cubic surface Sj is invariant. 

It is easy to.show in fact that a cubic cone in R, admits no larger continuous 
group of collineation. The general collineation of R, involves 24 constants. 
Since the vertex of the cone must be a fixed point, these are reduced to 20. 
Furthermore, the twisted cubic in the plane z, = 0 must be converted into one of 
the c * twisted cubics on the cone. Since the total number of twisted cubics in 
R, is ©, this imposes 16 — 4 = 12 restrictions. Hence the automorphic group 
in question contains precisely 20 — 12 — 8 parameters. 

.. We have thus obtained the following principle: 
- The geometry of a bundle of differential elements of the second order in a plane, 
with respect to arbitrary point transformation, ts equivalent to projective gameri on . 
a cubic cone in a space of four dimensions. 


*The ss may of course be oudere directly as & system of redundant coordinates for defining an . 
element of a bundle. This is the natural system for the group of all point transformations. .For the 
projective group of the plane, an appropriate system- has .been introduced by E. Study (Leipziger 
Berichte, .1901). l 
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§3.—Classification of Differential. Equations of the Second Order. 
This principle suggests the classification of differential equations of the 
second.order which are algebraic in $/, y", that is in u, v, according to the degree 
of the corresponding equation expressed in the z ‘coordinates, To an equation of 


first degree 
PERE PE A ad dian 


| corresponds i in terms of u, v an equation 
| Ay + Agu + A; up A, v + AS v = 0. 


- Tf now the coefficients are taken as arbitrary functions of z, y, we have the 
differential equations of the form 


| hyp = Ay" + By? + Cy! + D. E (9) 
This is ilia type which has been extensively studied by Lie, R. Liouville, and.. 
Tresse. It includes the differential equation of the geodesics on any surface. 


The next case, corresponding to an equation of second degree in the zs, 
leads to the equations 


Ay" + (B, + Buy + By? + Byy)y" 
+ (C+ Gy + Gy? + Osy” G y* + 6 y'4 a) (10) 


where the coefficients are arbitrary functions of æ, y. 

In general we define the rank of a differential equation ‘which is algebraic 
with respect to y' and y" as the degree of the corresponding z equation. 

| The rank of a differential RIMIS ts invariant under arbitrary poini trans- 

formation. 

The equations of second rank, given hg (10), involve 11 arbitrary coefficients 
instead of the 14 contained in a general quadric in Æ, This is of course due to 
the three quadratic identities (7). The most general equation of rank r involves 


(r +1) (r + 2) (r + 3) (r4) g(r—1) r (rt 1) (r + 2) "n 
1.2.3.4 E! 1.2.3.4 i 


arbitrary functions of a, y. 

Kquality of rank is necessary, but not sufficient for the equivalence of two 
differential equations under point transformation. Thus, among the equations of 
second rank there is an invariant species defined by A = 0; this arises when the 
quadric manifold in Æ, passes through the vertex of the cone. Subspecies may ` 
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. then be distinguished according to the number of generators of the cone which 
lie in the quadric. Thus for two generators we find the type 


(B+ By) y! * C+ Gy + C? +H 0.) — 0, (11) 


which is thus invariant under point transformation. 

In order that two differential equations of the second order rm. be equivalent 
under point transformation, it te NEOESSARY that the a i - curves on the 
fundamental cone in R, shall be pv equivalent, d 


$4.— The T A of Centres. 


To interpret the equations of various ranks geometrically, without leaving 
the plane, consider for each element (u, v) the corresponding centre of curvature 


— tw) awe. | | (12) 
v E v | 


} 


A point transformation, operating on the elements according to (4), nance the 
following transformation of the centres : 


y — (Mo — byo) (22s — byo)? + (exo — dyo)? 
9 ayo — Baty Yh XH Yo — òx + (ac — bd) (a9 + 0 

y= — (et, — dyo) (axo — by)” +(x — dy, 
d To Yö + 24 Yo — Savy + (ac — bd) (v + yo) 





(13) 


The centres thus undergo a group of cubic Cremona transformations. 
An equation of first rank (9) establishes a relation between x, and y of the 
form | 


E(a8 + 92) = — Aad + Bal — Oy yp + Dy. (a4) 


In case of equations of first rank, the locus of the centres of curvature of the œt 
integral curves passing through a fixed point is a cubic curve of type (14).T 


* The invariants of differential equations- of the second order have been determined by Tresse in the 
Preischriften Jablon, Gesell. zu Leipzig, vol. 82, 1896. Even the equations of first rank have invariants, and 
are therefore not all equivalent. 
: + Such a cable curve is characterized by the fact that the fixed point (the ey is a double point and the 
two tangente are the minimal lines. 
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. For the general equation of rank v, the c 
order 3r. If the central locus in the general c 
differential equation is a special equation of ra 

As remarked above, the differential equa: 
expressed in arbitrary Gaussian coordinates is 
If a surface vs represented point by pont « 
. point are pictured by curves whose centres of cu 
cubic curve of type (14).* ` 
| In particular, a pencil of straight lines is c 
into a system of curves for which the central 


§6.—Absolute Inve 
Consider any number of elements 
(u, vi), (Up, v;), 


A function of these 2n arbitrary quantities 18 
transformations provided it admits the group € 
the eight infinitesimal transformations (6). WV 
of linear partial differential equations : 


NS Of _, of — 9 
mu 2:2 = ys nN 2,3 
l Q è 4 
Ya oe + 9u, DEP 
a 0f Q 
Sage = 0, Saget Et 
where the summations are extended from k = 
The first two of the equations (15) show : 
of the ws and the differences of the vs; wk 


homogeneous in.these differences. Hence. is 
quantities 














' + If the representation is conformal, the central locus is a 
extensive class of representations. 8ee Bull. Amer. Math, Boc., 
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introduce these as the independent variables, the last four equations : 
tem (15) become 


(E — 1) fi, + 83n(Eo— 1) A= 0, 


n— E) f, — 0, XÉ( 1) 4,0, XE 04, =0, (1 
_ EEn] 
ting the first of these equations, we find that f is a function of the 2n — 
ieg gs | | 
n—ER-D [imd posses) 
| | (17 
s= -pF | ires 9, eps m) B 
naining equations (16) then become | 
X(& — 3) A=, 
Jat Zr, fu 0, | | (1' 


I+ x JA 0 ° 


ie first of these equations shows that we may take as the independe: 
es the 2n — 6 quantities ` mE 





NE ae! A | 
n= ecu (1 — 4, nerag h) (18 


aer equations then reduce to 


20, — r) Ja ™ 0, 
(1! 


Z(s—r9 p 0. 


ie next step in the solution brings in the independent variables 





EN eer j 
pes Tu 

0, 74 (i= 4, vais . (1€ 
Ti ] 
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and reduces the system to the single equation 
i" —nü-ounü—nl-* —— (19) 


Integrating this, we find that f is a function of 


_Gi—r,) TE See. 
0 = E | (* — 6, e R) : (20) 
Ti A (t= 4, ....,m) | 


Our result Teu is that 


All (absolute) invariants, with respect to the infinite group of potnt jan or: 
tions, of n arbitrary differential elements of second order (u,, v), .... , (Up, Va) may 
be expressed as functions of 2n — 8 invariants, namely: n — 3 anharmonic ratios 
"s Pa Mi Geen d 


depending upon only the directions of the elements, and n — 5 of new type: 
Oy, Q4, -eey Ony | 


which involve the curvatures: 


The new type presents itself then only when there are six (or more) 
elements.” : 
The system of invariants given is complete not merely in the general 
functional sense, but also in a special algebraic sense. A detailed discussion, by 
means of a canonical representation, yields in fact the conclusion: 


All RATIONAL invariants, i. è., all invariants which involve ti, vi, =.. , t, v, 
rationally, are expressible as RATIONAL functions ar the fundamental invariants of 
types r and Q. 


$6.— Geometric mirit i 


In order to obtain a geometric interpretation for our absolute invariants, 
we make use of the corresponding projective geometry in Fù. 


*In his « Théorie des Invariants Unlverselles" (Jour. de l'École Polytechnique, ser. 2, vol 4, 1898), . 
P. Rabut attempts to determine all the invarlanta (relative as well.as absolute) of differential elements in general. 
His method, however, seems to be special, as he does not obtain the above type Q. In fact, one of his conclu- 
sions is that elements whose tangents are all distinct have no absolute Invariants beyond those of the familar 


type r. 
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If the group considered is the general projective group of R, and, points are 
taken in arbitrary position, then no absolute invariant occurs for fewer than 7 
points. In the case of 7 points, we may pass 3-flats through each of the qua- 
druples 1234, 1235, 1236, 1237; these are members of a pencil and thus have 
an anharmonic ratio which is, of course, an absolute invariant. Our problem, 
however, is to find the invariants of points situated on the cone S with respect 
to the special collineation group (8). Here invariants arise for four points. For 
these determine four generators of the cone, which have an anharmonic ratio, 
namely, the anharmonic ratio of the four points in which these’ generators. 
intersect any one of the twisted cubics on |$ This invariant is of course 
equivalent to 7. 

Consider now the case of six points on the surface. If we adjoin to these 
the vertex, (0, 0, 0, 0, 1), of the cone, which is of course invariant for G,, we 
have seven points, and so the general projective geometry applies. Ifthe vertex 
is one of the three points through which 3-flats are passed, we obtain simply one 
of the r invariants. But if this is not the case, the invariant is of new type. 

We can now transfer these resulis to the plane. Any four elements of a 
bundle determine an equation of first rank; hence the four centres of curvature 
determine a cubic curve of type (14)* If now we have six elements at the - 
common point O with centres denoted by C, Ca, Ca, Ca, C;, Ce, we may construct ' 
the proper cubics determined by the quadruples 


4660, 00,060, 660,0 
 &nd the degenerate cubic determined by 
C, 6 C, O, 


| the last consisting of the straight lines connecting C,, C, C, with the fixed 
point O. ‘These cubics are members of a pencil, and hence have an anharmonic 
ratio 4, which may be represented concretely by the anharmonic ratio of the 
tangents at say O, to the proper cubics and the line C, O. 

This absolute invariant J, is equivalent to. Q,; either one may be expressed 
as a rational function of the other and of invariants of type r. The explicit 
expressions may be obtained by means of a canonical form, but are not of any 


*' The cubic degenerates only when two of the elements have a common tangent, or when one of the 
elements is cuspldal These cases are explicitly excluded, 
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-particular interest. The complete system obtained in §5 may be "—— by 
that composed of the types 7 and I. 


| $7.— Conformal Invariants. l 
If the point transformation (1) is conformal, the coefficients appearing in 
the element transformation (4) are connected by the relations 
a—d=0, b+e=0, 
a—y=0, 8-——6- 0. | 
Hence the conformal transformations give rise to a four-paràmeter sub-group G4: ` 


aut b a (Gr pu qr) + (a? + Ou (21) 


a — bw’ (a — bu 


U z= 





The infinitesimal o" are 
Ta a + u) xd u(1 + we, " tw) = T TA (22) 


The invariants of any number of elements with respect to conformal trans- 
formations might be calculated directly from these infinitesimal transformations ; 
but a simple principle, now to be established, will yield them synthetically. | J 
We observe first that if (21) is 'expressed in terms of the corresponding 
centres of curvature, we obtain instead of the cubic transformations (13), the 
linear transformations / 


_ (dE P) (amy — b | (œ p (b ay P 
"gus = EE E +a t (X GNE + Z5 a ! "Tr 

‘This projective group is composed of those collineations of the plane which | 
leave invariant the origin and the minimal lines passing through it. 00] 

If we take the dual of these transformations with respect to the unit circle 
about the origin, the new transformations leave invariant the line at infinity and 
the two circular points upon it, and hence are similitude transformations. | 
Hence the conformal group (21) may be related to the similitude group. | 

We thus obtain a correspondence between the œ? elements of our bundle and. the 
oo * straight lines of the plane. The line corresponding to any given element is the 


polar of its centre of curvature with respect to the unit circle. If the differential 
coordinates of the element are (u, v), the corresponding straight line is 


u(1 + u) x — (1 sp u^)y 4- v — 0. 
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When the elements are operated on by any conformal transformation, the induced | 
transformation of the straight lines is simply a similitude transformation. 

Hence the conformal invariants of any number of elements may be obtained 
from the similitude invariants of the same number of straight lines, 

For two straight lines, the (absolute) invariant is their angle. This of 
course is also the angle between the elements. . For three lines no new type 
occurs. For four lines there are only three independent angles, while the number 
of independent invariants is four; the new type is say the ratio of the segments 
formed by the intersections of three of the lines on the fourth line. For n lines 
we have n — 1 angles and n — 3 independent ratios.* 

With respect to the infinite group t of conformal transformations of the plane, n 
arbitrary curvature elements of a bundle have 2n — 4 independent absolute invariants ; 
of these n — 1 are the angles between successive elements and n — 3 are of new type. 

The latter may be expressed either as ratios, by means of the corresponding 
straight lines, or as cross-ratios by means of the centres of curvature. If four 
elements at the common point O have the centres O, C,, C,, C,, the new invariant 
is equivalent to the anharmonic ratio of the lines connecting say O, with 
Ce, Cz, CG, and O. y 

The classification of differential equations given in $3 of course remains 
valid for the conformal sub-group. Equations of the same rank may furthermore 
be divided into species according to the order of the centralloci. When the loci 
are straight lines, the equations are of the type 


y" = (My + N) (1 +y”), (24) 
which is conformally distinct from the other equations of first rank, though not 
distinct in the general point group. It may be shown, indeed, that the con- 
formal transformations are the only ones leaving the type (24) invariant. 


OonuxBIA UNIVERSITY, Naw YORK. 


* It has been assumed that the conformal equations are of the direct type (not reversing angles) so that 
the groups considered are continuous. In the reverse type we obtain, instead of (28), a projective transforma- 
tion which interchanges the minimal lines at 0 » the corresponding similitude 1s then also of the reverse type. 

T An examination of the six-parameter group of circular transformations yields the same results. Cf. the 
author's paper ‘A relation between the circular and projective transformations of the plane" (Annals of 
Mathematics, Vol. 5, 1904, pp. 99-104). The Invariant described in the closing sentence on page 104 is inde- 
pendent of the angles between the circles. 


Gyroscopes and Cyclones. 
By F. J. B. Corpzino. 


The most familiar form of gyroscope is the top. The motion of such a 
body, spinning about an axis of symmetry and actuated by no other force except 
that of gravity, is easily derived from equations expressing the conservation of 
the living forces and the conservation of the momental areas about a vertical 
axis passing through the point. of support. | 

Two equations can thus be obtained by which the angle 3—the inclination 
of the axis to the vertical —and the angle ẹ4—the azimuth of the plane passing 
through the axis and the fixed vertical line—can be found by quadratures. 
These equations were first obtained by Lagrange in his Mecanique Analytique, 
and were afterwards given by Poisson in his Traite de Mecanique. The former 
passes them over with but slight notice and proceeds to discuss the small oscilla- 
. tions of a body of any form suspended under the action of gravity from a fixed 


point. The latter limits the equations to the case in which the body has an . ` 


initial angular velocity only about its axis, and applies them directly. to 
determine the small oscillations of a top (1) when its axis is nearly vertical, and 
(2) when its axis makes a nearly constant angle with the vertical. After these 
necessarily limited results no effort seems to have been made for many years to 
_get a clear conception of the nature of the forces at work, In the preface of 
Barnard’s “Rotary Motion" we find “For some time the impression prevailed 
in the popular mind that the phenomena exhibited by the apparatus (gyroscope) 
could not be explained by natural laws. . This idea was perhaps strengthened by ^ 
the name applied to it by Prof. Olmstead (of Yale College), who called it “The 
Mechanical Paradox." | 
Quoting further from the same dion “After reading most of the popular 
` explanations of the above phenomena given in our scientific and other publica- 
tions, I have found none altogether satisfactory. While with more or less suc- | 
cess, they expose the more obvious features of the phenomenon and find in the 
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force of gravity an efficient cause of horizontal motion, they usually end in 
destroying the foundation on which their theory is built, and leave an effect to 
exist without a.cause: a horizontal motion of the PE disc about a point of 
support is supposed to be accounted for, while the descending motion, which is. 
the first and direct effect of gravity (without which no horizontal motion can 
take place) is ignored or supposed to be entirely eliminated. Indeed, it is 
gravely stated as a distinguishing peculiarity of rotary motion that, while gravity 
acting upon a non-rotating body causes it to descend vertically, the same force 
acting upon a rotary body causes it to move horizontally. A tendency to descend 
is supposed to produce the effect of an actual descent; 
as if,in mechanics,-a mere tendency to motion ever 
produced any effect whatever without that motion 
actually taking place." | 

It was Major (afterwards General) Barnard of the 
army engineers, who first translated the cryptic, 
oracular meaning of Poisson’s equations into clear 
everyday Hnglish, so that the motions of a gyroscope 
became clear to the everyday intellect. This was in 
1858. 
In the rotation of a gyroscope about a fixed axis, 
centrifugal forces must be developed. This Barnard 
did not consider in his discussion of the problem. As 
in the case of a gyroscope with a very rapid rotational 
motion, the precessional motion is slow, this force will 
be very small and it can be neglected. But in the 
theory of the gyroscope in general it must be .con- 
sidered. | 
Let us consider a EJIOSQOpe of the form shown in 


y 





V Fig. 1. 


Fria, 1. 


The gyroscope di is adds balanced by the nid 
W, so that the centre of gravity of the instrument always remains fixed at O. 
It can turn about a vertical axis VV’, and a horizontal axis HH’. Under these 
circumstances whatever motions ‘are imparted to it, it will not be need by 

- gravity. 
If an impulsive spin be given to the gyroscope setting up an angular velocity 
o, and if it be given an impulsive turn about the axis VV’, setting up an. 
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angular velocity Q, its subsequent motion will take place under the action of no 
. external applied forces. Intrinsic forces will be set up, however, modifying its 
motion continually. Ifthe wheel were not rotating and it were to turn about 
the axis VV’, the centrifugal forces would shortly ‘bring the axis GW to a hori- 
zontal position. But if the spin and the turn are both counter-clockwise, a 
deflective gyroscopic force is set up tending to bring the axis GW into coici- 
dence with the axis VV’. If at the outset of the motion, the component of the 
centrifugal forces normal to the axis GW, which tends to depress the axis, and 
the gyroscopic force normal to the axis GW, which tends to raise it, are equal; 
since they are opposite, there will be no motion of the instrument about the 
axis HH’: | 


Let us imagine the dud ied spheroid (Poinsot’s Y ellipsoid) 
at O, with its major axis coincident with the axis GW, rigidly attached to the — 
instrument and rolling on a tangent plane perpendicular to the axis VV’. Such 
a body will revolve about a line Of connecting the fixed centre O with the point 
of contact of the spheroid with the tangent plane, as an instantaneous axis. 
Let the axis GW make an angle y with the vertical fixed axis OV and an angle 
i with the moving instantaneous axis OJ. Now if the instrument is moving 
with a uniform angular velocity Q about the axis OV, and with a uniform 
angular velocity o about the axis OG, it will be in the condition of a body mov- 
ing under the action of no forces, to which an original impulsive couple about 
the axis O V has been imparted, and one point of which O is fixed. It is shown 
in treatises on dynamics that under these circumstances certain conditions must 
hold between the angles in question, y, t, and the angular velocities about OV 
and OG. The motion of such a body is exactly represented by causing its 
momental spheroid to roll on the tangent plane, and the following condition 
must hold: tan y = 5 tan i. 

Consequently when our gyroscope revolves uniformly about.the axis OV, 
its motion can be represented by causing its momental spheroid to roll upon a 
perpendicular tangent plane, while its centre is fixed at O. 

But we have found another condition requisite for such motion. The cen- 
trifugal and gyroscopic forces must balance each other in their turning effort 
about the axis HH’. Let us see if these conditions are identical. Drop a per- 
pendieular G.M from G to OV. The centrifugal force (exerted in the direction 
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MG) is SmrQ?. Now the rotation of the gyroscope can clearly have no effect 


upon this force. Therefore the centrifugal force = M. OG .sin yQ?. 
The component of this force perpendicular to the axis OG is 


M. OG .sin y , cosy’. 
The gyroscopic force (exerted at right angles to the axis OG) is 


Bo .Y.siny 
Bm 


These forces are opposed and must be equal. Therefore OG . cos yQ = koa. 
But Q sin y = o tan? from the conditions of the motion, where in the above 


equations M is the mass and A and .C are the principal moments about the axis . 


0G. Therefore tan y — 5 tant; and we see that the reason that a body under 


the action of no forces moves about its invariable line at a constant angle is 


because the centrifugal and gyroscopic forces are in equilibrium about its axis. 


Now if at the outset of motion, the angular velocities Q and o do not fulfil . 


the condition Q cos y= Do , these forces will not be in equilibrium and the 


gyroscope will tend to raise or lower itself until such condition is satisfied. The 


excess of one force over the other will give it a decreasing angular acceleration . 


until it reaches the position of equilibrium. . But it will be carried beyond this 
by its inertia and' an increasing acceleration in the opposite direction will bring 
itto rest and finally back through the position of equilibrium. It will thus 
oscillate continually through the position of equilibrium as a centre. 
The above discussion is of importance in connection with the theory of 


cyclones. With the establishment of a cyclone and its invariable rotation in a. 


counter-clock wise direction in the Northern Hemisphere, we have nothing to do 
here. That can be found elsewhere. (See “The Problem of the Cyclone," 
Monthly Weather Review, November, 1903.) We shall regard a cyclone 


dynamically as a rigid rotating body—in other words as a gyroscope. That | 


this is permissible is evident from the fact that a stream of water (or air) when 
directed through a tube curled into the form of a spiral, so that there is a rotating 
mass, exhibits all the properties of-a gyroscope, which is nothing more than 


rotating matter. We can therefore substitute for any given cyclone a dynamically 


equivalent gyroscope. For the properties of a gyroscope are derived eventually 


v. 
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from the inertia of matter, and whether solid, liquid or gaseous, all matter. pos- 
sesses this essential property of inertia. Now we have used above a coiled spiral 
tube simply to direct the stream lines, while in a cyclone no such artificial con- 
straint is necessary, since the forces at work in the body of a cyclone preserve 
the stream lines in a constant relation to each other. We can resolve the motion 
of the inflowing and outflowing air into two components—one of motion to and 

from the centre—and the other of circular motion about the ,centre as an axis. 
For every component directly towards the centre there is a component away 
from the centre, so that they eliminate each other. We therefore simply sub- 
stitute for the circular motion a. dynamically equivalent gyroscope—all that is 
necessary being that the moment of inertia of the two should be equal. And in 

fact we shall find that the calculated motion of such a gyroscope corresponds 
with the actual motion found in cyclones. . 

Let us suppose that a cyclone exists at some point of the Earth's surface and 
that there are no frictional forces, In other words it is free to preserve a con- 
stant rotational energy and to move over the surface of the Earth without 
resistance: Let us suppose that the rotational and azimuthal angular velocities 


o and Q, are so adjusted that tan y = 2 tan?, where y is the angle the axis . 


of the cyclone makes with the axis of the Earth. 

In such & case there will be uniform azimuthal motion about the axis of the 
Earth and the cyclone will preserve a uniform latitude. If the velocity of the 
Earth at the point underlying the centre of the cyclone is equal to that of the 
cyclone, the.cyclone will remain stationary with respect to the Earth. 

If less or greater, then there will be a corresponding motion of the cyclone , 
relatively to the surface of the Earth, but.it will move along a parallel of lati- . 
tude. If o and Q do not fulfil the above condition, since the cyclone originally . 
started revolving about the axis of the Earth —1. e. the elements of which it is 
composed had a definite moment about this axis, —it will have to conserve the 
original moment of momentum about this axis. In order to obtain stable motion 
therefore, it will strive to put itself in such a position that the invariable angular 
velocity o and the variable velocity Q will assume such a relation that the con- 


dition in y = - tan * holds, 1 Beles the inclination of the instantanoous axis 


to the axis of the cyclone which varies 1n 1 the adjustment referred to, Since the - 
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- P 


—— 


rélation 4 cos y = Qj holds, if o is too. large relatively. to Q, the axis of the 


cyclone will move to the N orth until it adjusts itself; if too small, the axis will - 
move to the South. Now in the great majority of all cyclones o is too large 
relatively to Q, and the general movement is to the Northward. Still there are 
a very few cyclones which move along a parallel of latitude—at least during the 
first part of their motion—( Piddington- has charted-such a cyclone—) and very 





, Fra 2. "Ue gem 


Eus still move to the Southward. . iti ig iii that these latter can have very 
little energy and such we find to be actüally the case, A very violent cyclone 
is apt to move rapidly to the North. .... bp 

| The position of equilibrium of most cyclones is- ii to be in high latitudes. 
. As we have seen before, in our experimental gyroscope, this position is apt to be 
overshot and a succession of oscillations backwards and forwards over this lati- 
tude generally occurs. If such an oscillation were developed upon a plane mov- 
ing surface, the shape of the path would be a series of waves as in- Fig. 2. 





Fia. 8. : 


But the actual pat of a cyclone is EE upon, the moving surface of 
the Earth, and the velocity of the cyclone in higher latitudes is relatively much 
greater to the velocity of the Earth's surface than it is in lower latitudes. The 
path therefore will assume the form in Fig. 3. l 

' This is a prediction from purely theoretical considerations. Now on ex- 
-amining the charted paths of cyclones crossing the Atlantic m high latitudes, 
we find many that exactly execute such a path. Ifa cyclone could preserve. a 

29 | 


220 | CongpEIRO: Gyroscopes and ‘Cyclones. 


constant: rotational energy, after finding its latitude of equilibrium; it would ° 
continue forever circling around the Harth and oscillating about this latitude, in 
such a path as is picturéd in Fig. 3. Abercrombie states that he has traced a 
cyclone which, starting in the Philippines, went up North to Japan, crossed suc- 
cessively the Pacific, the American continent and the Atlantic Ocean, and then 
passing over Russo: died out finally on the — of Siberia, having thus 
almost completely circled the globe. | 
The writer has previously in a popular article: ( Bulletin of the American : 
Geographical Society, No. 3, 1900) called attention, he believes for the first 
time, to the fact that the motion of cyclones is due chiefly to their own intrinsic 
forces, among which the gyroscopic forces developed are most important. - In a 
later article (“The Problem of the Cyclone," Monthly Weather Review, 
" November, 1903), he sketched out roughly a method of attacking the problem, 
taking into consideration the effect of frictional forces on the Earth’s surface. | 

The previous explanations of the motions of cyclones, if they can be con- 
sidered explanations, have been grossly inadequate. Weshall mention here only 
two of these and afterwards consider carefully to what extent, howsoever slight- 
ly, they can modify a path which we have shown is due to other and greatly 
preponderating causes, viz.—the causes we have just discussed together with 
friction. The first of these explanations is that they are blown along with the 
prevailing winds. ‘Tropical cyclones. usually start out in the doldrums where 
the winds are few and uncertain. It is pointed out that the general circulation 
of the atmosphere has a westward component in lower latitudes and an eastward 
component in higher latitudes. These blow the cyclones first west then east, 
but how they work up to the northward is not made clear. It is hardly worth 
while to rebut by serious proof—which can be done—such an explanation. 

The second is that cyclones are governed in their motions by the existence 
of some distant High or Low. The gradient may be almost imperceptible, 
but according to this theory, should a cyclone arise on a line between a High ~ 
and a Low, no matter how far apart, it is considered that it ought to move 
towards the Low, 1. e. after & fashion. But very often it does not do so, not 
even after a fashion. M d 

We shall now attempt to analyze the motion of a cyclone taking into con- 
sideration the frictional forces developed.: The writer had hoped that some one 
else with greater facilities and ability might have taken up the problem as indi- 
cated in the article mentioned above in the Monthly Weather Review, but the 
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possibility of predicting the path of a cyclone, if not for its complete run, cer- 
tainly for a few days ahead, does not seem to have aroused any interest. There 
was a time when the electrician did not need to be a mathematician, but that day 
has passed. So with the study of Meteorology ; the meteorologist of the future 
will have to be a mathematician first. In the cyclone, the grandest phenomenon 
by far, the Chef d'Oevre of his specialty, he will find a complicated problem of 
forces which can only be unravelled by the calculus of mathematics. 

A cyclone rotating about its axis experiences a certain amount of friction as 
its under surface passes over the surface of the Harth. If the initial momental 
energy were not added to, it would soon come to rest by reason of this resisting 
couple. Now this friction couple exerts a force contrary to the original mo- 
mental energy about the axis of the Earth and is therefore continually decreas- : 
ing it. The original moment of momentum about the Earth's axis is expressed 
by the quantity M’ osin S + MR” co. Q . where 3 is the latitude of the 
cyclone. Since we shall suppose that by added energy the moment MZ? o is kept 
always constant throughout the period that we are studying, it follows that the 
retarding frictional couple will be continually reducing the term MZ? cos? S Q. 
This at first will affect chiefly the velocity Q, and the cyclone will tend to lag 
further and further behind the position it would have occupied if there were no 
friction. In a certain sense it can be considered to be continually screwing 
itself backwards. Now if the cyclone is urged backwards along a parallel of lati- 
tude this motion is opposed by frictional forces, so that the moment of the force 
opposing the original momental energy about the axis of the Earth, will be re- 
duced by this amount. If7is the moment of the frictional force about the axis 
of the cyclone, which we suppose to be kept constant, and 2a is the arm of this 
couple: and f is the force it exerts on this arm, and if f, is the force urging the 
cyclone backwards, then l =f . 2a = f, . Ecos 3. 

Now if fj, is the frictional resistance opposing the sliding of the cyclone 
bodily, we have for the effective backward moment } = l — Ju R ceos. 

We can write the equation therefore 


MR coo $ Q + Mè o sin 3 = K — w frd (1) 
where K is the moment of momentum about:the Earth's axis at the beginning 


of the period under consideration. 
Now the gyroscope will in general be urged away from its parallel of lati- 
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tude (in the great majority of cases, to the North, as already explained) and the 
normal effective deflecting force will be — | | 
Mi? o. Q. cos ò 
R ` 

We can consider that the last two forces are in the nature of constraints and 
the remaining effective force is given by the expression (2) so that the body - 
moves northward under this force without friction. | 

The total moment of momentum given in (1) will not be diminished there- 
fore by this northward motion of the cyclone.* The term M a sin X will be 
increased to be sure, but this will be made up by a loss in the first term. In 
other words the northward acceleration is at the expense of a certain amount 
of the momental energy of the cyclone about d Earth's axis. 
We can write therefore 


— ME cos 3. sin. or — Mf, . (2) 


mam .cos X — MR cosS . sin S Q? — Mf; = Ue? > - (3) 
Er wu dë RS 
It is usual to write TY instead of ©, being the azimuth at any instant of 


the plane passing through the axis of the cyclone and the axis of the Earth. 
The two following equations express therefore the whole motion of the 
eyclone: ! | 


| Reo Y 4 Ba sind = -K— fua. | (4) 
Bo ay asin 9. (4 Y j-—- —fuso3csee$ T2 (5) 


fy of course changes sign with the direction of the azimuthal motion of the 
cyclone with respect to the Earth's surfacc. If the — moves to the east- 
ward, /, =l +u Ecos. | E 
We shall not- here discuss whether fı is a cünsient Or & indo of the 
velocity, or'a more complicated function. That probably can be determined by 
observation. We may write (4) | | | 


OES ae I ees k— f (4 — fu & cos 3) | (6) 


Dess v, 18 the ‘taal azimuthal velocity of a cyclone. 


, *Bince these northward forces act in a plane passing through the axis ot the EMtH it is oe that t they 
cannot influence the total moment of momentum about this axis. 
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In finding the position of the cyclone relatively to the Earth this actual 
azimuthal velocity will have to be compounded with that of the Earth's surface 
. at the point where the cyclone happens:to be. If this compounded velocity 
happens to be zero, as is usually the case at some point or points of the cyclone’s 
path, this marks a point where the cyclone is changing from a relatively west- 
, ward to a relatively eastward velocity or vice versa. In the ordinary 
parabolic paths of tropical hurricanes the point of recurvation is such a point. 
The equations (4) and (5) are not in general susceptible of direct integration. 
But if we consider in Equa. (6) fu to be a constant, and if the cyclone is in a low 
‘latitude, so that the term K*osin$ can: be neglected without any great error, 
‘then we can easily use the equation. The values X and fa will have to be de- 
‘termined by observations. For short periods /, might be considered constant, | 
and there would then be only the two values K and J; to be determined. 


Having determined an approximate value for SY at some time ahead, this 


may be substituted in Equa. (5) and assuming the most probable value for’S, 

‘the northward velocity L might be determined to a certain degree of approxi- 
mation. 

| Using an apo formula e£ = K(3— 3;) — K! (3$ — 3%) where $i is 

(the latitude in which the cyclone arene: and v, is the polar velocity, the 

| writer has found a close agreement in the cyclones to which it was applied. 

We have hitherto supposed that the cyclone was moving in a still and 
isobaric atmosphere. The chief and vastly preponderating forces which shape 
the path of the cyclone have already been considered. We shall now consider 

- how far a deviation of the general atmosphere from the normal condition we 
have supposed can modify the shape of this path. | 

Let us suppose that the cyclone lies on a gradient between some general 
High and some general Low. We suppose here merely a gradient without any 
general motion of the atmosphere (wind) towards the Low. As far as the writer 
can gather from observations of vortices on the surface of water they are not ` 
influenced by ripples passing by them. Their shape is distorted, but unless a 

wave breaks over them, filling up the funnel, their motion continues as if the 
ripple had not traversed them. The effect of an existing gradient is merely to 
cause a slightly greater pressure on one side than the other. Now a cyclone 
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rarely has the same pressure on all points of its rim. A slightly greater centri- 
. fugal force on one side will cause a greater barometrical height at this point and 
will tend to distort the shape of the cyclone and its stream lines. But no 
cyclone is a perfect circle. Our equivalent gyroscope is merely the dynamical 
equivalent of an oval or irregular mass of rotating air. To the extent then that 
a gradient may modify slightly the shape of a cyclone and therefore its equiv- 
alent gyroscope, it may alter the path of a cyclone, but this effect must be 
extremely slight. | | | | 

The effect of the prevailing winds, as has been stated before, has been given 
as the cause of the motion. Now it is true that a cyclone imbedded in a mass of 
moving air would be carried along with it, but as-soon as motion ceased to be 
` parallel, i. e. as soon as the plane of the cyclone were turned, gyroscopic forces 
would be developed. Friction also would divert it from the general surrounding 
" motion. | | mE 

But a cyclone is a very thin, wide disc of air extending often over hundreds 
of miles. As it is moving with tremendous force, with.its thin edge against the 
- surrounding atmosphere, a wind on one side can have no great effect. True it. 
may crumple up and distort the extreme exposed edge, but in a large cyclone . 
the effect would be inappreciable. Certain it is that cyclones work constantly 
through the trade wind zones and their paths in general do not seem to be 
appreciably distorted. In the case of a tornado, which is an extreme form of 
cyclone, where the diameter may be only a few yards, though the height is con- 
siderable, there are no gyroscopic forces set up and its run is extremely limited. 
Such a whirl is governed simply by the motion of the surrounding air. We see 
this in a whirl of leaves on a gusty autumn day. | 

| Tt remains to consider a few of the effects of the motion of a cyclone upon 
that of the Earth itself. "We have seen that the friction couple tends to drive the 
cyclone backwards around the Earth's axis; but the reaction against this also 
tends to accelerate the Earth's rotation. Now since these accelerations are 
always in the same direction for every cyclone, both in the northern and 
southern hemispheres, the effect must be cumulative. It is possible to compute 
approximately this effect from the energies and frequencies of cyclones.’ It must. 
be extremely small. Still as it is cumulative, it might amount to a fraction of a . 
second in the length of the day in a century. 

The frictional couple of a cyclone tends to cause the Earth to revolve about 
an axis directly under its centre, and would do so if the Earth were at rest. The 
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combination of this tendency and the actual rotation, causes the Earth to revolve 
about some axis on the meridian of the cyclone and between the actual axis and 
the axis of the cyclone. Naturally the forces of the friction couple are so small 
compared with the energy. of rotation of the Earth about its axis, that this 
deviation of the instantaneous axis from the normal axis must be very minute. 

As cyclones are pretty regularly distributed over the Earth, both in the northern 
and in the southern hemispheres, their effect in changing the direction of the 
Earth's axis will, in a long period of time, be apt to be self-eliminatory. The 
West Indies and the Philippines—the homes of the cyclone—are 180 degrees 
apart. Still it is possible that they are a factor, even though to a slight extent, 
in a small (not more than 100 feet) periodical variation which has been observed 
in latitudes. | 


| On the Primitive Groups. of Class Ten. | 
By W. A. Mannina. 


Let 8, 8 .. .. be a complete set of conjugate substitutions of prime order 
(p) in a primitive group G. „They generate a transitive group. A certain 
number (2) of these conjugates may generate an intransitive subgroup A. We 
wish to prove, before taking up the groups of class 10, that a substitution can 
--always be found in the series 8i, 8a, .... which connects the letters of any given set 
of miransitivity of I, with the letters of some other set. 

Suppose that the theorem is not true. Take a particular transitive set of 
LE {s, 8, ..-- 8} in the letters a, &,, .... Choose from the series 8$, .... à - 
substitution s,,, which connects a,, .... with new letters, and which, ofall the 
substitutions connecting the letters a,, .... with new letters a, has the fewest 
new letters in the cycles with æ, .:.. There may be a number of such substi- 
tutions. Select that one which connects the fewest new letters G with the letters b. 
. Now consider J, = 17, s141}. If no substitution of the series s, .... connects 
the extended set a, .... with another transitive set of J,, we take s,,,a8 we did 
&, ,1, and continue in iliis way until we have an intransitive subgroup I, anda. 
substitution S, which connects the extended set a,, .... with some other set of 
I,_,. Itis now essential to consider closely the sakeak or 8, 1 by which we 
pass from 7, ,to 1, ,. Let the letters of the first set be a,, a,, ..-- a, and let 
the remaining letters of Z, ,, which may or may not form a single transitive set, 
be denoted by b, ba, ....; we shall speak of the letters a and the letters b. 

Letters a, new to J,a, are connected with letters a by s, ,. Since s, ,i8 
of prime order, any power of s, ; connects a’s and a’s. If s, , has two a’s in 
any one cycle, x can be chosen so that in &;.., these two new letters are adjacent. 
Then unless &?. , replaces all the & letters a by a’s, one of the generators of the 
group 5,7, Ls 82, will connect a’s and a’s and displace fewer a’s than does | 
8,1, contrary to hypothesis. Suppose that s? , replaces every a by an a, but. 
has two a’s in the same cycle with two a’s, thus: | 


EFE ICT EET ED E 
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We can choose y 80 that 
$9 -(d05.... Q1Qg....)- 

and proceed as before. It is*now evident that if one cycle of &, 4 displaces p — 1 
letters a, all the cycles containing a letter a displace p — 1 a/s. In this case 


8, 9 = (aaa .... at?) (Gy gag! .... aj T?) ...- (dy QE. 0). 
and all the substitutions of the series ¢,, &, ...., not in J,_,, and which connect 


a'8 and new letters, are of this form. Since G is a primitive group there is in it 
some substitution ¢ which replaces an a by an a, and an a by some other letter w. 
Consider the group £-! Zst.. One of its generators c connects an a and 
| & letter + w. This w cannot be a letter b. - Then 


o= (a! dc. eU c27 »).. 


18 T ie same type as 8, ,, with the k leiten a found in & different cycles. 
This gives | | 
s ] 1 0G sare C sues DO us 
Then 4, ,47! leaves at least one a fixed and has a generator, similar to 4;, which 

connects letters a with other letters. We can at once conclude that s,_, has not 
two letters a in any cycle, and further that when p = 2, &,.., replaces an a by an a. 
We may write | | | 

B= 4,8 ----, 


where ĝ is connected with the b’s by s,_,, and u is arbitrary. Ifs,_, has two 
letters a, a8 a, Q, , 1, — in one of its cycles, | 
$—185 95179,4115. 
Or if s, , leaves an a fixed, we can make a, that letter and have : 
| S718 81 = yD 

Hence the theorem as stated 1 is true. 

All the primitive groups of class 10 which contain a substitution of dne 
10 and order 5 are known.* It remains to determine those which do not contain - 


such a substitution. It is convenient to determine first the diedral groups of 
class 10 which are generated by two substitutions of the form 


8j = Ay dy ~ -Dı bg 0,04 . Ay dy . Oe. 


* Transactions of the American Mathematical Society, Vol. 4 (1908), p. 851. 
30 | | 
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For brevity D shall be any diedral rotation group. Only one of these groups D 
is transitive. It is a primitive group of degree 11 and order 22, not contained 
in a larger primitive group of class 10 of the type’ we are considering. We neg- 
lect it entirely iù what follows. 

Let 8, and s, be the two generators of a D. The product 8 8, = S i8 a posi- - 
tive substitution. | 

If the degree of S is less than the T" of {8,, 83}, 6, and s, have one or 
more cycles i in common. They cannot have three cycles in common for then S 
would, be of degree 8 at most. If s, and e, have two cycles in common, we have 
the group | 


D, = {8 = a. b; ba. €, €, . dy ds > 6 es, 8, = 0405 by by . a1 ag. By Bg. yy ys d- 


If 4, and s, have just one cycle'in common, S is of degree 12, 18, .... 16. Neg: 
lecting the two letters common to s, and s, we have to do with a positive 
. intransitive D-of class 8 and degree 12, 13, .... or 16. S, if of degree 12, is a 
regular substitution of order 2,.3, or 6. -There are two groups: 


D,z ia, 52 — % ds . bici . ba Cg. Oy 05 . Bı Bat, 
Dyzz {81, 8 = di as . bi By. ey. dy 01.6 &]. 


Corresponding to S* = 1, the D of class 8 cannot be constructed. . A substitution 
of degree 13 contained in G is necessarily regular. If S is of degree 14 and 
regular, it is of order 7 and there is no group D. If S is not regular, it is of 
order 4 and (&, s,| has three octic constituents, These cannot be so arranged 
as to give, with the other two constituents, a D generated by two negative sub- 
stitutions of. degree 10. Again no isomorphism can be set up when S is of 
degree 15. When S is of degree 16 we have | 


D,z is, 8s = 0 0 . 01 Os Bis aya]. 

We can now assume that Sis of the same. degree as 15,, &]. 
If 5 is of degree 12, it is regular and is of order 2, 3, or 6. We have at 
once | | : 
NE lsi, 8 = Q b, ET T EE 

18, 8, = a, b ` d3 Cı - bg. da,.4P,-$, S= 
1&1, 83 = 41 bi » by cy «dy 6) . dg Oy . Cy Os n5 
181, Sg = @ b, Op Oy. b ag. e, di. de | 
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The product S cannot be of degree 13. If Sis of degree 14, it must be non- 
regular, and is then of order 4. We have | 


Dy = 181, & = a b; . oO -Cz ds « dy Gs . d, ast, dd; 
Dy = D 8g 7— Ay A €, d, . & Oy - Sy Ag . Gy aa Oa 

If Sis of degree 15: — | : 

Dy = 181, 6 = A 04 . b; 0. ayı . dij. 2d 

If S is of degree 16: 


Dy = 481, 8 = Q Dy « dy by . 0105 . By Bo - ya Yat- 
The degrees 17, 18, 19 give no groups D. | 
When S displaces 20 letters, we have, | 


| D — 181, 8 = 005 - By Be ya yn > EAT Ea}. 

Note that D, and D, contain D, and D,, and. that D, and Dio Tonan 
D, and D,. 

The D,, and hence D,, which is the same group, can be thrown out very 
quickly. It has two transitive systems of 6 letters each. There is a substitu- 
tion s; of the series s,, 8,, .... which connects these two systems and brings in 
at most 4 new letters, one in a cycle,* so that E= {a,, 82, 8a} is a transitive 
group of degree not greater than 16. We can write s; 80 that it has a cycle new 
to s, is not commutative with it and has more than 4 letters new to s. Hence 
E is of degree 15 at most. If # is of degree 12, it is of order: 24 and the only 
substitutions of degree 10 found in it are the 6 belonging to {s,, s}. If E is of 
degree 13, its positive subgroup is of.class 12, and contains just one subgroup of 
order 13, which must then be invariant in the group E. Buts cannot transform 
_& group of order 13 into itself. If E is of degree 14, the positive subgroup is of 
class 12 and of order 14-6. By Sylow’s theorem this subgroup has a character- 
istic cyclic subgroup of order 7, which is then invariant in E. Again s, cannot 
. transforma group of order 7 into itself. If His of degree 15, the positive sub- 
group is transitive of class 12, and contains no substitutions of degree 13 or 14; 
hence the subgroup leaving one letter fixed leaves three fixed. Now a group of | 
order 15 * 6 has a single invariant subgroup of order 5. In Æ thia is impossible. 
We can now strike D, and D, from our list. 


*Transactions, &c., L c. 
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The next to go is the group D;. The three substitutions of degree 10 in Dg. 
are | ! E 
8 = A, dg . Oi by . Cy Cg. Ay yO, . 

8 = Q g. bB. ay. dhi hE, 

83 = a) az . 0,8 -cay -dÒ . ee. 


According to the theorem established in the beginning of this article, there is a 
substitution e, similar to-s,, in the group G, which connects the set a, a, with 
. &nother set of D,. We write s= a bı... Ifs leaves a, fixed we have s; 88, 88; = 
a,b,.a,y.--- Then putting s = a b; . agy .... , we see first that y cannot be 
new to sı. For now that D, and D, are thrown out, a group of the type {8,, 8} 
is not found in the list D,, .... , Dg. For the same reason y must belong to a, 

and not to s. Hence y = c, d, ore. Without loss of generality we can say. 
that y==c,. Now js, 6} and [4,5] are both D,. Hence from 1a, sl 


8 = dı bi - Qg G . 050, ... 


But (b, c;) is a cycle new to 5; and on that account 18, 6| cannot be D,. Hence 
- D, can be dropped from our list. 


D, is next in order of difficulty. The three substitutions of order 2 are 


51 = a, Oy» b bs. G G. d, ds . €, 6s, 
8,— Ay by . Ag Ci . Og cy . dy 04 . 6405, 
83 = Ay Dy . a, Oy. b, Cy © dy ay. yg. 


There is a substitution ¢ similar to s,, which connects the set .a,.... with. 
 the-set d,d,a,, and brings in at most 4 new letters, one to a cycle. Suppose first 
that E= {D,, 8} is transitive. If E is of degree 12, it has 4 subgroups of order 
_ 8 and is an imprimitive group isomorphic to the symmetric group of'degree 4. 

In (abcd) all we get a transitive representation of class 10 on 12 letters only by 
taking as a new element in the multiplication table of the group a ‘subgroup 
1, (a5). This substitution (ab) is contained in one subgroup of order 4, in two: 
of order 6, in one of order 8, and in one of order 12. Hence by Mac caniyens 
extension of a theorem* due to JORDAN, this group E, if contained in a primitive 
group, is contained in a doubly transitive group of degree 13, of order 13° 12-9. 


*MaRGGRAFF, Dissertation, Ueber primitive Gruppen mit transitiven Untergruppen geringeren Grades. Giessen 


: (1889). This point is made clear in a paper soon to appear In the Transactions of the American Mathematical 


Society under the title On Multiply Transitive Groups, by the present writer. 
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This G? would by Sylow's ner fave to have an invariant subgroüp of order 
13. This is here impossible. It is clear that E cannot be of degree 13, 14, 15, 
or 16, if we keep in mind the, reasoning in the case of D. | 
Now s does not connect more than two systems of D,. By means of the 
eonjoin of the regular constituent of D, we can write without loss of generality 


8 — A, 04. 
Looking over the non-Abelian groups in the list D,, TP 


have 2, 4, or 5 letters new to 4,. | 
If s has just two letters new to 8,, 15,, 6} is D, and 


, we see that s can 


S = A] Ay. OU. .-- (as) (5), 


with all the 6 letters b, c, d displaced. We now arrive at a contradiction. If 
e,— €, by 18, 8}, w=be, and by {s,, s+, = e; there is a similar contradiction 
If e; = &. | o | 

Next let e have just 4 letters new to sj. . Here 

Bc ve b b cd 
8 — 01041-0504. c me c 9 bd ? 

or | i 8 = 0,0, . Ag Xy . Cy Ty -p My. Cd. 
Comparison with $, and s, shows that these forms for s have to be rejected p 
because of the number of new letters. 

Ifs has 5 letters new to si, 


8 =a Oy . ba, . Cay. da, . em,. 
e| nor {8s, 6 Fi 


Clearly x, £ a. Then neither 15, 8 g possible. This clears D, out 


of the d | l 
D,, and with it Do, goes out quickly. There are 4 substitutions in D, of 
order 2: | 7 
8j; = Aj dy. by by. C1 C . di dg . €i ég, Sy = Ay by . e, Oy ~- Cz Oy.» d, Og d, a, 
Sg = Qy 0, . Ag Dy . Hy Oy. Ag G4 > OG, 8, == d. by . 0404 + Cy Og . Ag ag « Ay Oy. 
The substitution s may have two forms: 
+d Qane Go 
Consider s = ea} .... The Eroupe (4, o} and js, 8} are D, or Dy. In either 
case i 
8 = A e, .... (A) (e) (ba). 
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If }8,, 8} is Dy, 155, s] is also D,, and s = a, e, . ca’. cya", da!" dum with only 
one letter, e}, new to s, ; 18; s&t is not in our list. If {s,, s] is s Du 


&-—a06.09m...., 


where zisacord. But {s,s} is also Dy, and æ is an a. Consider the second. 
case, 8— &0,.... If es, = 818, we have uniquely: 
8 —06,0,.05€64. 04,04 . a5 4. 94 Ba- 


The group [5 6, s] has three sets of intransitivity. We now have, going one 


step further, either | | 
(1) 6d. edi. bibs., 


an impossibility on account of 1s, &'], or 


(2) 8 EP Oy ous 
Now s’ must either add new letters to the seta,.... or connect d,.... anda. ... 
In neither case can s = e, 0,.... be constructed. Hence D, and D, can be 


dropped from our list. | 
| . Only one non-Abelian D is left. Itis Dy. Ifa substitution s of the series 
5,, .... connects two cycles of another substitution a! of the series, s and s' are 
commutative. | 

We now take up D,. It is generated by: 


8; = a, a, . bb, 0,04. dy dy. 6,65, 


and  . | 8g = My Ay . Di Cy . by cg . 0405 . Di s. 
There are two substitutions, (1) s —a,5,...., (2) 8 =a d, .... to be considered 
in extending D,.. Lets-a,5,.... Neither se, = s,s nor 88 = s,8 is possible. 


Ifs=ad,... ., then ss, = 5,5. But {5, ad, . a5 d,....l is impossible. Hence 
G never includes D,. | | 
. "The generators of D, are s, and 


89 = ay by . Ay bs . c, d, n Ce d, «Q4 Ag. 
There are again only two substitutions s to be examined. The first, 
8 = 00, - bag. 0 By. ---, | * 


we reject at once. But the second, 


8 = Q; Cı . Ag Cz , Od, . b, d, . Bı Bs, 
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requires that the next group 1&4, 8. $, | be considered. Now s; must be 


4,0, .---, an impossibility. D, is réjected. We throw out D, also. Init 
í & 83 = d,41 . bi ba . ay a5. By Be - aya 
Obviously we cannot have s = a, . 4505 - If 


8 =a, bi.. aby. T" £y E2 - Cibe, 
we pe T by step by means at the substitutions 


& = a ô. bid .00,.di B. ei, 
s! —a, 8.56. cal . dB! . ey, . 
s! = a 6. biča . ca! . dB! . ey’, (o! = a, or a, &c.) 
to an intransitive group des T" "4, with which we must stop. Then D, may . 
be rejected. 
It is now clear that D, also may be struck from our list. 
Only Dy, Dy, and D are left. 
. Consider Dy. It leads to two primitive groups of class 10. The substitu- 
tions of order 2 in Dy ares, 
83 = A, ds . Dy bg . Ci Cg - di d . 616g, 
| 85 = dg Ay . by bg . Ca Cs . de d - 656g. 
There must be in 4, .... a fourth substitution s, non-commutative with two of 
these three, non-commutative with s, ands, say. This follows from the fact : 
that js; ....} is transitive. There are only two forms we need assume for s,: 
8, == a, A » by Oy. OO. dy, | (1) 
| 8,— ag bg. agb, . 040, . A, Ay. Oey. — (3) 
Consider (2). The group E= {Du, 84} has in all 6 substitutions of degree 
10. The two not yet written down are: | 
85 = ay bg . a5 b, . Ca 0, . do dy. ey, 
j (887 0g bi . Qy bo . 050, . da d, . €g 6,. 
- There is in E a set of intransitivity of 6 letters, a, ..... ,80 that we may extend 
E by means of | | : 
. 8; = Ay Cy . Ag Cy . Ag Cg . Ay dy . Oey, 
oro A Cg . 030, . 050, . da d, . Ca 6p. 
These two substitutions are conjugate under 


f = dz by . C1 Ca . Cg C, . dy d . dud, . 65. 66; 
which also transforms s, into s,, 8, into s, and sinto s,. Hence only the first 
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form of æ, ‘need be examined. Beside the substitutions already written down 
E! = | E, s} has the following three substitutions similar to 8,: 


8g — 0164. bg Cy. byes. dy dg* ees, 

8, = 5401. 050, . by cy. dg dy . Ges, 

810 = dy ey . by KR Oy €, . di dy . 6565: 
In extending F’, two substitutions s, are to be sonde: ` The one, 
8, = a, d,.... i8 impossible. The other | 


811 = a, dy. Ay dy . ag dy . €, d . C4 €8 : 


gives the group Æ”, in which the other substitutions of order 2 and class 10 are 


85 = a d, . b, ds . bg dy . c1 ds. €, 6. 5 Eu 
818 = d dy bg d, . b dy . Cody - eee, T s 
84, = Ag d, . by dy . b, d, . Cg dy « 6365, | 
&i-—06d,.c6d,. ^s s . 04d, -€ €g- 

. Finally | o. | 
i . #16 = Ay & » Age . d 6g . C4 €s . Aye 

da unique. The iansitive group NONO ee 18 primitive of degree: 21, 

and is isomorphic to the symmetric group on 7 letters. The subgroup jósvins 

one letter fixed is {E', 815885 = de, . dge . dye, - die, : dyes. This subgroup: 
has two sets of intransitivity. It is of order 2(5!). Hence the PP 
between | E", s} = E"' and (abedefg) all is simple. 

| This group .Z"" cannot be contained in a doubly transitive group, for then 

we should have a substitution " 


s—a eed, dish «6, 


similar to s, which cannot exist at the same time as 8,4. This also means that 

. no group containing Æ” can have other substitutions similar to s. Nor can E" 

be invariant in a larger group of degree 21. Pr E 
There remains the first form of s,: 


8, = aay. bibi: 0,0,. d d, - 6, €, : 
Only one form for 8, is possible: | 


TEE E 8, = 4, Gs. ae Cy Cy» dy dy . “1 ês - 
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Continuing as before we get the unique set of generating operators, 8i, 8s, &,, 87, 
and l | Lx 3 

8, = a,b, «ag by . ag bg . a, b, . ag bs, 
By = Ay Cy . Qg Cg . Ag Cg « Q4 C, > Ag Cy, 
85 = Qy dy . Qg dy . Qg 05 > a, d, . ag ds, 
8, = Qj ê; . Ug €z . Ugg . Q4, €, . Age. 


These give an imprimitive group H of order (51)*, and of degree 5°. It is 
not possible to form another substitution s similar to sj. Hence H is invariant 
in any primitive group of class 10 containing it. Adjoining the substitution 


iab. gC; . Oy As €; « Og Cy . bida. hes. C, ds . Cg dy . dys, 


we have a primitive group G=4H,t} of class 10, degree 25, and order 2 (51)*. 

For all integral values of & greater than 2 there exists a primitive group G' 
of degree /? and class 2% with an invariant subgroup H of the same doin as H™. 
Thus the imprimitive group H is generated by 


84 = (a, a5) (bi ba) (e1e5) .. - +--+ (Jide) (Us), 
8g — (a ag) (5; bs) (c1 es) NUS (7133) (Ay ky), 
8, = (a, a) (b; by) (C1 Ck)e e . (ide) (4 ky), 

= (a, b) (Ge by) (ag bg)... - +s (a, bj) (a, by), 
o, = (a, C1) (as Ca) (Qa cg). +--+ - - (2;¢;) (as €), 
Ty = (24 f) (a5 It) (as ls) vas (aj) (a, ker) 


If now we adjoin to H the substitution 


t = (a) (a55;) (asci) (a, di). - - (a; Ja) (ae) 
(bo) (b; Co) (b, d,).... (5 Js) (bx ky) 
(eg) (6, ds) cree (cj Js) (e, kg) 


the group G= 1H, t} is primitive since the subgroup 
18, 8g; --+ + 85 05, Ooy - +++ yy t, 


of order 2[ (4 — 1)! ]? and omitting 4, is maximal when k is greater than 2. 
This group G is the only transitive group in which H is invariant.. ` 
ol . . . 


~y, 
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If à second transitive group (G^) exists in which H is invariant, there is a 
primitive group G" = | G, G’| of order greater than 2(%!} in which H is invariant. 
Let G4, H, .... be the subgroups of G, H, .... respectively, which leave one 
letter fixed. Since systems of imprimitivity of Æ can be chosen in only two 
ways, G" is simply transitive.* "Then Gis intransitive, and since it includes 
G, the two sets of intransitivity of the latter are also the sets of intransitivity 
of G/. Now the larger set of intransitivity of G, is exactly that group of the 
system we are considering which corresponds to the value k— 1 of k. Hence if 
the theorem is true for one value of &, it is true for the next succeeding value. 
But it certainly holds for & — 3. Therefore the theorem is true in general. 

The transitive group generated by the complete set of conjugates s, .... 
cannot be Abelian. Then our task is completed. There are three primitive 
groups of class 10 which do not contain a substitution of order 5 on 10 letters: 
the diedral Gi; the G3! isomorphic to the symmetric group.on 7 letters; and the 
new group G#m" We recall the four groups found in a previous paper:t the, 
metacyclie.- GH., the Mathieu + G12.,,.,,, and their positive subgroups. 
Two of these groups, the G" and the Q”, are omitted by JonpAN f and one group 
is in his list for class 10 which does not belong there. .Allof these groups belong 
to infinite systems.. The system to which G” belongs is that of the symmetrio-k ` 
| group written on — 1) letters. These groups are of class 2£ — 4 (not 

2k — 2 as JoRDAN has it) and are primitive if is greater than 4. 
Panis, 19 Jan., 1905. 


*On ihe Primitive Groups of Class Hight. Bulletin of the American Mathematical Society (1904), 2nd Ber., 
v. 10, p. 286. An invariant imprimitive subgroup of a multiply transitive group is at least three-fold 
imprimitive. 
t Transactions of the American Mathematical Society, 1. c. 
. {Comptes Rendus. Vol. 75 (1872), p. 1754. 


. On Certain Unicursal Twisted Curves. 


By VIRGIL SNYDER. 


1. When the tangents to a twisted curve belong to a linear complex, the 
curve must be self dual. If it be of order n, the class of the osculating develop- 
able is also n. Let P be any point not on the curve c,. From P can be drawn 
 nosculating planes, the points of osculation being P,,P,....P,. Since PP, 
passes through P, and lies in the polar plane of P, as to the complex (osculating 
plane of. c, at 1 it belongs to the complex, hence the polar plane of P con- 
tains Pi. . If through any point the osculating planes be drawn to a twisted 
curve d in a linear complex, the points of osculation will lie in a r pana pass- 
ing through the given point. 

2. Let c, be projected into a plane curve from P. The n osculating 
planes from P will cut the plane of the projected curve in inflexional tangents, 
and the points of inflexion will be in a straight line. When a plane curve >, = 0 
te the projection of a twisted curve of the same order which belongs to a linear com- 
plex it must have n points of inflexion on a straight line. This necessary condition: 
is not sufficient, as @, = 0 exist having four collinear inflexions, and no singular 
points, but a twisted quartic of genus 3 does not exist. — 

For a unicursal c, however, the condition is easily proved to be necessary 
and sufficient. Such a curve $, has 3(n— 2) inflexions. The 2(n — 3) 
inflexions of @, which are not included among the n .collinear ones, are also 
inflexions on the twisted c,. In general, the tangents at the points of a. twisted 
curve at which the osculating planes have four point contact are ordinary, but 
in this case the stationary planes coincide in pairs, forming 2(n — 3) points of 
linear inflexion.* | 


* The theorem of $1 was proved analytically for n = 4 by Appell, Grunert s Archiv, vol. 62, p. 175 (1878 ). 
‘The second theorem was proved analytically for unicursal curves and a particular projection by Picard in 
Annales de P Heole Normale (1877). 
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A unicursal twisted curve of order n which belongs to a linear complex and has 
no point singularities has 2(n— 8) points at which the tangents have three point 
contact. It has no stationary planes except those containing the inflexional 
tangents. | DT 

3. The points of c, in the osculating signs form a symmetric (n — 8) 
correspondence which is in general not an involution. The branch points of the 
correspondence are the points of tangency of the inflexional tangents. Hence 
it follows that if the osculating plane at A cuts c, again at B, then the osculating 
plane at B will contain the point A. The lines joining the points of osculation 
to each of the n — 3 residual points of the curve in the plane are therefore prin- 
cipal secants. In particular, if n = 4, we see that the quartic belonging to a 
linear complex has an infinite number of principal secants. The general uni- 
cursal quartic has three, and they meet in one point; in the present case no three 
can intersect in one point, for they all belong to a linear complex, and the polar 
plane of the point would have to cut the quartic in six points. 

4, Two kinds of curves will now be discussed, one having a pair of maxi- 
mum line singularities, the other ae a pair of maximum point REDDE 

. Consider the curve | 
Beran eae A: : | . (1) 

It lies on the R, whose equation is n? xw = yz, and has z = 0,9 — 0; 2 — 0, 
w = 0 for tangents having n — 1 points of contact, the former at (0, 0, 0, 1), the 
latter at (1,0,0,0). These points correspond to the values 0, œ, of A. ' The 
equation of the osculating plane at A is - | 


| (n—2)(9*w—z) + à —áA 720. (2) 
The plane (2) will meet c, in points u defined by e Ad 
| (n — 2) (A* — u^) — nàu (A^ 7 8s "3 = 0, , (3) 


. which has the factor (A — u}. The residual factor is a homogeneous symmetric |. 
correspondence between 2 and'u, which is therefore composite. When n is an 


even integer, A + u is also a factor, each of the = ug remaining factors being 
of the form . | | 
(A+ uy +a, Au. Ji=a,2....%—a.| | |. (4) 


When n is odd, each of the ^ =e factors is of this foin: If the ruled surface be 





constructed by — the point A to each of the n— 3 points Ky it will 
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break up into factors. The expression (4) equated to zero is also factorable, but 
. each factor will define the same scroll The scrolls arising from the different - 
factors of the form (4) are entirely distinct. | 
" B. When n is even, the fines joining each point 7 to — à form a surface on 
which c, is a simple curve. The points 4,—A form a quadratic involution : 
having 0, o» for double elements. The equation of the scroll is- - 
SÜALyaR | (8) 


4. e. & scroll of order n — 1, havingy — 0, z= 0, the line joining the points of 


inflexion, for = -fold directrix, and x==0,-w=0, the intersection of the 


stationary planes, for (4—1)-told directrix. The two directrices are polar 
lines with regard to &, on which c, lies, and also with regard to the complex to 
which it belongs. The lines x = 0, y = 0 andz=0,w=0 are each (5 — 5 1) 


fold generators. There are no pinch points on z = 0, w — 0, and the only ones 
on y =0,z= 0 are at (1, 0,0, 0), (0,0,0,1), The asutas planes at à and ` 
at — A form: with the planes through à and the directrices of the scroll a 


harmonic pencil. A general plane section has an — -fold point on one directrix, 
and an (— 1 )-fold point on the other directrix and ‘on each ‘inflexional tan- 


j 


gent. The singularity on the latter lines has the definin g terms C” =x. # e 
hence it counts for = — 2cusps. There are no other point singularities, hence 


the class is n. Finally, it is evident that c, is an asymptotic line on the surface, 
since a generator at À always lies in the osculating plane of A. It is the lowest 
- order that a scroll of order n — 1, contained in a linear congruence can have, 
when each generator is a bisecant of the curve. 

. All the asymptotic lines on the scroll (5) are of the same form as c, , each 
having the same lines for n — 1 point tangents at the same points. For n = 4 we 
have the most general c, contained in a linear complex. Two orthogonal projec- 
tions of a series of such curves, as asymptotic lines on a cubic scroll, are drawn in 
< the Bulletin of the American Math. Soc. vol. 5 (1899), p. 349. 
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6. The other scrolls are all of the same nature. all being defined by: D 
The two values of u corresponding to a given value of 4 are of the form xA and ^ wis 


If we consider a projective relation v between A, u, h&ving 0, œ for siib 
ing elements, the equations will be of this form. -Associated with every point-A 
are two points 74 and u such that tu =A, hence the two factors (u — xA) (xu — 2) 
will define the same scroll. Since two generators issue from each point A of cp, 
the curve-is a double curve on the surface. Ifin (1) we write the equations of a 
line joining A to xA, the result will be a scroll of order 2(n — 1). Moreover, in - 
the present case both generators lie in a plane containing the tangent, hence c, is 
tacnodal, and every point of it is a uniplanar point on the surface, instead of a 
' biplanar point, as in case of an ordinary double curve. Moreover, all the genera- 
tors lie in the osculating planes of c,, hence the curve is an asymptotic line on . 
the surface, and indeed for each of the two branches. From the equations of a 
generator it appears that the inflexional tangents are each ł(n — 3) (n — 2)-fold 
lines on the surface. If x is an (n — 1) root of unity, the n — 1. points 
A, xA, #a.... are all collinear. The surface is now A. 

7. Finally, if a generator be defined by the value ¢ of. à, and jo tter be 
defined by s, the condition that the generators s and ¢ intersect is a symmetric 
correspondence between s, é Lets+t=o and st — v. The equation F(o, v) — 0 
becomes in our.case factorable, one factor of the form (4) being squared, and 
-= 2n — 4 other factors of the form c? + Bar. From the theorem recently proved by 
Mr. Sisam it follows that each nodal factor is a unicursal curve of order n, having: 
each generator as & bisecant, and the points of intersection define a projectivity 
having 0, œ for selfcorresponding elements. Hence every component nodal 
curve passes through both of the points of inflexion. . | | 

8. The curve (1) will project into a plane curve having two tangente of 
(n — 1) points of contact, and n collinear points of inflexion. For points on the 
line joining 0, o, the two former points coincide at a node. For n= 4, the 
lemniscate bela to this type. | | | i 

9. The curve | | | SOLA 
ey ee A T eet .. (6) 
has a similar property. It belongs to a linear complex and lies’ on a quadric 
surface. It has two n-fold points, all the tangents at each being coincident: 
The locus of the lines joining a point A to the 2n — 2 points u in the 'osculating 
plane breaks up into n — 1 surfaces, each one rational, of order 2(n + 1), and 
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having the original curve for à tacnodal component of the nodal curve. The 
scroll has no multiple generators. . The residual nodal curve on each component 
consists of n — 2. other curves, each one rational, each of order 2n + 1, each cut . 
by every generator twice, ‘the points of intersection of a generator with each 
component determine a projectivity having the singular points 0, o for self- 
corresponding elements. | 
The condition for a tacnodal curve is also satisfied when u = aå, a being a 
(n + 1)th root of unity. The points A, «A, o7A,. ... are now collinear; they are | 
‘the points of intersection of the curve with the generators of the F, on which 
the curve lies. The points form an involution of order n + 1, and R, is counted 
(n+ 1) times. Asin the preceding case, every point of (6) is a uniplanar point 
on each of the scrolls, and the curve is an asymptotic line for both branches. 
The simplest case for which these scrolls have a meaning is when n = 2. The 
equations of a generator become | | 


A + 2A — a= 0, Aw—2Az--9y-9, 


and the equation of the scroll is 


2yw | Qe (0 y + gw 
9 | 8yz—aw wf = 0. 2 - (7) 
zy dT cw 2 © 2o | | 


An arbitrary plane will cut a sextic curve from this surface, having five tàc- 
. nodes; a plane containing a generator will cut a quintic curve having three 
tacnodes and having the generator for bitangent. A plane containing two 
generators (osculating plane of & at 4) will have a cusp at à and a node at each 
of the residual points u. The scroll (7) is not included in Wiman's list of sextic 
scrolls. He overlooked the entire possibility of such.configurations. It is my 
number 50, but the equation is not derived.* A plane projection of (6) will be 
a rational 4,4, with two points that are n-fold, all the tangents coinciding. It 
also has n? double points, and 2n + 1 points of inflexion, all collinear. When the 
center of projection is taken on the line joining the two cusps the apparent 
double points all coincide with the cusps, the tangents at which are in different 
directions. When the cusps are real, part of the points of inflexion must be 


* JOURNAL, vol. 27 (1905), p. 188. 
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imaginary. The simplest curve of this type is the nodal cubic. For cs, compare 
types 143-145 of Field’s enumeration of unicursal p ‘3 
0. ane curve 


—— (8) 


lies on an Zà, has an (n — 1)-fold point at (0, 0, 0; 1) with coincident tangents, 
and a stationary plane having n-point contact at (0, 0, 0, 0), the plane being 
w= 0. The curve does not belong to a linear complex, but has some properties 
analogous to the preceding ones. The lines joining A to the n — 3 points u gen- 
erate n — 3 different scrolls, each of order n+ 1, and of type [2, n — 1], i. e. 
it is generated by the line of intersection of a tangent plane to a quadric cone 
and that of a planar developable of class. n — 1, when the planes are in (1, 1) 
correspondence. The curve (8) is a double (not tasnodib) curve on each, but is 
an asymptotic line on one of the branches. When m is even, n= 2m, c, lies ` 
on a cone x,,@"~!'w—2", forming the complete intersection of x, and 
xz, Y= zz. The nodal curve of each Æ, is of the same form for each com- 
ponent scroll; it consists of m — 2 distinct curves besides (8), each one having 
the generators for bisecants. A similar projectivity ( u = xà ) is defined on each 
component double curve. The line joining 4 to its. harmonic conjugate with 
regard to 0, o (cusp, stationary plane) will generate x,. The factor correspond- 
ing to it sil always appear in the criterion for the factorability of the nodal 
curve. The simple factor defines another nodal curve which is cut but once by © 
.each generator. The order of this curve is m. When n is odd, the harmonic 
conjugate does not lie in the osculating plane of A.. Form — b, the scrolls are 
of type 19 in my list (l. c. p. 177). | | 
CORNELL UNIVERSITY, September, 1905. 


* P. Field, “On the Forms of Unicursal Quintic Curves," JOURNAL, vol. 26 (1904), p. 149. 


Functions of Three Real Independent Variables. : 
By Henry Livingston Coar. 


CHAPTER I. 
SIMULTANEOUS Lrs: 


1. Definitions.—Let u = f (x, y, z) be a function of the three real independent 
variables x, y, and z, and let u be completely defined and single valued for all 
values of the variables, that is to say, u shall have one and only one definite value 
for each set of values of the variables x, y, and z. If (my, Yo, Zo) is such a set of 
values of the variables, then these may represent the coordinates of a point in 
space of three dimensions. For such values (a, Ya %) the function f(x, y, z) will 
have a definite value which we shall denote by f(a, yo, %). It will be convenient 
to call f (a, yo, %) “the value of the function at the point (x, yo, 4)". 

We-must now define limiting values and limits. We say that a is a limiting 
value of the variable a, if there exist values of z in every neighborhood of ap. - 
This may also be expressed by saying that the values of «are dense at a. 
Similarly, if x, y, and z are dense, respectively, at £o, Yo and zy, then (a, Yo, %) is 
a limiting value of (a, y, z). In this case (x, y,z) may approach (£ -Yo %) in 
any one of three different ways, or, to use the language of geometry, the point 
(a, y, 2) may approach the point (a, Yọ %) in any one of three different ways. 
First, we may let each of the variables vary by itself, that is, we may regard - 
any two of the variables as constant and let the third vary. Secondly, we may 
let two of the variables vary simultaneously while we regard the third variable 
as constant. Lastly, we may let all three variables vary simultaneously. These 
three different kinds of variation of the variables give rise to three different 
kinds of limits.  . | 7 | 

Before defining these let us recall briefly the different kinds of limits we 
may have in the case of a function of two real variables, namely, single limits, | 
double limits, and simultaneous limits. "These are defined as follows, a and y, 
32 
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` being in every case the limiting values of x and y; respectively. We say that | 

the single limit lim f(x, y) exists and equals A, if having chosen an arbitrarily 

l | 0g My l 

small o `> 0, we can then find à à > 0, such that | (e, + ô, y)— A | «2o. We | 

say that the double limit lim lim — f(z, y) exists if each of the following | 
c ms y — Yo 


limits exists: lim f(x, y= F (a, yo) and hm F (æ, y) = Flt we Lastly 


y — yo mer wg 
we say that the simultaneous limit lim — /f(z, y) exists and equals A, if having 
| ges qn | 
Y = Y 


chosen an arbitrarily small o > 0, we can then find a 9 >í 0, such that | f (sois 
Wte) — A | «o, for every pair of values (0, ôs), where à and ô are indepen- 
dent of each other and satisfy simultaneously the inequalities | ô; | = <ô, | à; | = 

We shall now define the different kinds of limits for a function of three 
variables. In what follows the values z, y, and z are supposed to be dense at 
Lo, Yo, ANG zy, respectively. 


(1) We Bay that the limit lim lim lim  “(f/(a,y,2) exists if the 
L = Ly y — yo 9— 59 
following single limits exist: lim . f(a, y, 2) = F(x, y,%), lim F(a, y, %) = 


ms | y = yo 
F, (z, Yo 29), and lim F; (2, Yo; a) = Fr (% Yo) 20)» We call the limit lim 
£ — 29 l r = Wy 
lim lim f(x,y,z) the triple lemit. 


y = yo? = % 


(2) We ay that the limit lim lim f(x,y,z) exists, if the single 
e A HE 
| yg M1, ij 
limit lim * (x, y, 2) = F (x, y, %) and the simultaneous limit lim F(z, y, Zo) 
Z= % 0 — Dy 
| | | Y= 
== Fi (£o Yo, %), both exist. The limit lim lim f (x, y, 2) is defined in an 
f T$ UL My 
| | Y = Yo | 
analogous manner. Each of these limits is called a double simultaneous limit, 
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(3) Finally v we say that the limit lim f(z, y; g) exists and -— A, if 


T= m 
Y = Yo 
e 4 — £29 


having chosen at T a g 7 0, we can then find a à > 0, such that | 
| f (£ + ài, Yo + Ss, z à)— A | <9 


where à, ô, and à, are independent of each other.and satisfy dauen the 
| e [ð| Sð; [3 |< 8, [8s | <ô. The limit lim f(x,y,z) is called the 


g = tt 
PE © Y= 
simultaneous limit in three variables. | 2mm 


In any discussion of limits we must distinguish clearly between the value 
of a function at a point (a, Yo %) and the limiting value of the function as (c, y, 2) 
approaches (£o, Yo, %)- The former. is dependent simply upon the value of 
(25, Yo, Zo), while the latter depénds only upon the values of the function in the 
neighborhood of the point (a, Yo, %) and not upon the value of the function at 
(£o Yo, 2), as is apparent from the following example.. | 

Example.—Let f(x, y, 2) =£ + 9? +2? for all points excepting the origin, 
where the value of the function shall be unity. ' Then lim  /(z, y, 2) — 0, while 


di^ 
f (0,0 ,0-21. . | ^ 2-240 


2. Properties of simultaneous limits. —It is evident that we may let (x, y, 2). 
approach (£o, Yo, 2) in an infinite number of different ways, and, moreover, that 
we may let it do so simultaneously. We must therefore meet ihe gaston: a8 to 
whether we shall always obtain the same limiting value of the function if we let 
the variable approach the limiting value in different ways. The following 
examples show that different approaches may give rise to different values of the 
^ limiting function. In every ease we suppose that the approach is a continuous 

one. | n , 

| i B. x Let f(x, y, 2) = oe 
Now let x= 2t, y= =M At, so that c, y, and z will approach zero simulta- - 
neously; if we let t ‘approach zero. Then 


fü circi e (01 
(V AB 4-98-r168^- — 29° 
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so that in case of ‘this approach lim J/(z,y,2z)— —3$ Again let a=, 
EM | | —0 l 
'y = — t, and z= 2, so that RT ° 
P— P-— Af 2: 
f (e, y, 2) = = 


| PHE 3? 
so that lim f(a, y, z) = — B: | 
t=0 | | | | 

We see from this example that for the two different linear approaches in 


question we obtain two different values of the limiting function. In this case 
we can therefore evidently not say that the simultaneous limit lim'  f'(z, y, z) 


qc 
y -—0 
uc 


éxists. But even if we should obtain the same limiting value of the function 
for every simultaneous linear approach of (x, y, 2) to (£o yo, %), We cannot say 
that the simultaneous limit will exist, for it may be possible that we shall obtain 
other limiting values for approaches of higher order. This is illustrated by the 
following example. | 


r zy +2 
Example 2, | Let f (x, y, z) = uis ; 
Now let z = at, y = bt, g = ct, where a, b, and c may have any values whatever, 
so that this will give us any linear approach. Then we have 


bf + ct abt 
fing) ga a= aie 


so that lim f(x, y, 2) =—1, » which i is the limiting value for every linear eppronals . 
t= 0 
Now let æ = t, y = t, z = Ê, so that 


f+ a 
f (x, y, z) = d a oo, 





so that this quadratic approach gives us an infinite value of the function. 

The reason why we obtain different limiting values of the function in the 
. above examples is to be found in the fact that the limiting value of the function 
depends only upon the values of the function in the neighborhood of the point - 
(0,0, 0) and not upon the, value of the function at the point (0, 0, 0). We are 
now in & position to state and prove the following theorem. | 
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Theorem 1.—The necessary and sufficient condition that the simultaneous 
limit lim f(æ, y, 2) shall exist is that we always obtain the same definite 


LC — X 
y = Yo è 
2 =E Ly 


limiting value A of the function, no matter in what manner (x, y, z) gue 
(£o Yo, %) simultaneously and continuously. 
The condition is necessary, that is to say, if the simultaneous limit lim 


£= Ty. 
y = Yo 
z — % 


f(x,y,z) exists and equals A; then, no matter jos x, y, udi z approach (£o, yo, 2) 
simultaneously and continuously, we always obtain the same limiting value of 
the function, namely A. Let x = ¢ĝ (t), y = 4 (t), and z = y (t), where $, V, and y 
are continuous functions of . Then as £ approaches t, we have in the limit 
. lim $(-—49(&) —z lim 4 (t) = (t) — 9, lim z()-x(&)— 
t= t= ts t= ty 


Making these substitutions in the original function, we obtain 


f (s y, 9) =F (0, 90, x). 
Our conclusion asserts that lim [9 (t), «/ (0); x (t)] = A. 
t= 


Suppose that this is not so. In that case we can choose at pleasure a c 70 and 
can then determine a 9 > 0, such that 


|f [9 (+9), Hl + 8), xlt ò) — A17 e, © (1) 


where ô < à. But since $, v; and y are continuous functions of ¢, we have 


$ (&--3)—9 (4) + 9; = a + à, 
bet) 9) Yo + 9, 
% (to + ò) = H(t) + ôs = za + ôs, 


where 1l, |ó,], and |d,| can be made as small as we please by making 6 suffi- 
ciently small. We can therefore make each of the 4’s less than § which we do. 
Substituting these values in (1), we obtain 


| (x + diy Yo + Òn % +5) — Al >. | 
This contradicts our definition of a simultaneous limit, since |ô | X6, [3| S8, 
.|&|]€6. Hence the condition is necessary. 
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^. The condition is also sufficient. In this case we have 


lim [9 (2), V (t, x ©] = A, 
t= h 


+ 


and we must prove that — — | | 
| F (ds F à, Yo us à», Zo T ô — Á | < g. 


If this is not true we shall have 


| (zs + à; Yo + às, 20 Tied 


JI (4 + 43); V (4 t 6), x (fo + à) — Ale e, 

which contradicts the hypothesis. 

It was not necessary to express everything i in terms of then new parameter t. 
The substitution g = F(z, y), continuous in (a, y) together, and y= F, (x), con- 
tinuous in v, would have let us express everything in terms of æ, and the nature | 
of the proof would remain unchanged. | 

The theorem just proved is especially useful in enabling us to decide when 
the simultaneous limit does not exist, as is shown by examples 1' and 2 of this 
gection. | | 


Theorem 2.—If the simultaneous limit lim f fs y, 2) existe and equals A, 


. and hence 


D == Ty 
Yy — Yo 
a c fa 


then we must also have: ! 
(@) lim’ f(e,y,%)=lim f(e yy =li f(e y, =A 


© — xy © — Lp y — Yo 

y — Yo go My E 
(b) lim F(a, Yo; 4) = lim f (2, y, %) = lim PAC: Yo, 8) = 4. 

t= By y = Yo & —29 ) 


. Case (a). Let z =,F (æ, y) — « Then, since the simultaneous limit ` 


lim f(x, y, z) exists, we have (by theorem. 1), when we select the definite 
x — S 


Y= Yo 

Z = % 

approach 2 g-E (z, y) = | 
"Is vs Fes y) — —4|«c 

or | F(a, y, 9) — 4 | <a, | 
which proves the truth of the statement. In a like manner we prove the theorem 
for the Other limits. | 
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Case (b). Let y =y (t) and z= x (0), where V and y are continuous functions 
of t and where we also have 


"a v) — v) —9» lim z()—x(9— 
t= yo 
This, therefore, gives us a eres manner of approach, and since the inao 
limit exists by hypothesis, we have (by virtue of theorem 1) for this approach 
| | fz, (5), x] — 4| « a, 
Or T | f(&, Yo, &) — A| <0. 
This proves the theorem. The proof for the other limits is similar. 


. The converse of theorem. 2'is, however, not true, as is evident from the 
following examples. 


Example 3. Let f(x, y, 2) E rr l 


, In this example we have 


lim, oR en jim 70 a 


fmm 
| y= 0 : go o = = ^ 
but the simultaneous limit lim f(a, y, z) does not exist; for let y= g= mz. 
| q$-O 

Then we have  . z-—O0 
lim — lim mua)? _ m? 
g= 0 F PF “a6 + om : — 12m 
y=0 | 
a=) 


which may assume all values between 0 and 1 /3, a8 m varies from 0 to 1. 
AD 4. | - f (a, y, 2) PFF 
In this example we have | | | 


lim f(z, 0,0) —lim /(0,y,0) — —lim J/ (0, 0, z) — 0, 
£—0 © 9—0 3 


but the simultaneous limit lim f(x, y, z) does: not exist; for let y-—£-mmsg.: 
g-0 


97-0 
g —Q 
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" Then we have 


—lim 
ie, TA dm LE 
y= 
2—0 


for this approach. Again, d y =z= af, This approach gives us 


ge 
al WI p ) ES 21/8. 


£ 
y=0 


I, 


The simultaneous limit, therefore, does not exist by virtue of theorem 1. In this 
example we obtain the same limiting value for every linear approach, but not 
' for every other approach. This emphasizes the importance of examining all | 
possible approaches when we wish to see if the simultaneous limit exists. 

In theorem 2 we have shown that from the existence of the simultaneous 
limit in three variables follows the existence of certain single limits and also of 
certain simultaneous limits in two variables. We might, therefore, infer that in 
this case the following limits also exist: | 


(a) lim lim f(z, y, %)=lim lim: fia, Y, %) = lim lim  f(x,gy2)— | 


9-9. Y=Yo Y=Yo =T Vere Ly B—= Ry 
lim lim f/(a,y,2)=lim- lim f(a,y,z)=lim lim f(2x,y,2)= A. 
Z=% TE (0879, 9—5 l Z=% Y= Yo 
(b lm lim lim Jf(zsy,z)-—lim lim lm f(g, y, z) = ete. =A. 
o TT Y5Y 2—% QR Z—29 Y—Y M 

| (c) lim J (x, y, Zo + &) = lim f («, Yo £9; Z) = lim J (Xat 6g, y, 2), where E1, Es 
q—1g Wicca Y= Vo 
y — Yo 2 = Zo Z =Z 


and e may be arbitrarily small. This inference is, however, not warranted, as 
is shown, by the following examples. 


Example 5. Let f(x, y, 2) = 2 sin 1/ay. 


In this case we always obtain the same limiting value zero at the origin, no 
matter in what manner z, y, and z approach simultaneously to (0, 0, 0); hence 
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the simultaneous limit lim /(z, y,2) exists, by theorem 1. It follows from. 


a2—0 
7-0 
pes 


theorem 2 that 
lim. f(x, y 9m fle, 0, 2) = lim fi 9,4, =0, 
v= 0 g—0 | y= 
y= ^^ g=0 | 2250 
and also that 
diio lim f (z, 0, 0) = lim f (0, y, 0) = lim F(0, 0,2) = 0. 


e==0 y=) 2—0 
But the limits under (a) do not exist, for lim lim z sin 1/ry has no meaning. 
g-—O0gy-—0 


The same example T shows that the limits under (b) need not exist, for 
lim lim lim g sin 1/zy has no meaning. The existence of this limit would 
g—0 g-0 y-0 l l 
namely imply the existence of ilis limit lim. lim 2 sin 1/æy. This, however, 

=0 y=0 | 

does not exist, for if we let 2— 2, then the limit -— -— z. Bin = may assume 
any value between +2 and —2. This example therefore shows that the exist- 
ence of the simultaneous limit in three variables is not sufficient for the existence 
of the limits under (a) and (b). In the following example none of the limits 
under (c) exist. 


Example 6. Let f(x, y, )==a sin ify s gin 1/2. 


Here the simultaneous limit lim f(x,y,z) exists, but the limit lim lim e sin 1/y 
, A moll l y=0 z=0 
y=0 x 
g —0 


sin 1/z has no meaning, since it may assume all values between + e and - —E, 
The converse of theorem 2 is also not true, that is, the simultaneous limits 
lim /f(x,y,z), lim f(x,y,z), etc., may exist for-every z, y, and z, respectively, 
Bt = 0 Y= 
y — Jo 2 29 
in the neighborhood of I. Yo, 2), Without necessitating the existence of the 
simultaneous limit in three variables. Likewise the single limits lim /(a, y, 2), 
! gas 
etc., may exist for every pair of UM (x, 9), (x, 2), (y, z), in the neighborhood 
33 . 
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(Xo, yo, Zo), while, PE T the simultaneous limit in three variables don not 
exist. We show this Py: means of the following example. 


Example 7. Let f(z, y, 2) = 3 


The following simultaneous limits exist: 


T HE syz B 
lim fuac a ll when z — 0, 


eal i= 
lim — LUE th, hen Ó. 
md d d sate when z £ 
49 e 


We see at once from the symmetry of the function that the other Bimultaneous 
limits in two variables also exist and equal zero, but nevertheless the simul- 
taneous limit in three variables does not exist, as has already been shown. ‘In 
the case of this example the single limits also exist and are all equal to each - 
other, namely, | 


hm f(x,y, Lgs E = 0, when y= 0 and z = 0, 
$0 | = 


lim feya lim E 3 = 0, when y= 0 and z F 0, 


g= 


lim f (2, Y, 9) =" PISIS 0, when y # 0 and z+ 0. 
o g-O0. : x= 0 
From the symmetry of the function we see that the other single limits also exist 
and equal zero, but the simultaneous limit in three variables does not exist, 

In theorem 2 we have deduced the existence of certain limits from the 
‘existence of the simultaneous limit in three variables. The following theorem 
takes us a step further. | | 


Theorem 3.—1f the - simultaneous limit lim f(z 2, y, z) exists and equals 4, 
x= Dy 
y — Yo 
Z = 2p 


-— 


. Hence 
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and if also 
lim f(x,y,z) exists for every z in the neighborhood of %, 
<I To l 
Y — Yo , : = 
lim f(z, y, z) 12200 | (t y 12 íí Yo 
£ = Ip l 
(£L % El 
lim . fi c, y; z) «4 <¢ a (4 , éi | Zo, 
Y = Vo 
2 = h 


then we have 


lim /(z,y,—lim lm (/(2,y,2) "-— lim f(x, z) lim hm. f(z,y,z)—4AÀ. 


L— Ly T= To Y= Y © YY $—15 g—£29 T= T 
Y=Yo l Z By 2:— 29 B =No 
2 — 2 E ; 


Since by hypothesis the simultaneous limit in two variables exists, we have - 
lim f(x, y, 2) = F(a, yo, 2), where however (a, yo, z) need not equal f (2, y», 2). 


L—= Ly 


y — Jo 


|F (æo Yo, 2) —f (ay + 81; Yo+ 82, I<, (1) 
for every z where m<2<%-+ à; and |8,| £[8], |à| S|8], |85| £|8| simultaneously. 


Since, also by hypothesis, the simultaneous mat in three variables exists and 


equals A, we have 
| f (to +51, Yo + 0s, z | — 4| « e, | (2) 
for every value of z where aS + Sy. and|o|S|6|,[o [<l], le'l = || 
simultaneously. Now let |8| <18], |ô] E | 9 ,], l< |; then we hav 
| f (o + à Yo + 83, 2) — A] «e, | (3) 
for every value of z, where a RE Z-+- ð We may therefore add (1) and (3) | 
and thus obtain | 





|F (2, DE )—A| « 26, 
for every value of z, where WL zL% +ð Hence 
lim F (2, Yo 2) = A; 


z == s 
and therefore ~ —— lim lim /(z,y,z)— A. 
Ly, QT 


y =Y 
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In a similar manner we can prove that each of the other limits in question 
equals A,.and since all these limits are therefore equal to 4, it follows that 
the theorem is true. 


Theorem 4.—If the simultaneous limit in three variables exists and equals . 
A, and if also 
lim f(x, y, z) exists for every, pair of values (y, 2) 
QUU EE | in the neighbor-- 
lim F(a, y, z) ct ve (t ee E (x, z) isod of 
y — Yo j 
lim Jeya " " ©  "  " (gy)| ont 
Z -— 85 ! 
then we may also interchange the order of limits and have — | 
lim  f(z,y,z) —lim lim  /(z,y,z)-—lim lim f(z, y,2)= ete. = Á. 


on d— Z E Zy X= Ay ! qj — Ly Z = Z% 
y = Yo m Ed A Y= y | 
p dec 


The proof of this theorem is similar to that of discern 3. Since by hypo- 
thesis the, single limits exist, it follows that lim f(z, y, z2) = F(a, y, %), for 
Z — fi 

every value of (æ, y) where mE S and y, «y Sy t ds, and |4,|x [3], 
DES |a | or Hence 2 0E 

LP, y; %)—F (a, y, % + lo, 180518]. . Q) 
Since, furthermore, the simultaneous limit i in three variables exists and equals A, 
we have | 
fs y; ato) — AlKo - 7 (9 
for the same g and every value (a, y) where ay < æ < æ + 9; and y, < Y € Yot 95, 
and |5,|—]8],|9,|— |8],;]80,| — | 8], simultaneously. Now let |0,|— [8], 
[9,4 | —8,|,|95| —]8,|; then (1) and (2) will hold for the same os, and v we may 
therefore add these inequalities and obtain 

| F(x, y, w) — A| < 26, 

for every value (a, y) where ig «7 © St + à, and yy< y S yo-- 9, and where 


5, >>0 and å >0. Hence 
lim LG 4, 2) = 


qj = Dy 
! "M WU 
` and therefore, lim lim f(z y, )- = 


Qj — Wy B= h 


Y = Ws 
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In a similar manner we establish the truth of the other limits and our theorem 
is proved. | 


3. Regular Points. Oscillation of a Function at a Point.—In the preceding 
‘sections we have been interested only in the question of the existence of 
the simultaneous limit in three variables at the point (zo, yo, %), but we 
have not said anything about the value of this limit. It was pointed out. 
that the value of the limit depends only upon the value of the function in the 
neighborhood of the point and not upon the value f(a, Yo %) of the function at 
the point (zy, jo, %). Now it may happen that the value of the simultaneous 
limit equals the value of the function at the point, that is lim (f(z, y, 2) 


d cS 2 
y — yo 
008 Ey 


= f (£o Yo) *). In this case we may say that the function f(x, y, 2) converges 
. regularly for the value (a, so, %), or, in the language of geometry, that (25, yo; Zo) 
is a regular point of the function. It is evident that at such a point the function 
.18 continuous in all three variables taken together, forthe condition lim (f(z, y, z) 


C= fp 
Y= Yo - 
g=% 


— f (a, Yo, %) is exactly the condition that f(a, y, 2) is continuous in all three 
variables taken together. It follows at once from theorem 2 of section 2 that, if 
f(x, y, z) is continuous in all three variables taken together, then it is also con- 
tinuous in any two of the variables taken together, and is also continuous in each 
variable by itself. The converse of these statements is however not true, as is 
seen from examples 3 and 4 of the preceding section. 

If the simultaneous limit in three variables does not exist at the point 
(zo, yo, 29), then we call the point an 4rregular point of the function. For any 
continuous approach of (x, y, z) to such a point, one.of two things must happen. 
In the first place we may obtain two different limiting values of the function for 
two different simultaneous approaches of (a, y, 2) to (xo, ys, ^). In this case 
we say that the function has a discontinuity of the first kind* at (a, yy m). Ex- 
amples of such functions have been given in the preceding section. In the 
second case we may not obtain a definite limiting value of the function at all for 
any simultaneous approach of (a, y, z) to (2e, Yo, %). In this case we say that the 


* Cf, Dini: Grundlagen für die Theorie der Funktionen einer.veründerlichen reellen Grösse; page 51. 
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function has a discontinuity of the second kind* at the point (a, js, 2). Thus 
the function sin 1/æ +sin1/y + sin 1/z has a discontinuity of the second kind at 
the origin. At such a point the function may be continuous with respect to each 
variable alone or with respect to any two of the variables taken together, though 
it will not be continuous with respect to all three taken together. 


.— Oscillation of a Function.—Let us construct a sphere of Mim. p about 
thé point (a, js 4), and let us denote the upper and lower limits of the 
values of the function within this sphere. by M and m, respectively. We 
then call the difference M — m the oscillation of the function f(a, y, 2) 
within the sphere with respect to (a, y,z) taken together. The limit of 
the oscillation, as p decreases indefinitely, we define as the amount of the 
discontinuity of f(x, y,2) in (a, y,2z) together at. the point (zs Yo Zo) 
If, therefore, M— m = k, then lim =% is the amount of the discontinuity of 

p=0 . 
f(a, y, 2) in (a, y, 2) together at (£o Yo, %), or simply the (a, y, z) discontinuity 
of f(x, y, Z) at (£o yo, %)» From the definition follows at once that at a regular 
point the limit of the oscillation, as p decreases indefinitely, is zero and conversely, 
if at (£o Yo, %) lim A=, then the point is a regular point. If, however, 
 p=0 

lim kÆ 0, then the point in question is an irregular point. N ow we have just 
p= 0 

seen that we may have two kinds of jue: dis points. In future we shall always 
calllim % the amount of the discontinuity in each of the two cases. The Ger- 

p=0 

mans call this “Sprung”. 


Example 1. Let f(x, y, 2) = " n e where f (0, 0, 0) — 0. 


This function 18 continuous in each variable alone at the. origin, but the limit of 

the oscillation in all three variables taken together is 1/3 at (0, 0, 0) ;:hence the 

funetion is discontinuous with respect to (a, y, z) taken together at this point. 
Example 2. + Let f(a, y, 2) Sora where f (0, 0, 0O)=0. - 


This function is continuous in each variable by itself at (0, 0, 0), but it has at | 
this point an infinite discontinuity in all three variables taken together. 


* Cf, Dini: Grundlagen für die Theorie der Funktionen einer veründerlichen reellen Grösse: page 51. 
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4. ha of the Order of [amits——In investigating certain questions, 
such as the interchange of the order of differentiation and integration, it 
is very necessary to know under what conditions we may interchange the 
order of sequence of the double and triple limits to be considered. In the 
case of a function of two variables it is only necessary to investigate under 
what conditions lim lim f(x, y)-lim lim  /(e, y) In the case of a 

QOL Ly Y — Yo | Y — Yo T — 29 
function of three variables, however, there are six possible cases, but there is ` 
considerable similarity among these, so that we need not give an extended 
proof in every case. For the sake of convenience we shall always take the 
origin as the critical point, which we may do without loss of generality. 


Case 1. The necessary and sufficient condition that 
lim: hm f(a, y, z) — lim lim f (e, y, z} =A 


x= 0 y =0 y 02-0 
| g==0 > |g-—0 

is that | 

(1) lim f(a, y, 2) — $ (x) exists for every x Æ 0, 
y—0 . | | 
g —0 
lim /f(z, y, 2) — (y, z) exists for every y= 0 and every z -E 0; 
v= 0 

(2) lim (y 5-4 
y —0 
2 —0 


(3) that there shall exist a set of pairs of values (y;, 2,), dense at(y — 0; z— 0), 
and corresponding to each pair (y; 2,) for which the absolute value | / (y; 4- 2;) | <r, 
where 7 > 0 is some fixed quantity, there shall exist an interval (0, à; ,) greater 


than zero, which may however vary with (y; 2,), such that for every value c of 
this interval we have 


| F(z, Ji 2,) TN woz 9, where 0 «o Sd, k; 
and c is an arbitrarily small positive number. 
Considered geometricaMy we wish to determine the conditions under which 
the limit taken along PEO will'equal the limit taken along PAO (see figure 1). 
The geometrical interpretation of conditions (1) and (2) is at once apparent 
from the figure, Condition 3 asserts that corresponding to every point within a 
circle of radius r about the origin in the YZ-plane there must exist an interval 
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ô, x = O'R = OR, such that the value of the function -at any point of OR shall 
differ from the value of the function at any point of OX by aa little as we please. 
Proof. We shall first show that the condition stated is a necessary condi- 
tion, hence our hypothesis is li | | 
lim lim f(a,y,2)=lim lim f(g, y, 2) — A. 
$-—0gy-—0 . y=0 x-0 ! 
g = 0 2-—0- 





If this is so, then we have at once 


Oa) lim f(z, y, 2) = 9 (2), when #0, 
z= 0 . | 
lim f(a, y, z) — (y, 2), when y zE 0 and z£ 0; 
rece 
(2) . lim d(y,2)=A,andlim (x)= 4; 
| y= 0 g--0 , 
Dee | 


so that the first two conditions of our theorem are fulfilled. Now, since 
lim $ (x) — A, we can choose an arbitrarily small c > 0 and can then find a à 
qc == 0 : 

greater than zero, such that 


o (2) — A) < 1/80, where 0< 2X3. | (a) 
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Since we also have lim ELT g) = A, we can choose the same c dt can then `’ 


y —0 
g —0 
' determine a 0; 7» 0 and a 6, *» 0, such that | 
| A — v (yo 2) | « 1/30, where 0. y £6, and 0 2€ 6,. . (b) 
But we have also lim — (z, y, z,) —« (y; 2), hence with the same c we can 
_ $0 | 
determine a òn x > 0, such that l 
lb (Yi, Zp) — f(a. 1 Ji 2,)| «1/30, where 0 < z $6, x D (c) l 


Now let ô, be the smaller of the two intervals à and 5,,, and add (a), (b), and 
(c). We then obtain 


lp (x) —'( T, Yi %) |< e, — — n 


and this holds for every y, and z, different from zero; hence it will hold for a set 
of pairs of values (y, z), dense at y = 0, 2 — 0, which proves our assertion. 

We must now prove that the condition is also sufficient. We suppose there- 
fore that the conditions (1), (2), and (3) of the theorem hold. From condition 2 
follows at once that, having chosen an reel small a >.0, we can determine 
a 0, >0 and a 0, > 0, such that — 


| (y %)—A|< 1/80, where — P and 0< n, C Op, (a) 
From condition (3) follows that, payne chosen. the same c, we can find a à, , 7 0, 
such that 


3 


|p (x) — (e; Yn %)|< 1/36, where 0< eA. (5) 
and where (y; z,) 18 & pair-of values of our set. From condition (1) ¥ we finally 
have that for the same c, we can find a ô >0, such that 


If (2, y» Zz) — V (y 2) | < 1/36, where 0 «c eS. (c) 
Now let à, , be the smaller of the two quantities ô and à; ,, and add (2), (5), and 


(c). We thus obtain 
14 (2) —A|«« c, where 0< 2 €, ,. 


Hence lim (x) =A. But we have by hypothesis that $ (2) = lim / (£, y, 2), | 


| "m | | g = i 
hence lim lim /(x,y,2)== A, which proves the theorem. 
2=0y=0 
60 


34 
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In the above theorem no mention was made of the simultaneous limit in : 
three variables; in fact, the theorem enables.us to decide when we can inter- 
change the order of sequence of limits. even when the simultaneous limit in 
three variables does not exist. 


Example i. ^ Let f(æ,y,2) E RUIT whero fi 0,0, 0) =0. 


Here lim lim 75 mat = pee and lim lim Fr ET M! the 


x=0 y=0 y=0 x-—0 
g =0 z —Ü 
simultaneous limit lim /(z,y,2) does not exist. 
x—0 
. y= 0 
g= 0 


Case 2. The necessary and sufficient condition that 


lim lim f(æz;y,z)=lim lim /f(s,y,2)—4A 


) 


$-0g-—0 y=0 «=0 
z —0 g —0 
is that | 
(1) lim f(x,y,z) — $ (x) for every x 0, 
l y=0 : , . 
z= 0 
lim f(x,y,z) = 4 (y) for every yÆ£ 0; 
w= 0 
. 8 =0 
(2 lim 4(y-—4À 
4 7—0 ! 
(3) that: we have a set of values Ji Yo) Ys, e dense at y = 0, and corre- 


sponding to each y, from some y on a region (0&2 X&,, 0< 2S 0",) of area 
different from zero, which may however vary with y,, such that 


| (m, Yn 2) — (2) |<, where 02 X9, and 0 C 2X W^. 


Considered geometrically, we wish to determine the conditions under which 
the limit along PHO equals the limit along. PDO (see figure 3). The geomet- 
‘rical interpretation of conditions (1) and (2) is at once evident. Condition (3) 
asserts that the value of the function at any point of ROTU shall differ from 
the value of the function at any point of OG by as little as we please. 
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Proof. The proof is similar to that of case (1) ‘The condition is neces- 


sary; forif © | 
lim lim /(s,y,z)-lim lim f(z, 5274, 
e=Oy=90 -` y=O0e=0 . 
Zz == 0 58 —0 


then surely conditions (1) and (2) must hold, and we shall have 
| lim lim (z,y,z2)-lhm. (x)= 4A 
v= 0 3-0 v= 0 
E 0 





Hence we can dhigóse at pleasure à positive number c and can then find a 87» 0, 
such that 


Since lim 4 (y)=4, we can take the same c and can then find a 07 0, such that 
y -—0 | 
‘as v (ys)| « 1/30, where 0c y. E, (b) - 
where y, belongs to our set. aic since lim 7 (£, Yn, 2) = (Ya), we can take 
; A yore 
B ia ; 


the same c and can then find a à, 7 0 and a 9", > 0, such that | 
Hu) — f (y, 2) |<1/80, where 0a Z9, andO«zEZ9S.,. ^ (c) 


| Je)—A]« 1/30; where baa | (a) 
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Let y. be the Besser of the two numbers ô and d'p. We can then add (a), (b), 
and (c), and obtain | | | 
|p (x) —f (: (2, Yn 2) |<, where 0m EO. = 1< 258, | 

for every x and z within the region. 

_ The condition is also sufficient; for we have from (2) that, having chosen an 
arbitrarily small c > 0, we can ihen find a 0 7» 0, such that | | 

| | (y) —A|« 1/80, where 0 y, € (a). 
where y, belongs to our set. From (1) we have that with in same o we can . 
: determine a ð and a à", each greater than zero, such that | 

|f (my. 2) — Gu) 1/30, B EO 
where 0<a<§ and 0 z<", and y, is some number of our set. Finally we 
| have from (3) that with the same o we can find a à', 7 0 and a ae > 0, such that 
| 19 (2) —f (2, y, 2 | 1/30, o (e) 
where 0 «co €, and 0<2<8",. Suppose now that J, < 8! and E « à. We 
can then add (a), (b), and (c), and thus obtain 
l | lo (x) —A|«Co, where 0 z ES, 

and. hence it follows that lim $(z) — A. From this we have at once that 


v = 0 
^» lim dim fi (x, y, 2) = A, which mee the theorem. 
t>o y=0 
z —0. 


Case 3. The necessary and sufficient condition that | 
| lim lim /(z,y,z)-—lim lim f(a,y,2)= A, 


y 02-0 l w = 0 y = 0 
2 = 0 l z= 0 
is that. | 
(1) lim f(x,y,z) = (a, EI MESIOUUUS ENDO DCINN 
l y= 0. 
lim fla, y,2) =b(y,2), whore ys 0 and 234 0; 
“20 
(2) lim t o9) 5j 
y= 0 
mc 


(3) that we have a set of pairs of values (Ys, 2) dense at y==0, 2— 0, and 
corresponding to each pair for which the absolute value |v (y? + 2)|<7, where 


i 
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r is some fixed positive number, an interval Ô: x different from zero, which may 
however vary with (y,,2,), such that ' | 
| F(a, Ya 9) — 9 (9,2 | «o, 

| where 0< z$&06,, and 0< z&z,. 

Considered geometrically we wish to determine the conditions T she 
. the limit along PEO will equal the limit taken along PAO (see figure 3). The 
geometrical interpretation of conditions (1) and (2) is at once apparent from the’ . 





Fic. 3. 


figure. Condition (3) asserts that the value of the function at any point of 
à, — O'G shall differ by as little as we please from the value of the function at 
any point of OHIK, boundaries excluded. The proof in this case is PEPON 
analogous to that of cases 1 and 2 and is therefore omitted. 


Case 4. The necessary and sufficient condition that 
lim lim f(e (m, y, z 2) —lim hm  f(z.y,z)-— A, 


y -—05$—0 -= © 9g—0 $—0 
z —O0 g —0 
is that | | 
(1) lim — f(z, y. 2) — $ (y), where y £0, 
x = 
z —0 | 


lim f( ds qum whore y 0 and 2340) 


a —0 
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(3: dim (y 2) = 4; 


y = 0 ! 
20 
(3) that there exists a get of pairs of values (yo, 2x) dense at y = 0,2 = 0, and 


corresponding to.each pair of values for which | «/(y}+ 22)|<7, where r is some 
fixed positive number, an interval (0, ô, ,) different from zero, which may how- - 
ever vary with (y, zx), such that 


l Ip (y)—f (x, Jo 2) | < 0; where 0< a à;, ke 
Geometrically we are to determine the conditions under which the limit 
taken along PDO shall equal the limit taken along PAO (see figure 4). In this 





Fra. 4. 


case the proof is exactly analogous to that of the three preceding cases and is. 
therefore omitted. - | RS 
These four cases are those that involve both simple and simultaneous limits 
in two variables. We have still to consider the-cases which involve only simple 
limits. Here we have two possibilities. 4 | 


Case 5. The necessary and sufficient condition that | 
lim lim lim f(#,y,2)=lim lim ^ lim f(z, y, z)= A, 
e=0y=02=—0 g—0 y=02=—0 | 
is. that | | 
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‘Now let 9, be the smaller of à, and 3. then we obtain by the addition of (a), 
(5),.(c), and (d). 

|i) — A| <a? where 0< Sb, OS YS yy 0 Xa. 
Hence lim (x) = A, and therefore 
qt l 
lim ` lim (a, y) = lim lim lim f (e, y, 2 z) = Á, 
c —0y-0 $-—0g-—0z-0 


which proves the theorem.. 





Fie. 6. 


Case 6. This is the last possible case where we have to determine the 
conditions under which the limit taken "—- PBEO equals the limit taken 
along PCEO (see figure 6). 


We are to find the conditions under which 


lim lim lim f(a, y, z —lim lim lim F(a, y, 2) = A. 
x<=0y=02=—0 a=O02=0 y=0 


It is at once evident that this condition is the same as is the condition that 


lim lim f(a, y, 2) = lim lim - f(a, y, 2) for BS Dp. 
y=02=0 z=0 y=0 


It is therefore à question of simultaneous limits in two variables which we state. 
a | ! | | 
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The necessary and sufficient condition that: 


lim lim f(a, y, 2) z) = lim lim f (a, y, 2) = F (a), 
y 02-0 z=0 y=0 | 


+ 


for every « different from zero, is that for every such x we have 
(1) lim f(a, y, 2) = (a, y), where y£ 0, 


g-—0. 
lim J (c, "x = 4} (x, z), where 20; 
y = — _ - 
(2) lim "hi g)zsJ (e) 
| £=0 
. (3) that for every such z there shall exist a set of mbere Yis Yay Js o: 


dense aty = 0, and corresponding to each y of the set an interval (0, ô), aun. 
that 
|e (x, y) — F (x) | « e, where 0 2€ ô. 


CHAPTER II. 
PROPERTIES OF FuNOTIONS OF THREE VARIABLES. 


5. Continu.—ln the case of a function of three VRBE we may have 
three different kinds of pud | 

(1) The function f(x,y,z) may be éontinuous in: each variable alone. 
That is to say, if we consider any two of the variables as constant, the resulting 
funetion of the third variable may be continuous in that variable alone. 

(2) The function /(z,y,2) may be continuous in two of the variables taken 
together. For example, if z is supposed to be constant, the resulting function of . 
‘gz and y may be continuous in (x,y) taken together. We say then that the func- 
tion is continuous in two variables taken together, if the simultaneous limit 
lim /(#,y,%) exists and equals the value of the function at the point in question. 
v — Ly 
y = Yo | | | 
(3) The function f(x,y,z) may be continuous in all three variables taken 
together. We define this as follows: If about the point (ap, Yo 4) we construct 
a sphere of radius p and denote.the oscillation of the function within this sphere 
by k, and if we then have - | | 

"d lim A- 0, 
p=0 
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then we say that f(x,y,z) is continuous in all three variables taken together at 
the point (zy Yo, 7). As we have already seen in section 3, the point (ap, Yo, %) 
is in this case a regular point of the function. We may therefore also say that 
J (x, y, z) is continuous in al? three variables taken together at (£o ys 2), if the 
simultaneous limit in three variables lim f(x, y, 2) exists and equals / (as, yo, %)- 


DL mmm Cg 
y = Yo 
2 — fay) 


Points at which the limit of the oscillation, as p approaches zero, is different 
from zéro have already been defined as irregular points. We may also call them 
points of discontinuity. The value of the limit of the oscillation Æ as p 
approaches zero we shall call the amount of the discontinuity. - It is at once 
evident that if the function is discontinuous in any variable alone or in any two 
variables taken together, then it cannot be continuous in all three variables taken 
together. It is also evident that if the function is continuous in each variable 
alone, or if it is continuous in any two variables taken together, then it does not 
follow that it will be continuous in all three variables taken together. This is 
shown in some of the following examples. 


Example i. Let f(x, y, z) = ISI where /(0,0,0)=0. 


At the origin this function is continuous in each variable alone and also in any two 
of the variables taken together, but it is not continuous in all three variables 
.taken together, for the simultaneous limit lim — f (x, y, z) does not exist. 


. w= 0 
yc 
| 08-0 
Example 2. Let f(x,y,z) = 2 where /(0, 0,0) — 0. 


At the origin this function is not continuous in (x,y) taken together, but it is 

continuous in z alone, since when x=0 and y--0 we have lim ay/z=0. 
— 

But when «#0 and y= 0, then lim ay/z becomes infinite. Hence the 

function is not continuous at the origin in all three variables taken together. 


Example 3. Let f(x,y, 2 = — 3j 





where f(0,0,0) —1. 
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At the origin this function is continuous in (x;y) together, for when z= 0, 
lim f(x, y, 2) AA ,0). When, however, z= 0, then lim f (a, y, 2) = — 1. 
g= l y= 0 

y= | , y-0 

Hence the function is not continuous in z alone and it cannot therefore be con- 
tinuous at the origin in all three variables taken together. 


Example 4. Let f(x,y, 2) = where /(0, 0,0) = 0. 


TY y zy 4-2" | 
- This function is continuous at the origin in all three variables taken together, 
for the simultaneous limit lim, f(a, y, 2) = 0. 


z—0 
y —90 
Piet 0 EE 


.In all of the above examples we have dealt only with the continuity of a 
function at a point. In the following section we shall study the question of the 
continuity of a function in all three variables taken together throughout an — 
entire region. | | 


6. Continuity of a Function Throughout a Region.—In this and the next 
section we take up theorems that have to do with functions which are continuous 
throughout a region. We shall always assume that the function is singly deter- 
minate throughout the region, but for the present at least we shall not consider 
the behavior of the function on the boundaries of the region. We, therefore, 
define our region as follows: | 

a« z« B, a« y b, n te te | 
It is not always necessary to consider all values of z within the above region, 
but it is sufficient for many purposes to take into consideration only a set of 2’s 
which is enumerable and dense at z==z. Unless, however, something is said to 
the contrary, we shall assume that 2 takes on all values of the above interval. 
With this understanding we now proceed to prove the following theorems. 


Theorem 1.—If the function f (a, y, z) is continuous in two variables taken 
together and in the third variable alone throughout the region above defined, 
and if (zw Yo, %) is any point of the region, then we have 


lim lim /(zy,z)-—lim lim jf(w,y,z)—lim lim f(a,y,2)= 


LE Xo 2 =Z £M E  . CE X Y=Yp 

Y=Y — | Y= $T | 

lim lm /f(x,y,2)= = lim . lim f(z,y,2) =lim lim f(x,y,z) — f (xp, yo, %)- 
Y=Yo V= T Y=Yo =T (008g Y= 


Z = Z 2 — g =% 
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Since "T c, y,2) is continuous in E y) taken together, we can consider z as 
constant and shall then have 


lim f(x z, y, 2) T Yo, 2); 

T = To 

y — Yo | n 
and this will hold for every z of the interval ~<2<2,. But we have by 
hypothesis that (2, ys, Z) 18 continuous in z alone, when we consider z as 
variable, and hence | 

lim f (2, Jo à =f (t, Yo 2o)- 
This gives us k | | 
lim lim F X y; z) = lim f (ao, Jo ®) = f (2o, Yo) 25), 
g LZ T= To 2 = Zo 

Y = Yo | 

which proves our theorem for this case. The other cases are proved.in a similar 
manner. 


Theorem 2.—If the fünction f( (s. ,y,%) i8 continuous in each variable alone 
throughout the region above defined and if (ap, Yo %) is any point of the region, 
then we have lim lim lim E (Œ, y, 2) = hm lm lim /(@,y,2= 


| go = 2o Y= Jg 2 =E &H Se A Mor. n 
lim lim lim /(s,y,z)—lim lim lim f(z,y,2)—lim lim lim /f(»,y,z)— 
Y= Yo T— To 2—89 Y =Y 2% L= Xp z= C= My Y= Yo 


pes Zo Y = Yo € — Xo | 
The proof is similar to that of iowa 1. Let us first consider w and y as 
constants; then, since the resulting function of z is continuous in z, we have 
dim f(x,y, 2) = f (2, y,%), 

Z = By | 
and this will hold for every x 5 y of the respective intervals. But we have 
also by hypothesis that /(a,y,%) is continuous in y alone, and hence if we 
.consider # as constant, we shall alis 

hm: f y, 2) =f (x V, Yo, %), 
y = Yo 
and this will hold for every æ of the tss acd Finally, since / (2, Yo, 2) 
is-continuous in x alone, we have 
| lim f (x T, Jo; 7o = f (Xp, Yo) ih 
T == Dy : 
. Which proves our theorem for this case. The other cases are proved in a like. 
manner. ` | 
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Theorem 8.—1f the function f (x, y, z) is, throughout the region o, « v «, D, 
G« y« b, WLL Za continuous in x alone, y alone, and z alone, and if 
we have a set of values (a, y,2) everywhere dense, in at least a part of the 
given region, in such a manner that they shall*be dense at (a, y, %) along 
the lines c = æ y = Yo Z= %, where (a Yo, %) 18 one of the limiting points, 
and if we let (a, y, z) approach (2,554) through this set of values in such a 
manner that no two of the variables vary together, then we always obtain the 
limiting value f (zo, yo, %). Moreover, if we choose a second set of values (a, y, 2) 
which shall be everywhere dense in the same subregion, and dense at (a, yo, 2o). 
along the lines «= a, y = Yo 2 = %, and let (x, y, 2) approach (a, yo, %) through 
this second set of values, then we obtain the same limiting value U (Xp, Yo Zo) 
as before. 

The proof of this theorem follows from the fact that the limiting value of 
the function f(x, y, 2) at the point (£o Yo, %) depends only upon those values of 
the function in the neighborhood of (2, Yo, %) through which the function ` 
approaches its limiting value. Since now by hypothesis no two of the variables 
x, y, and z, are to vary together, the function f(x, y,z) must eventually approach 
its limiting value in such way that two of the variables will be constant, for . 
example æ = x, and y= yo Then f(a, so, 2) is a continuous function of z, and 
hence we obtain the same limiting value f(a, yo, Zo), no matter through what set 
of points z approaches a. This proves our assertion. In a like manner we can 
prove it for the other cases. | 


7. Continuity of a Function. — (Continued )—In this section we shall con- 
sider the number and the nature of the points within a given region, at which a 
_ function. of three variables is continuous or discontinuous in all three variables 
taken together. As before, we shall not consider the behavior of the function 
on the boundaries of the region. 


Theorem 1.*—If the points, at which the discontinuity of f(x, y, z) in 

- (m, y, 2) taken together is greater than or equal to a given positive number o, 

become dense at (£o, yo, %), then f(x, y, z) is discontinuous in (x, y, z) taken 

together, also at (a, Yor Z), and the ( (a, y, 2) discontinuity at (Xo, o, Zo) 18 premen 
than or equal to o. ` 


* Of. Schoenfiless : Goettinger Nachrichten, 1899, page 187. 
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In order to prove this theorem we need the following facts. If about the 
point P as center we have a sphere of radius p, then, as before, we denote the 
oscillation of the function within this sphere by & and the limit of the oscillation 
| as p approaches Zero by k. If now & is some positive number greater than Z, 
then it is evident that we can find about P some sphere within which the oscilla- 
tion % of the function is less than #’. On the other hand, if # is some positive 
number less than #, then we cannot find any sphere about P, such that within 
this sphere the oscillation & of the function is less than X. 


This being established, we can prove our theorem without any difficulty. 
Let Pi (2, yi 2), Ps (23, ys, æ), ---- be aset of points dense at Py (2%, Yo %). 
Suppose now that the theorem is not true. If now we construct about P, as 
center a sphere of radius p, then the limit k! of the oscillation of the function as pc 
approaches zero will be less than c. We can now find & positive number o' . 
satisfying the relation W< o'< c. From the facts given at the beginning of the | 
proof it therefore follows that we can find some sphere of radius r about P,, such 
that within this sphere.the oscillation £ of the function is everywhere less than o". 
. This sphere will surely contain some points.of the set P,, P, P, .... since 
these points are dense at P, Let P, be one of the points within this sphere. 
Then at P, the limit # of the oscillation of the function is less than o', that is, it 
is also less than c, which is contrary to the hypothesis. Hence we are led to a. 
contradiction, and the theorem must be true. ' 


We next define what we mean when we say that a function is pointwise dis- 
continuous. In this we follow Schoenfliess.* 


If a function f(x, y, z) is discontinuous in (x, y, z) taken together at a finite 
or an infinite set of points, but if at the same time it is continuous in (æ, y, z) 
taken together at a set of points that is everywhere dense in the region in ques- 
tion, then we say that the function is pointwise discontinuous in (a, y, z) taken 
together. | 


Theorem 2.*—The necessary and sufficient condition that a function 

f(x, y, 2) is pointwise discontinuous in (v, y, 2) taken together is that the points 

at which the amount of the (qa, y, z) discontinuity 1 is greater than or equal to c 
are not everywhere dense in any subregion. 


* Cf, Schoenfiless: Jahresbericht der Deutschen Mathematiker-Vereinlgung. Band 8, (1900), page 128. . 
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The condition is necessary; for if the points at which the limit # of the 
oscillation is greater than or equal to o are everywhere dense in any subregion, 
then the limit &' of the oscillation would be greater,than or equal to o also at the 
limiting points, hence this limit %’ would be greater than or equal.to o at every 
. point of the subregion, which is contrary to the hypothesis. 

The condition is also sufficient; for let us choose a set of positive quantities 


4 91 94 exa rU ess 
where | lim — o, — 0. 

N= o 
Corresponding to each of these quantities o; choose a set of points P, which shall 
. not be everywhere dense 1n any subregion, and such that at each of the points of 
| P, the amount XW of the (a, y, z) discontinuity is greater than or equal to c, 
where it = 1, 2,3, ....,3, .... We thus obtain a sequence of sets of points 


P,, Py Pe, Pa, 2 P; Car ee 


Each of these sets certainly contains all of the points of all of the preceding sets. 
Now, since by hypothesis the points P, at which the amount E of the (a, y, z) 
discontinuity is greater than or equal to c; are not everywhere dense in any sub- 
region, it follows that the points at which # < c; must be everywhere dense in 
every subregion, that is. to say, in the whole region. We wish to show. that the 
points at which À' = 0, as n increases indefinitely, are dense everywhere in the 
region. In order to do this, let Æ be a sphere lying entirely. within our region. 
Since the points of P, are not everywhere dense in any subregion, it follows 
either that the sphere A, contains no points of P, or that there exists a sphere 
— R, lying entirely within A, such that it contains no points of P, Again the 
sphere R; either contains no points of P, or there exists a sphere R, lying wholly 
within Æ, which contains no points of P. Repeat this reasoning. We thus 
obtain a set of spheres Ro Ay, Re ...., Ra each lying wholly within all of the 
preceding spheres, and such that the sphere #, contains no points. of the set 
P,_, If now we let n increase indefinitely, we obtain a limiting point P at 
which Æ = 0, and hence at this point the function f(z, y, z) is continuous in 
(x, y, z) taken together. It follows from this that within our region we can find | 
no subregion which is free from points at which f(x, y, z) is continuous in all 
three variables taken together. Hence our function can be at most pointwise 
discontinuous i in all three variables together. 
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Theorem 3.—If throughout the region a «zx « B, a« y « b, DLL Z 

the function f(a, y, z) is continuous in two variables taken together and in the 

third variable by itself, then f(x,y,z) can be at most pointwise discontinuous 

in all three variables taken together, that is to say, the points at which the 

(x, y, 2) discontinuity is greater than or equal to some positive number k cannot 
be everywhere dense in any subregion. | | 


Suppose that within our region there exists a subregion 


o « v « B, a «y D, maa, 


within which the (a, y,z) discontinuity is greater than or equal to & at a set of . ^ 


points everywhere dense. Then it follows from theorem 1 that the function 







"d 


» LI 
Á (n 4, 10] 
/ Cr? 
O {Tn Fu t E 


Y ¢ Fre. 7. 


f(x,y,z) must have an (a, y, z) discontinuity, greater than or equal to & at every 
point of this subregion. Let Py (2%, Yo, 2) be some point of this subregion and 
consider the plane z=z, parallel to the XY-plane (see figure 7). Since f(x, y, 2) 
is continuous in (z, y) together throughout the entire region, we can choose at 
pleasure a positive number c and can then construct in the plane z=z about. Py 
a circle C, of radius 7,, such that for every point of this circle we have 


Jenas mwd c E: 


By hypothesis we have that at every point of the subregion the (w, y, z) discon- 
'" 86 
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tinuity is greater ihan or equal to & so that the simultaneous limit jit f (s, y, a) 


Qj — Ly 
y — Yo 
" 5 =% 


does not exist. We therefore can construct about P, as center a sphère R, of 
radius p, which we may choose less than 7, such that for some porot of this 
sphere we have 


IS (2, 4,8) — S (Eo 9 )| > 1/3. 
Let (%, Yun %) be such à point of the sphere E, so that | | 

| f (2, Yo 2) —F (xy, V %2) | > 1/8 e. (2) 
By hypothesis f(x, y, 2) is continuous in (x, y) together, also at every point of the 
plane z=%, as far as it lies within the subregion. We can therefore construct in 
this plane about (m, yı) a circle C, of radius 7,<7,, lying wholly within the 
circle C, of radius r,, such that for every point (a, y) of this circle we have 


IF) — fy mies |) 
If we choose.c small enough and combine (1), (2), and (3), we obtain 
|f (e y, m) — f 6 y m) 21/44, (4) 


and this will hold for every point of the circle C, of radius r, in the plane z = %. 
Now let (a, Ya) be some point within the circle C; of radius rẹ, in the plane 
z= m. Since the (a, y, z) discontinuity . of the function f(x,y,z) at the point 
(Zo, Yoy zj i is greater than or equal to £, we can construct about (25, Ya, %) & sphere 
R, of radius p, which we choose less than r, such that for some points of this 
circle we have uu 
l |f (2, y; 2) — fs, Jo %) | > 1/3k. 
Let (2, Yo, 2) be such a point of. the sphere Ay, 80 that | | 

| F (o, Yes Za) — f (8, Ho 2) | > 1/35. mE (8) 


But the function f (e, y, 2) is continuous in (v, y) together at every point of the 
` plane z=% as far as it lies within our region; hence we can construct a circle C; 
of radius rg«Cr, about (a, y2) in the plane z= z, which circle shall lie wholly 
within the circle © of radius r, such that for every point of this circle 


Fac? UP 25) — f (as, Yay zy) |«Co.. (6) 


. . From the continuity of f(x,y,z) in (x, y) together we also have 


| (2, Yo, zı) — f (a, Yy zı) < 9, | | (7) | 
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. for all points of the circle C; of radius 7; in the plane z=z,.. If now we choose o 
small enough, we obtain by.combining (5), (6), and (7), 


Gy m)—f (my mimijk  —  . Q9) 
Continuing this reasoning, we obtain in general m 
Lf (o, y, m) — f F(a, y, 2.) | z 1/4 n - (9) 


where (x, y) is any point of the circle C, of the radius r,, this circle lying wholly 
within each of a set of circles of radii 


nun" So eran Fu be eee 
The centers of these circles therefore approach a definite limiting point, say 
(o Y- This point lies within each of the circles. Now we have by hypothesis 
that lim f(x, Y, %) — (2e Yor%): But from (9) we have | 


x = a | 3 
-Y = yo | (25 Yos Za) — (a, Foy %) | 21/44, | (10) 
where zi, 25,25, =- «e Zn; +--+ havethe limiting value %. Hence we have from (10) 


e J (a, y, z) T, y, 2) 


for x= and y=%, which is " to the hypothesis that 
> = (x, y, 2) — f (2 Y, 2) 


for every constant x and y. The assumption we made is therefore false and the 
theorem is true. 

In the preceding theorem we have. considered only the (x,y,z) disconti- 
nuities greater-than or equal to some. positive number & Let us now remove 
this restriction and consider all (a, y, 2) discontinuities, We then have the 
following theorem. 

Theorem 4.—1f the function f(x,y,z) is continuous in two variables taken 
together and in the third variable alone, then it may be discontinuous in all 
three variables taken together at a set of points that is everywhere dense, but 
the amount of the discontinuity cannot be greater than or equal to k at each of 
these points. 

We shall prove the first part of this theorem by means of an example: 


E ^ Let ẹ (x, y, z) = SIJSIS where $ (0, 0, 0) = 0 and 
—i1«z£1, 1«gyÉ£1, —1l«s£1. | 
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It has already been shown that itis function is E in each variable alone - 
and also in any two variables taken together, but it is not continuous in all 
three variables taken together at the point (0,0,0), where the amount of the 
(x, y, z) discontinuity is 1/3. Now let us form ; 
gin?k! zx x sin? klay sin? klag 
9x (m, 9,2) = Sm ET sin ny F sin hl aa 
This function is also continuous in each variable alone and in any two of the 
variables taken together, but it is discontinuous in all three variables taken 
together. Now let & —1, 80 that 
. sin’ aa sin? ay sin? r: Z 
Gila, y, 2) = Bin? zt a + sin ny + sining’ 
This function is discontinuous in (x,y,z) taken together at the points for si z 
equal 0 or 1, y equal 0 or 1, z equal 0 or 1, that is to say at the points (0, 0, 0), 
(0,0,1), (0,1,0), (0,1,1), (1,0,0), (1,0, 1), (1,1,0), (1,1,1); for at these 
points the simultaneous limit lim , (æ, y, Jd does not exist. At all other points 





c —— Ly 
Y = Yo 
g =Z 


$i (x, y, oe is continuous in all three variables taken together. In a like manner 
we see that @,(x,y;2) is discontinuous in all three variables taken together at 
all points for which 


z—0, 1/k!l, 2/kl, 3/kl, ..... kk, 
yz 0, 1/hl, 2/R1, 3]Ely ..... ANAR 
z —0, 1/kl, 9/h1, 3/1, ..... Ie! /Te!, 


-while it is continuous in (x,y,z) taken together at all other points. Now form 


f (a, y, 2) = X n!Q, (a, y,2)- 


Rul 


Since $, (x, y, z) = 1/3 for all values of n, we have 


S 1/n!, (s, 5,2 1/53 1al, 


n=1 n=l 
and hence f(x,y,z) converges. Now consider z as constant. Then f(x, y,2), con- 
sidered as a function of x, y, and n, converges uniformly by theorem 5 of section 
10. Ina similar manner /(z,y,z) converges uniformly as a function of z and n 
if we consider x and y as constants. Hence f(»,y,z) is continuous in (a, y) 
together and in z alone. But f(x,y,z) is discontinuous in all three variables 
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taken together in every subregion, for the general term 1/n!¢@, (x, y, 2) is discon- 
tinuous in (x, y, 2) together at every point for which 


| s p[q, y p|q, a p|q", 

where the p’s and q’s are positive integers, such that p and q are relatively 
| prime to each other; likewise p' and g, and p" and g". In order that this shall 
be true, we need only choose n» so large that n! is divisible by gq, q', and g". 
Then i/n!$,(z,y,z) wil have an (x,y,z) discontinuity at the point «= p/q, 
y — p'[qg, z= p'[q', and hence f(z, y, 2) also has an (a, y, 2) discontinuity at this 
point. This shows us that f(x,y,z) has an (æ, y, z) discontinuity at every rational 
point of our region, that is to say, at a set of points that is everywhere dense, 
while at the same time it is continuous in all three variables taken together at 
all other points; This proves the first part of the theorem. 

The truth of the second part of the theorem follows at once from theorem 3. 
For if the function could have an (x,y,z) discontinuity greater: than or equal to 
some positive number & ata set of points that is everywhere dénse, then it 
would also have such a discontinuity at the limiting points, hence at every im | 
. of the region, which is impossible. 


Corollary.—If a function f(x, y, 2) is infos in each variable alone, then 
3t may be discontinuous in all three. variables taken together at a set of points 
that is everywhere dense, but the amount of the (a, y, z) discontinuity can in this 
case not be greater than or equal to some positive number & at each of these | 
points. 


Theorem 5.—1f throughout a given region, ax mc DB, ay b,z« zu, 


. the function f(x, y, z) is continuous in two variables taken together and in the 


third variable alone, then it is continuous in all three variables taken together at 
& set of points that is at least everywhere dense in the region. . 
In order to prove this we choose a set of positive quantities 


by > hs > hs > — aam UE t e 
where | lim &=0. 
5 n= oo | 
Now consider that portion of our region which is confined within any sphere R 
lying entirely within the given region. Then it follows from theorem 4 that 
the points at-which f(a, y, 2) has an (x, y, 2) discontinuity greater than or equal 
to k, cannot be everywhere dense in any part of this sphere. We can therefore 
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find a sphere R, of radius 7,, lying wholly within the sphere R, such that within 
K, there are no points at which the (a, y, z) discontinuity of f(a, y, z) is greater 
than or equal to A. Again we can find a sphere R, of radius r, lying wholly 
within the sphere Æ, such that within the sphere R, there are.no points at which 


^ the (x, y, z) discontinuity of the function is greater than or equal to Æ. Repeat- 


ing this reasoning we finally obtain a sphere R, of radius r, lying wholly within 
the sphere R,_, and hence within every preceding sphere, such that within this 
sphere E, there are no points at which the (æ, y, z) discontinuity of the function 
is greater than or equal to £,. But we have by assumption that lim 7,=0, 
l i n= oo 
and we see from the manner in which the spheres were obtained that the centers 
of the spheres approach a definite limiting point (a, %, Z), at which therefore 
we have k= 0; that is to say, the function f(a, y, z) is continuous in (a, y, z). 
taken together at this point.. From the manner in which the spheres were. 
chosen it follows that the points at which the limit of the (x, y, z) discontinuity 
. is zero must exist in every part of our region, however small. They are there- 
fore at least every where dense in the region. | | "m 
We can, however, go a step further than this. Schoenfliess* shows namely 
that the set. of points in question must have the “ Machtigheit” of the continuum. 
To do this, choose at pleasure a set of positive quantities 


Tey > Thy > Tog NE Shan 


where lim &,=0. Now let P, be a set of points within the region at which 
n= oo _ | 
the (x, y, z) discontinuity of the function is greater than or equal to &. Similarly, 
let P, be a set of points within the region at which the (a, y, z) discontinuity is 
greater than or equal to A, etc. In general let P, be a set of points of the 
region at which the (a, y, z) discontinuity of the function is greater than or equal 
to k,. It follows now that P, is a set of points having the following properties. 
Hach set P, is in no subregion everywhere dense; each set contains all the 
points of every preceding set; the set given by.lim~ P, is a set that may be. 
: n= oo 
everywhere dense in the region. Such a set is called by Baire t a set of points: 
of the first category. Baire also shows that the set of points complementary to 


* Cf. Schoenfliess: loco citato, page 129. l 
1 Ct. Baire: Annalt di matematici (8), vol. 8, page 67 (1899). 
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such a set is not a set of the first category. He calls it & set of the second 
category and proves that it has the t Mächtigkeit” of the continuum.’ Hence it 
follows that the points at which the (a, y, 2) discontinuity of our. function is 
greater than or equal to gome positive number %' is a set of the first category. 
The set of points therefore for which lim &,=0 is the complementary set of 
N= 0 
the above set and hence i isa set of the second category. It therefore has the 
i pagel ’ of the continuum and is non-enumerable. 


8. Uniform Convergence-—When dealing with the behavior of a function 
f (x, y, 2) not only within a given region but also on the boundaries of the region, 
we meet with a new kind of convergence, which has been called uniform: con- 
vergence in the case of a function of two real variables. It is defined as follows. 
If a function f(a, y) of two real variables is defined for all values of 
a LsL B, yw<ysyts, and if lim (æ, y) = f(x, ya) for every x of the in- 
y — Yo 
ioni a<a<(, then we say that f(x, y) converges uniformly to f(s, yo) if, 
having chosen an arbitrarily small o > 0, we can then find a ô> 0, such that 
|J (v, y) — Jf (v, 3)|« c ' 
for every y of ya « y € y, +6, and for every z of the intervala £z X. This is 
equivalent to saying that the simultaneous limit lim f(s, y) must exist for 
X = Dy 


y — yo 
every x of the interval a < w< Q, and must equal the value f (v, Yo). 


When we come to a function of three real variables we have two cases to 
consider; for the function may converge uniformly either with respect to one of 
the variables or with respect to two of the variables. 

.. In the former of these two cases we must have a function of three variables 
defined for every point of the region 


ax<e<Gaxysbac2<%, 


and we must also have se i (x, y, z) = / (x, Y, %) for every (x, y) of the region. 


We then say that f(a, y, m Mone uniformly to f(x, y, %), if the simultaneous 
limit lim f(a, y, z) exists and equals f(x, Yo, a) at every point (a, Yo) of 
B= Ty 
y — Yo 
= 


i 
i ^ 
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the region a < g < EB, a X TR <b. This definition may also be expressed QUEE 
as follows. . | 
The function f(x, y,.z) shall be defined for eyery sutil of the given region 
and lim f(z, y, 2) shall aus I (x, Y, %) for every point of the region as defined - 
2 — $9 
for x and y. - If now 
t. We choose at pleasure a c7» 0 and can then find. a 67» 0 such that 


|f (2; Y, 2) —fG, y, w) | «c 
when z;«zt£2944-ó0, for every point (a, y) of a<x<B,ax<y<b, then we say 





that f(x, y, z) converges uniformly to f (x, Y, %) throughout the region, boundaries . 
included. ‘Two things are essential in this definition. First, the same ô must. 
fit every point (x, y) of the region, and, secondly, the region must include its 
boundaries. ° | 

As in the case of a function of two variables, so here we have a geometrical 
. interpretation of uniform convergence. The limiting function f(a, y, 4), con- 
sidered as a function of x and y, may be represented by a surface. In a like 
manner we may represent the function f(x, y, z,), where k= 1, 2, NES by | 
surfaces which we call the approximation surfaces. We now construct at a dis- 
tance c above and below f(x, y, 4) a surface parallel to /(a, y, a), see figure 8. 

If now we can find a z, such that for every value of z, from z, on, each of the 
approximation surfaces falls entirely within the strip bounded by the two parallel 
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surfaces for-every point (z, y) of the given region, then f (x, y, j convérges uni- 
formly to F(x, Y, %). 

In the second case, where we have uniform convergence with respect to two 
variables, the function f(x, y, z) must be defined for every value (x, y, z) of the 
region. | 

ASES, c yt. & ais, 


and the limitlim f Ch y, 2) must equal f(x, Yo 2) for icu x T the interval 


Y = Yo 
2 — d | 
c 5X. If under these conditions the simultaneous limit lim f (æ, y, 2) 
| SR | 
y — Y 
Z = dy 


exists and equals F (Xo; Yo) %) for areis value of To of its interval, then /f(z, % z) 
converges uniformly to f(a, Yo, %). 

This can also be expressed otherwise. If f nay. 2) is defined throughout 
the given region and satisfies the condition that lim f(a, y, z) = f (2, Yo, Z) for 


D — To 
d — ifo 
Z m 8 


every zy of the interval a < æ < 8, and if we choose an arbitrarily small o> 0 and | 
can then find a ô >0 and a à 7 0, which are eens of each other and 


such that | | 
Lf (e, y, 2) — f (o, nie c 


for.every y and z where y< y € ý + ô, and % < 2 X m+ &, then f(z, y, z) con- 

verges uniformly to f (%, Yo, %) throughont the interval a £z < 8. | 
Geometrically we can represent f(x, Yọ %) by a curve in the interval 

asss. Similarly, f(a, y, %), where i= 1, 2, 8, .... and&=1, 2, 3, 

can be represented by & set of curves, which we call ilie approximation curves. 


` Now draw at a distance c above and below fm, Yo, %) curves parallel to the 


projections of the approximation curves. If then there exists.a (Ya %) such that, 
for every (y, z) from (y; zı) on, the projections of the approximation curves all 
fall in the strip bounded by. the two parallel curves, then (v, y, z) converges 


uniformly to f(x, yo, 2). 
37 
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The egsential thing for uniform convergence, whether with respect to one 
variable or to two variables, is that the simultaneous limit lim (a, y, z) exists 


pcs. 
A Y = Vo 
AA 


and equals (a, Yo %) for every point of the region, boundaries included. This 
fact is of vital importance. If, namely, we have a function defined as before, and | 
if lim f(a, y, 2) — / (s, Yo a), and if we know that the simultaneous limit 
Y= Yo ` | 
f X Mp | | 
lim f (x, y, z) exists and equals f(a», Yo %) only for all points of the. interval 
go = gg 2 
Y =Y . 
vid eA l 
a< w< B, where the endpoints are not included, then we do not know that the - 
simultaneous limit also exists at the endpoints, and hence we cannot say that the 
function f(x, y, z) converges uniformly throughout the interval endpoints -in- 
cluded. All we can in this case say is that f(s, y, z) converges uniformly 
throughout the interval a+d<a2<@—6, where ô is some positive number. 
different from zero. The same considerations hold for uniform convergence with 
respect to two variables. The following example illustrates this. 


. Example 1. | 
Let f (s, y, 2) = PFF where f (0, 0,0) — 0, for the region 
^ — Ofezl, 0zyzii, OS zl. | 


This funetion is continuous in two variables taken together and in the third 
variable alone as has already been shown. Moreover the simultaneous limit 
lim f(x, y,z) exists and equals /(0, 0, 0) for every (x, y) of the region 
y= 0 a "o£ 

yeu 

z= 0 

O< ai, 0 «yz 1, but it does.not exist for every (x, y) of the region when we | 
include the boundaries. Hence the function does not converge uniformly 
throughout the region, boundaries included. In order to see what this means 
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geometrically, let us plot a few of the Ep Drama surfaces. We have the .- 
following table of corresponding values.: 


c E) z (v, y, 9) 
0 0 1 0 

1 1 1 1/8 
1o 1/2 1 Aig 
1/2 1/2 1 1/5 

1 | 1 1/2 4/17 
1 1/9 1/2 1/5 
1/2 1/2 1/2 1/3. 
1 1 1/3 ^ ^ 9/55 
1 |. 1/2 1/8 | . 86/261 
po 3 1/3 . 1/8 | -8[29 
1/2 1/2: 1/3 ^ . . 9/31 
13 1/3 1/8. 1/3 


This gives us the following approximation surfaces for z — 1, z= 1/2, z= 1/8, 
see figure 9. | 





Y Fie. 9. 


We see from this that each approximation surface has a peak of altitude 1/3 
which moves along the line y = x toward the origin as z approaches zero. At 
any. point of the region, excepting the origin, we can therefore. make f(x, y, z) 
approach as closely as we please to zero by a suitable choice of z, but at the 
origin we cannot do so, and hence the function does not nS the condition of 
uniform convergence. 
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Having thus defined the two kinds of uniform convergence for a function of 
three variables, the question arises as to whether one of these will necessitate 
the other. That is, if f(z, y, 2) converges uniformly with respect to one variable, 
will it thén also converge uniformly with respect to two variables, and conversely ? 
This must be answered in the affirmative; for if f(a, y, z) converges uniformly 
with respect to z, then we have ! 


lim I(x, y, z) = f (a, LU 2) l | (1) 
| Z= % | | | 
for every (x, y) of the region, boundaries included. We also have | 
hm » f (2, y g) = f (2o, Yos 2%) E (2) 
C= C | 
y =Y 
g = By 


at every point (zy, yo %) of the region, boundaries included. From this last, 
however, follows that 


lim f(z, y, 2) —f (es Yo 2) (3) 
© = a 
y — Yo 


for every z of its interval. Now (1), (2), and (3) are exactly the conditions that 
f(x, y, 2) shall converge uniformly with respect to the two variables x and y, 
Hence it follows that if f(x, y, z) converges uniformly with respect to one 
variable, then it will also converge uniformly with Peppece to two variables. The 
converse is proved i in & similar manner. 

We have given two different definitions of uniform convergence and have 
asserted that they are equivalent to each other. We shall now prove that this 
is in fact the case. | 


Theorem 1.—If the function f(a, y, z) is continuous in two variables taken 
together andin the third variable alone, and if we havelim. f(x,y, 2) =f (x, y, %) 
9 — 29 
for every (x, y) of "ETE B and a Í y <6, then the necessary and sufficient condition 
that f(x, y, 2) converges uniformly to f(x, y, %) throughout the region a c 5 f, 
ay <6, is that at every point of this region, boundaries included, the simul- 
taneous limit lim (æ, y, 2) shall exist and equal f(a, Yo, &). 
| BS a 
Y =Y 
A 
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The RT 18 necessary ; for let (a, Yo) be any point of the region and 
choose an arbitrarily small c 7 0. Now since f(x, y, z) converges uniformly . 
throughout the region, there exists a 6) 7 0, such that 


ICA y; a) — f (s, y; a)l < 1/40 (1) 


for every % elwe z; and ay + 0, and for every point (x, y) of the region 
" boundaries included. Furthermore, since f(a, y,2) is continuous in (a, y) 
together, we can in the plane z = g, construct a circle of radius r, about: (£o Yo); 
such that for every point (x, y, z,) of this circle we have 


|J (Eo, Yo) Z) — f (@, Y, Zy) |<1/40. (2) 





Y 


| Now construct a right cylinder having this ‘circle as base and its elements 
parallel to the z-axis, the bases of the cylinder lying in the pu z=% and 
| Z= %, see figure 10. 


. Let (x,y,z) be any oe within this cylinder. Since I (x, y,2) is continuous 
in z alone we have by taking z, near enough to % | | 


df y, m) — fm eio 8). 
| |f (2, Jo 25) — f (Xp, Yor 2x) | < 1/40. | (4) ` 
Adding these four inequalities we have 


| f (2, Yo; a) — — f(x, Y, 2) | o, 


and ` 
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. where (x, y, z) is any point within the cylinder. Hence the simultaneous limit | 


lim f(a, y, z) exists at (x, yo, %) and equals f(x, yo, %). But (a, v) i is any 
C= gy 


y = Yo- . 
2 = % 
point of the region a <a $P, asxy<b, and hence the simultaneous limit exists at 
every point of the region. 

The condition is also sufficient; for since at any point (a, yo 4) of. our . 
region, boundaries included, the P limit lim — f(z, y, 2) exists and 


aca 
y — Yo 
2 ua 


equals f(a, yo, %), we can first choose an arbitrarily small o 7— 0 and can then 
construct a sphere Zi, of radius r, about (a, Yo, %) as center, such that there shall 
exist no point (£, 7, ¢) within this sphere for which 


| (£o Yo, 29) — J (£, ? (So. (5) 
For different points (x, y) of the region, but for the same value of c, the radii of 
the resulting spheres may vary and are functions of (w, y). As such they have a 
lower limit p' different from zero, for the entire region aSa<58,aS yb; for 
suppose that these radii approach zero as limit as (x, y) approaches some point 
(£o Yo) of the region (a, 8; a, b). Then it would be impossible to find any 
region about (zw, Yo, %) which is free from points (E, 7, 7) that satisfy (b). Fur- 
thermore, the limiting point (a, Yọ %) must also be a point of the region. The 
radii p therefore have a definite lower limit p' on on the region (a, 8; a, b) and 
this may therefore serve for the wines region, so.that the definition for uniform 
convergence is satisfied. 


9. Continuity of the Limiting Function. —Thus far we have not said anything 
about the continuity of the limiting functions / e y, %) and f(a, yo, %). We 
now take up theorems that deal with this. 


Theorem 1.—1f the function f (z, y, 2) converges uniformly si respect to 

z, that is, if it converges uniformly to f(a, y, 4) throughout the. region a <a $ 2, 
Sys b, then f(x, Y, %) is continuous in (a, y) together throughout this region. 

= Let (z 3, be any point of the given region. Since f(a, y, z) converges 
EOTS throughout the region, the simultaneous limit lim — f (z, y, 2) exists 


= d 
Y — Yo 
Zi c 


for every point of the region, boundaries included, and equals f (xo, yo, 4). But 
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we also have lim File, y, 2 =f (e, y, žo) for every fe; y) m the neighborhood 
Sw 
of (ay, Yo) Hence we have by theorem 4 of section 2 


lim f(@,y2)=lim lim f(syz)-—lim lim f(s, 152) =F (eo Yo %) 


L — Ny C= «Q2 — & Z = % B= Um 
je | 2 Y= yo y — Yo 
= 5 


From this follows at once that j (x, y, %) is continuous in (x, y) together at 
(29, yg). But since (xo Yọ) is any point of the region, boundaries included, it 
follows that f(x, y, %) is continuous in (a, y) throughout the entire region. 


Theorem 2. If the function f(x, y, z) converges uniformly with respect to y 
and z, that is if it converges uniformly to f(x, Yẹ a) in the interval «£c i, 
then f(x, ys %) is continuous in x throughout the interval including the 
boundaries. | 

The proof is similar to that of theorem 1. Let a be any point of the 
intervala£ci. Since f(a, y, z) converges uniformly to f(a, Yo, %) throughout : 
the interval, the simultaneous limit lim (a, y, z) must exist at every point of 


w = My 
Y — o 
2 = h 


the interval, end points included, and must equal f (a, Yo, %)- But we have 


‘alsolim f(a, y, 2) — f(a, yo, %) for rey x of the interval. Hence we have 
¥— Yo 
dcm | 

by theorem 3 of section 2 


lim f(z,y,z)—hm lm f(z,y, ja Hm f(x, y, 2) = f(2w yo %)- 


v= Ly : T= X Y — Yo 4 — Yo X — 29 
Y = Yo * X Z2 — k 2 = gp 
OS ] 


From this follows at once that f(x, Yo a) is continuous in c at the point 
=a. But-x is any point of the interval a<% < 8, and hence f(x, yo aj) must 
be continuous in œ throughout the interval, end points included. 


Remark.—Theorems 1 and 2 give us sufficient but not necessary conditions 
for the continuity of the limiting functions f(a, y, æ) and f(a, ys %). We can 
show this by means of an example which has already been used several times. 


Let f (x, y, 2) = Eyre where f(0,0,0)==0. Here f(x, y, 0) = 0 
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throughout the region 0 <$% <$ 1, 0y£l, and it is therefore continuous in (x, y) 
together at the point (0, 0). Likewise f(z, 0, 0) = 0 throughout the: interval 
OSa<1, and it is therefore continuous in x at the point z— 0. But the function 
E (s, Y, 2) does not converge uniformly either to f(z, y, 0) or to f(a, 0, 0) as has 
` already been shown. 

It is, however, possible to obtain a necessary and sufficient condition that 
the limiting function f e y, %) 18 continuous in (æ, y) together at any point (a, y) 
of the region a x 5 Q, aS Sy £6, and that the a function f(z, Yo % &)i is con- 
tinuous in æ at any point x of the interval axí. 


Theorem 35—1f the function T (a, y, z) is finite and continuous in i y): 
together and in z alone throughout the region 


o izip, aiyib, dy «ET a, 


then the necessary and sufficient condition that the limiting function f(x, y, 2) 
is finite and also continuous in (æ, y) together at any fixed point (2, y) of the 


region | 
asasB,asy <b, m (A). 


(1) that lim f(a, y, z) = f (æ, y, %) for every constant pair of values 
z= By | 
(x, y) of region (A). 

(2) that having chosen an > arbitrarily small o> 0, there shall hac exist a ` 
set of z's (2 = Zi, Ze 25,. ...) dense at z = %, and that corresponding to each z, 
there shall exist a circle of radius r, about (zy, Yọ), where however r, may vary 
with Zy such that for all points (a, y) within this circle 


|f (e y, %) — (a, y, w| <0. 


We first prove that the condition is necessary. "Our hypothesis therefore is 
that f(a, y, a) is finite and continuous in (x, y) together at (a, Yo) where (xo Ya) 
is some fixed point of region (&). Hence we can choose an arbitrarily small 
o> 0 and can then, in the plane z= z, find a circle of radius 7) about (2, Yo), 
- such that for every point (x, y) of this circle we have 


|J (2, y, %) — (ey Yo &)| 1/30 (1): 


* Arzela proves this theorem for the case of a function of two variables, See “Rulle seria di funszioni." 
Accademia delle sc. di Bologna, 1890, page 142. 
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By hypothesis. we also Bs lim f (a, y, 2) =f (x, y, %), and hence also 
= 
lim z (2, y %.) = f(a, y, ^); for every (2, y) of region (A). From this follows 
Ek = | 
— that E the same c as above we can ied Se a ò > 0, such that 
|f (£o Yo) x) — S (£o, Yo; 29) | «C 1/3 c (2) 
where a<z% +ð. i 


We also have that f (m, y, z) is continuous in (ar, y) together, when z is constant, 
at every point of region (A), and hence we can in the plane z = z, determine a 
circle of radius r, about (ay, yo), such that for every point of this circle 


|J (a, y; 2) — J (Xo, Jo 2x) |< 1/30 | l (3) 
where | me 25m + ô. 


‘Inequalities (1), (2), and (3) hold.for all values of z and z, between a, and % " à. 
If r, « To then (3) holds for all points (x, y) of a circle of radius r, about (2, yo) 
in the plane z = z,. We may then add these inequalities and obtain 


IF (2, y, m) — Fm y, «o, 
and hence the condition is necessary. ! | 
We next prove that the condition is also sufficient. - By hypothesis we now 
have that lim f(x, y, z) = f(x, y, %) for every point (æ, y) of region (A). 


e — % 
= Hence we can choose at pleasure o> 0 and can then determine ô > 0, such that . 
l 7 |S (2o; Yo Za) — f (Xo, Yo; Zo) | « 1/40 | (4) 
where | £9 «C Z Í% + ô. 


But f (x, y, 2) is continuous in (x, y) together at every point of region (À), and 
hence we can for the same c as above find, in the plane z = z, a circle of radius 
` r, about (2x, yo), such that for all points of this circle 


|f (x, y, Zs) — f (£o, Jo 2,) |< 1/40 | (5) 
where Dl my «C Z ats. (See figure 11.) 


From the second part of the hypothesis follows that in the plane z = zą there 
exists a circle of radius 7, about (æo, yo), such that for all points of this circle 


|fGeus-—fGexueiss ^ (6) 
where | | hy Khe Eat o.. 
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It is to be noticed that if z= z, y. then it.is not necessary .thát also r, = Tp, for " 


ihe two circles do not arise from the same conditions. - We may however choose ~: 


r, to fit both cases if r, < Fs. Since lim ` f(x, y, A) =f (a, y, %) for din con? ? 


Ey — 8o 
eie pair of values (x, y) of region (4), we have for ihe Same c a8. above 7 
| (2o, Yo za) — f (n Yo) %) |< 1/4o0 | | (7) 
where | yp E im +O. | 





- The continuity of f e: y, z) in (x, y) TE throughout region (A) also gives us 


| F(x, y, zy) — f (25, Jo, a) | < 1/40 (8) 
where. A n in, 


- for every point (a, y) of the circle of radius 7, about (a, Yẹ) in the plane z = s. 
We will suppose that r, <7,,-80 that inequality (8) holds for all points of the 
circle of radius r,. Inequalities 4, 5, 7, and 8, now hold for every z where 
w< ZÍ% +6, and for all points (x, Y of the circle of radius T, We may 


therefore add them and obtain 


dfG, Y, z) TE Y, z)|«s- | i | (9) 
where s ss eg eo A | ' | 


and for all points (x, y) of a circle of radius r, about (zy, yo). We can now choose 
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By hypothesis we also harg lim f (a, y, 2) =f (x, Y, %), and hence also 
^ £—d 
lim es (x, 2 » g,) =f (a, y, 2); for every (v, y) of region (A). From this follows 
Ee — 
i that E the same c as above we can dese a ò > 0, such that | 
IF (Xo, Yo) 2x) — f (Xo, Yo 4) | «C 1/3 0 (2) 
where | a<z < % + à. 


We also have that f (x, y, z) is continuous in (x, y) together, when zis constant, 
at every point of region (A), and hence we can in the plane z = z, determine a 
circle of radius r, about (xo, yo), such that for every point of this circle’ 


Z 
|F (E, y, %) — (t Yo al< 1/30 |. (8) 
where | A aa. 


‘Inequalities (1), (2), and (3) hold for all values of g and z, between z and z " ò. 
If r, « To then (3) holds for all points (x, y) of a circle of radius r, about (a, yo) 
in the plane z=. We may then add these inequalities and obtain 


|J (v, y, gx) — f (x, Y, 2) | < 8; 
and hence the condition is necessary. j | 
We next prove that the condition is also sufficient. : By hypothesis we now 
have that lim (/(a, y, z)=/(a, y, %) for every point (=, y) of region (A). 


z=% 
. Hence we can choose at pleasure o> 0 and can then T > 0, such that . 
-IF (2o Yo Za) — F(X, Yo, 29) |< 1/40 | (4) 
where | Zo «C t, Í% + ô. 


But f(x, y, 2) is continuous in (æ, y) together at every point of region (À), and 
hence we can for the same c as above find, in the plane 2 = z, a circle of radius 
T, about (2x, Yo), such that for all points of this circle 


| |f, y, a) —F (ey Yo IK 1/40 (8 
where m hy «C uU Mm +d. (See figure 11. 


From the second part of the hypothesis follows that in the plane z = z, there 
exists a circle of radius 7, about (zs, yy), such that for all points of this circle 


Gy um —S (a, yy IU 40 ^ (6) 


where ALt o. 
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It is to be noticed that if z, = z,, then it is not necessary. that also r, = Ty, for 
the two circles do not arise from the same conditions. "We may however choose > 
r, to fit both cases if r, «77, . Since lim /(#,y,4%) =J (x, Y, %) for every con- 


Ek = Z 
stant pair of values (x, y) of region (A), we have for the same a as.above ` 

| | F (a0, Yor 2x) — J (Xo Yo «)|« 1/46 (7) 
where | y «C Zr% + ô- 


Z 





mE tur Fig, 11. 

- The continuity of f(x, y, 2) in (æ, y) together throughout region (À) also gives us 
|f (e, Y, x) — f (tw Yo) 23) | 1/49 (8) 

where. ALa Em, 

for every point (a, y) of the circle of radius 7, about (zy, Yo) in the plane z = %. 

We will suppose that r, «77,,:80 that inequality (8) holds for all points of the 

circle of radius 7,. Inequalities 4, 5, 7, and 8, now hold for every z where 


Z% < uy im + ô, and for all points (x, y) of the circle of radius 7. We may 
therefore add them and obtain = 


|. (s, y, z) — f (x, y; tn) | «Co | (9) 
. where RS << mim +3, | 


and for all points (x, y) of a circle of radius r, about (zo, yo). We can now choose 
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ô in such a manner that 4, 5, and 9, shall hold for every z where % «a, Sat 0, 
80 that we may add these inequalities and thus obtain 


| (v, 4) — F (£o Yo) 25) | < 3/2 o (10) 


where (x, y) is any point within the circle of radius r,. Hence there exists in 
the plane z = % about (a, yo) a circle of radius greater than zero; such that (10) 
holds at every point within this circle. Hence f(a, y, %) is continuous in (a, y) 
together at (a, yẹ). This proves the theorem. 

We can obtain an analogous theorem for the continuity of the limiting 
` function f (x, Yo %) at the point «= 


Theorem 4. If the function f(a, y, z) is finite and continuous in w alone and ` 
in (y, z) together at every point of the region 


a tz, Yo L y S Ym, Zo L ZÍ Zy, 


then the necessary and sufficient condition that the limiting function f(x, y,.%) 
is finite and continuous in x at «y where a is-some fixed point of the interval 


| | —3 (A) 
is | 
(1) that lim f(a, y, 2) — f (v, yo, %) for every x of the interval (A); 
"we 
UE 


(2) that having chosen an arbitrarily small o> 0, ind shall then exist a 
set of pairs of values (y;, z+) which shall be dense at (vi, z) and corresponding to 
each pair there shall exist an interval greater than zero, such that for every æ of 
this interval 


p (2, Yis 23) — F (2s Yo os) | «c. 


The proof of this theorem is similar to that of the' preceding theorem. 
Since f(x, yo, 4) is continuous in z at the point c = a, we can choose an 
arbitrarily small o> 0 and can then determine an interval (a — 6,, to + à;) - 
greater than zero, such that 


Nie du ab Sea dtl (1) 


for every æ of this interval. Since lim . -f (x,y, 2) = f (v, Yo, and hence also 


y — Yo 
Z= % 
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lim © f (a, yi, 2) = f(x, Yo, %) for PRIM of the interval (A), we can for the 
Yi = Yo 


£y = gy 

same c find some value (Ys) Ze), - that | 
| f (xo, y; zy) — f (xp, Yo; zy) | < 1/3 o , (3) 

where Yo LEA, M E S. 


But f (x, y, z) is.continuous in z when y and z are constant, hence for the same 
c we can determine a à, and a à, each greater than zero, such that 


| |./ (e, jd — f (€o Ya %)|< 1/30 | (8) 
where —$ «a «a + p : ! 


Now let 6, and 6, be less than i and à, respectively. Then we may add (1), ( 2) 
and (3), and thus obtain 


| J (a, Ji zy) — f (z, Jo, &)|« g 
where | ty — 8, <a «a, + dy. 
This proves that the condition is necessary. 


The condition is also sufficient. We-.now have by hypothesis that 


lim f(a, y, 2) = f (z, yo, %) for every x of the interval (A). Hence we can 
y =H | 

Z = Z% 

choose at pleasure a o> 0 and can then find a ô ana a p each greater than zero, 
such that 


| do Yo 8) — f Yor DIK 1/60 (4) 
where — Yo L Ys L Yo + Sandy < 2, « am + s. 


Since f (æ, y, 2) is continuous in zs, we can for the same c and on the line 
N = y,, 2 = 2) find about « an interval (29 —- òs, 2 + 6,), such that 


ets tm 8) — Fes s SQ] 1/60 20) 
where dzyo—0,« mmy. | 


From the second part of the hypothesis it follows that on the.line (y = 4; , Z = zy) 
we can for the same value of o determine an interval (a — ôr, 2 -+ 6,), such that 


; | (o, Yi Zy) — f (x, Yo %)|<1/60 | | (6) 
where  a—ô, <u «2 t òr YL Y Yt by Z< ZÍ z t ðe 
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If y, — y, and £, = zy then it is not necessary that also 3, — 6, But if ô, < ô+, 
then à, will fit both cases. menu us choose it thus. Sincelim f(x, Yi, zr) =F (2, Yo, %) | 


yi — Yo 
m Ey = f 


for every x of the inter val (4), we can for the same value of c determine a à, - 
and a ð, such that . 
| Jf (2, Yi, 2x) —J (2o, Yo; zo) | < 1/60 | | (1) 
where . — PLN Yt Åy me m z by | | 
Finally we have from the continuity of f(x, y, z) in æ that for the same o we can 
find a à, > 0, such that E 
"— Jv e» — f(r Yi, 2x) | « 1/60 (8) - 
where — A <2 < xo + Ôr 
Now let 3, be less than E» and let ô and ô be less than 8, and 4, respectively. 
Then (4), (5), (7), and (8), hold for the same intervals and we may add them. 
We thus obtain.  .. ME. | 
|f (2, Yn m) — J (E, Ys, 2x) [< 2/30 | | (9) 
where yo « y Y +6, and a< g Ez + 0,, and for all points « of the interval 
(zy — Sq, ro + $). We can now choose ô and ô in' such a manner that the 


inequalities (4), (5), and (9), hold Md i 80 that we máy add these and 
thus obtain 


| f(z, Jo; 5 — f (xo, Jo; 29) | «Co | (10) 


where x is any point of the interval (zy — à, «y + à). Hence on the line 
(y = Yo 2 — 2) there exists about x, an interval greater than zero for every 
point of which inequality (10) holds. Hence f(a, y, %).is continuous in w at the 
point z = 2$, which proves the theorem. 

We have thus obtained necessary and sufficient conditions that the functions 
f (a, y, %) and f(x, yo, %) are continuous in (v, y) and æ respectively at some 
fied point. We next wish to find the condition that they shall be continuous 
throughout a whole region or interval. Such a condition is that the conditions 
of theorems 3 and 4 hold for every point of the region or interval in question. 
.. We ean, however, obtain another condition which will be of use later on. 

Before giving this condition we must first define another kind of uniform 
convergence, ‘This is Arzela’s “ Convergenza uniforme a tratti and a stratti.” * 


* Bee Argela: Sulle serle di funzioni. Accademia delle scienze di Bologna, 1899, p. 158, 
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i Wermay translate this by uniform convergence: ‘by. segments ak by areas. We 


| ms first-give the definition for a function of two. variables. : 


The function /(a;‘y) shall be defined for all points of the region aSa5 - f, 


d Yo L Y Í Ym and shall e continuous in each variable dione throughout this region ; 


furthermore lim ' f (2,3) shall equal f(x, y) for every x for which it is: defined. 
yo 

If now there exists between y, and y, a finite number of lines (y = 95 Ya Ys- © ue 
and on each of thesé a finite number of segments each greater than or equal to 
some finite length L which is itself greater than zero, such thatthe projections of 
these segments on y = Ya completely fill the interval (a, B) and that for every 
point of these segments | TÉ mE 
| f (a, Yo) M i< 5, 5 73 
then we say that f (c, y) converges uniformly by — to f (x, Yo) pen 
the interval. _ 

In an analogous manner we define nao convergence oo areas for a — 
tion of three variables. Let the fünction f (x, y, z) be defined for every point of 


the region a $w, aSySb, m<2Sz,, and let it be continuous in (a, y), `; 


together nd in z alone throughout the region; furthermore let, lim f(x, y, 2) 


= Zo 
- f (e, y, 4) oe every pair of values (x, y) of the region. If now there exists 
between zand z, a finite number of planes (2 = x, %,.%,-.--, %) and on each of 


these planes a finite number of rectangles having their idet parallel to the x and. 
y axes and such that their dimensions are each greater than or equal to some 
quantity greater than zero, and furthermore such that the psjosiond of these 
rectangles on the plane z = 2 completely fill the ; region a “ví B ,aZyzb,sand 
that for all points (z, y) of these rectangles the following inequality holds ` 


lf (x, y, %) — F(x, y, a) <S, 


then we say that f (x, y, z) converges uniformly by areas to f(a, y, %) through- 
out the.region. | 

.. We may also define such uniform convergence for the case that f(x, y, z) 
rapi to f(x, Jo žo). Let f(x, y, z) be defined for every point of the region 
ua, Yo «y iy. << ZÍ Z, and let it be continuous throughout this region 
in (y, 2) together and in œ alone. Furthermore let lim F(x, y, =F (2, yo, %) 

| Y=Y — 
BRER 


Coan: Functions of Three Real Independent Variables. |. 99b 


If y; = y, and 2, = %, then it is not necessary that also 0,— 5,. But if ô, < 4, 
then 6, will fit both cases. PECORE it thus. Sincelim — f(x, Yi, zx) =F (9, Yo, Zo) 
| | y: — Yo 
E Ey = Zo 
for every æ of the interval A), we can for the same value of c determine a à - 
and "^ such that | | 
LF (oy Yo a) —F (is ey %)|< 1/60 (7) 
where Yo «C iS go t à; Zo «C Ey gg + ôg- | 
Finally we have from the continuity of f(x, y, z) in æ that for the same o we can 
find a 6, 7 0, such that 


| F(E, Yo 2) = — (s Yis Zr) |< 1/60 PE E 
where qy— Op L z < xy + bp 
Now let 8, be less than ô, and let 3, and à, be less than 5, and 4, respectively. 


Then (4), (5), (7), and (8), hold for the same intervals and we dca add them. 
We thus obtain. 


fe ¥y —S(e, %y DIC 2/30 (8) 


where Jo «y Y +’ and %<2S%-+ ð and for all points æ of the interval 
(zm, — à, % +ô) We can now choose ô, and 9, in' such a manner that the | 
inequalities (4), (5), and (9), hold a ew al so that we may add these and 
thus obtain 

| | F(E, Yo to) — f (Xo, Yo, 4) | «o (10) 


where az is any point of the interval (xy — à, 2+ à). Hence on the line 
(y = Yo, Z= %) there exists about x, an interval greater than zero for every 
point of which inequality (10) holds. Hence f(x, Yẹ %).is continuous in æ at the 
point æ = 2, which proves the theorem. 

We have thus obtained necessary and sufficient conditions that the functions 
f (a, y, w) and f(a, Yo, %) are continuous in (a, y) and x respectively at some 
fixed point. We next wish to find the condition that they shall be continuous 
throughout a whole region or interval. Such a condition is that the conditions 
of theorems 3 and 4 hold for every point of the region or interval in question. 
. We can, however, obtain another condition which will be of use later on. 

Before giving this condition we must first define another kind of uniform 
convergence. This is Arzela’s “ Convergenza uniforme a tratti and a stratti.” * 


*See Argela: Sulle serie di funzioni Accademia delle scienze di Bologna, 1899, p. 158, 
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a Wemay translate this by uniform convergence: ‘by. segments and by areas. We 


| p first-give the definition for '&. function of two. variables. : 


The function f(y) shall be defined for all points of the region a Z2 - g, 


: uy, « y £4,, and shall Be continuous in each variable dlone throughout this | region ; 


furthermore lim ' f(e, y) shall equal f(x, y) for every w for which itis ‘defined. 
| go C 
If now there exists between y, and Y, & finite number of lines (y = yu Y» Y»; 1) 


and on each of these a finite number of segments each greater than or equal to 
some finite length L, which is itself greater than zero, such thatthe projections of 
these segments on y = y completely fill the mea (% 8. oe that for every 
point of enese segments | 


| fæ, %)— J(e, 9)« e, 


then we say that f (x, y) converges uniformly by segments to F(%, Yo) an 
the interval. | 

In an analogous manner we define m convergence PK areas for a ane | 
tion of three variables. Let the function f (x, y, z) be defined for every point of 
the region a 2Z220,a29y206,7, « z$2,, and let it be continuous | in (a, yh ` 
together ena in z alone TO the region; furthermore let. lim f(z, y, z) 


C4 


4 — Z 
= f (e, y, a) for every pair of values (a, y) of the region. If now there exists 
between %,and z, & finite number of planes (z = %, 25,25... ., z,) and on each of 


these planes a finite number of rectangles having their sides parallel to the x and. 
4 axes and such that their dimensions are each greater than or equal to'some 
quantity greater than zero, and furthermore such: that the prajedisins of these. 
rectangles on the plane z = g completely fill the region a zz 8, as y<b, and 
that for all points (a; y) of these rectangles the following inequality holds 


|Z (x, y, %) — f(a, y, a) <o, 


then we say that f (x, y, 2) converges uniformly by areas to f (xc, y, a) through- 
out the- region. 

. We may also define such uniform convergence for the case that f(x, y, 
oneness to ST (a, Jo a). Let f(x, y, z) be defined for every point of the region 
Uu wt D. d Yo < YS Ym, %< ZÍ, and let it be continuous throughout this region 
in (y, z) together and in œ alone. Furthermore let lim f (x, y, 2) — f (*, Yo, Z) 


V — Yo 
O8 — mM 
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for every constant value a of the interval. : If now we have a finite set of values 
(y; , %), where the absolute. value: of v (y? F z) for each (y; z,) is less than the 
| corresponding : value for the preceding. (Yi, zx), and if on each line (y= y;, z = %) 
there exists a finite number of segments, each of. length greater than .or 
equal to L, where L is itself greater than zero, such that the projeetions of these 


segments on the line (y = 4.2 = z) completely fill the interval (a, 8) and that 
for every point v of these segments we have 


|S (a, Yor Zo) - — f (x, Yi, dios, 


then we say that f(x, y, 4) converges uniformly oy segments to f : Yo, %) 
throughout the interval. - 


gt 


A x 44 
This new kind of uniform convergence 18 — distinct from both the 
ordinary uniform convergence and from Dini's “einfach gleichmássige Convengenz", 
as Arzela* has shown in the case of a function of two variables.‘ For a function 
of three ma the distinction SONGS these three kinds of uniform: conver- 
gence 1s as follows. T A 


In all three cases the function f(a, y, z) is.defined for all points of the -— 

i at 2g. ax Syb, a<z Za y tod AMPLE f bs 

and lim f(x, y, 2) — (x, y, z) for every point of the region E 
2 -— 20 EN l ; H E 
aoieip,aziyib. ` (A) 


-. We then choose at pleasure a o> 0. 


In the case of ordinary uniform convergence we must then be able to find : a 


2, E %, such that for every z between z, and % and for every point (w, y) of region 
(A) we have 


Hf (m, 9,2) — J (2, Y, %)|<a- (1) 
In the case of Dini's "einfach gleichmissigs Convergenz" there. exists be- 
tween z, and % only a set of gs dense at 2oy such that (1) holds for each of these 
gs and for every (æ, y) of region (A). 
In the case of Arzela’s uniform convergence by areas there exists E 
z, and 2 only a finite number of planes z = z,, and on each such plane a finite 
number of rectangles, each of area greater than or equal to G where G is finite 
and greater than zero, whose projections on the plane z — z, completely fill region 
. (A), such that (1) holds only for all points of these rectangles. 


* Arzela: loco citato, page 153. 
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We are now ready to take up the theorems that deal with the CORR y 
of the limiting function throughout the whole region. 


a 


Theorem 5.* If the function f(a, y, z) is continutus in (æ, y) scuba and in 
z alone throughout the region 


aswiB,asysb,m<as Za, 
and if - f (x, y, e f (2, y, %) for every (x,y) of the region 
= A 


axí, a <y<b, (A) 


then the necessary and sufficient condition that f(a, y, %) is continuous in (a, y) 
together throughout region (A) is that f (x, y; z) shall converge uniformly by 
areas to f(x, y, 4) throughout (A). | 

The E. is necessary. Then our hypothesis is that f(z, y, %). is con- 
tinuous in (a, y) together at every point of region (A). If therefore (a, j^) isany ` 
point of region (A), then it follows from theorem 3 of this section that there 
exists a Bet of z's (z = z, %, %,----) dense at z = a, and on each z, sufficiently 
near to 4 there exists about (x, y) a rectangle having its sides parallel to the. 
axes and having an area 6, different from zero, such that for Svery point (z, y) 


within this rectangle | | 
lo, y, 23) — f (e, y, w) «o, | " (8) 


where c is an arbitrarily small positive number. It will be advantageous in the 
following not to consider this. whole rectangle about (a’, y'), but to divide it into 
four rectangles by lines parallel to the axes and to consider each of these rec- - 
tangles separatély. Let us take, for example, the reote P'ABO to the right 
and front of (wv, y). See fig. 12. 

We may then say that, having chosen an arbitrarily small o 0 and any Zy 
there will then exist for every z, between z, and z, & rectangle of area greater 
than zero to the right and front of (a, y), such that (1) holds for every point 
(v, y) of this rectangle. The area of this rectangle may vary with z, and may in 
fact be zero for some values of z,, but it cannot be zero for every value. of %,. . 
unless (z!, y) is & point of' the boundaries x = 8 and y =b. The area of this 
rectangle is moreover a function of z, and as such it has an.upper limit which is 
certainly less than the area of the region (A). Let us denote this upper limit 


* Arzela : loco citato, page 147. 
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ls w y) If now -(a’, y’) is considered as a variable, then Az, y) is a 
— function of (z/, y. Consider now the region nem e, azyib—e, 
where ¢ and ¢’ are two positive numbers chosen at pleasure, excepting that 
they shall be less than the corresponding dimensions of region (A). We can 
now show that within this new region. A(z’, 3j) considered as à function of (æ, y) 
has a lower limit different from zero. Let this lower limit be denoted by J. 
There exists some point (x, y) of the region aka 8—¢, akyZ6b— e", such 
that the lower limit of A(x’, y) is Z in every neighborhood of this point (here 
A(z’, y) is always the area of the rectangle to the right and front of the point). 





Fie. 13. 


Let this point be (æ, yı) For this point the value of the function A(a, 34) is 
certainly greater than zero. Now there surely exists among the values of z ` 
" between z, and 2, one value z, for which the area of the rectangle, for every point 
(x, y) of which we have | | | 
: ` | (v, Y, 2.) —-f (a, y; 29) | «C6, 
is as near as we please to A(a, yı). It is now evident that, if we consider on 
z=% a rectangle of area 1/4A(a,, yı), then we shall have for every point (x,y). 
of this rectangle at least a rectangle of area 1 | 4A (ox, Y) to the right and front, . 
such that for every point (æ, y) of this rectangle the above inequality holds. 
Hence 7 must be greater than or equal to 1/4A(a,, yı). But since this is greater 
than‘zero it follows that 7 is greater than zero. | i 
. In the same way we can show. that the upper limit of each of the other 
39 
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three rectangles, into which we divided the original rectangle about (a, y), when 
considered as a function of (x, y) has a lower limit greater than zero. Hence 
. the entire rectangle about (z/, y’), which is the upper limit for a fixed (a, y), has 
a lower limit greater than zero when considered as a function of (a, y). 

We have thus shown that this lower limit exists and is greater than zero for 
the region (A) exclusive of the -boundaries. It remains to take care of the 
boundaries. In order to do this we consider the region 


a+ fSéS8—e, ape Sysb—e" (B) 


Let the lower limit of the area of the rectangle within the region (B) for every 
point of which 
| IF (©, y, a) — Fs s alo | 

be L. Now consider the remaining strip of region (A). It is evident that within 
this strip the dimensions of the rectangle for every point of which (1) holds 
cannot exceed & and e”. .Hence the.lower limit Z of the rectangle for the 
whole region (A) cannot exceed g, &'. Now let L/ be some fixed positive quan- 
 tity less than L. We can then say that, having chosen an arbitrarily small 
positive quantity c and an arbitrary z,, we can then find between z, and % a 
finite number of planes z= z,, and on each a finite number of rectangles with 
their sides parallel to the axes, each rectangle having an area greater than or 
equal to Z’, such that for every point (a, y) of these rectangles . 


| fF (v, y, gx) — (o, Y, z) | <a. 


We thus prove that the condition of the theorem is necessary. 
It remains to prove that it is also sufficient. Let us choose at pleasure a 
o> 0 and any z= zg. Let (my y) be any point of region (A). Then it follows . 
from the second part of the hypothesis that there existe between zand z a finite 
. nurhber of planes z = %, Ze 29. ...,2,, and on each a finite number of rectangles 
with sides parallel to the axes and each of area greater than zero, such that for 
all points (a, y) of these rectangles 


200 4G, y, 3) — f (5 y, alo. (1) 
Since the projections of these rectangles on z = % completely fill region (A) by 
hypothesis, it follows that the line through (2, yọ) perpendicular to the X Y-plane 
must.meet at least one of these rectangles. Let this be the rectangle on the 
plane z=. Ifnow we let c remain unchanged and choose 2 a8 a new z, then 
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there exists between 2,, and z a set of planes finite in number and on each such 
plane a finite number of rectangles each of area greater than zero, such that for 
all points of these rectangles inequality (1) holds. Since again the projections 
of these rectangles on the plane z = z, completely fill region (A), the perpen- 
dicular through (m, yo) to the XY-plane must meet at least one of these rec- 
tangles. Let it bea rectangle in the planez— 2, Again leto remain unchanged 
and choose % as our now 2% and repeat the reasoning. We thus obtain between 
. 2, and z, a set of z'8 (z = %, %, Z3, .. ..) dense at z = 4, and on each plane z = z, a 
rectangle of area greater than zero about (ay, Yo), such that for all points of these 
rectangles inequality (1) holds. Hence it follows from theorem 3 of this section 
that F(x, y, %) is continuous in (z, y) together at the point (a, Yo). But (a, Yo) 
ig any point of region (A) and therefore the function f (æ, y, %) is continuous in 
(x, y) together at every point of region (A). It isevident that if(z,, Ya) had been 
‘a point of the boundary of region (A), then the rectangle in question could have 
been taken only up to the boundary. 
We have an analogous theorem for the d of the limiting function 
J (x, yo, *;). Itis the following. | 


Theorem 6. If the function f (c, y, z) is continuous in z alone and in (y, z) 
together LONGAS the region 


LM isi, We yz Ym, L2 Zn y 

and if lim f(x, y, z) — f (£, yo, %) for every w of the interval 

y — Vo | | 

z= % = &iziB,- (4) 
then the necessary and sufficient condition that f (m, Yo zy) is continuous in q 
throughout this interval is that f(x, y, z) converges uniformly by segments to 
f (x, Yo, %) throughout the interval. | 

The proof of this theorem is analogous to that of theorem 5. First the con- 

dition is necessary. Then we have by hypothesis that f(a, yo, %) is continuous 
in æ throughout the interval (A) and we wish to prove that throughout this 
interval the function f(x, y, z) converges uniformly by segments to f(a, yo, 2%). 
Since f (z, yg, %) 18 continuous in z throughout the interval (A), it follows from - 
theorem 4 of this section that for any point z/ of this interval there exists a set 
of values (Yı, z,) dense at (Yo; %) and Sortesponume to each such pair of values 
there exists a 6, `> 0, such that 


|J (x, Yi ey) — f (x, Jo %) | «o " B (1) 
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where x’ — d, zs + dy. It will be more accurate to consider opus. the 
intervals to the left and to the right of a. Having chosen an arbitrarily small 
positive number c, we can then find a set of values (y; zz) dense at (yo, %) and. 
corresponding to each pair (y;, Z+) a positive ô+, suchethat 


|f (z, Jo zy) — f(e, Yo %0) [<0 


. for every x of the interval of length ô, to the right ofa. For every value (y, - 
we obtain a corresponding ô} We choose in each case the largest possible value 
of the interval to the right of’, and it shall be this interval that is denoted by 
ô Itis then evident that à, cannot be zero for every pair of values (y, z,) un-. 
less z! = 8. Moreover ó,is a function of (y, z,) and as such it has an upper 
. finite limit which is surely not greater than 8 — a. Let us denote this upper 
limit by A (a). If now we let « become variable, then A (a/) is a function of z, 
which we shall consider in the interval a c 2 —e, where e is any positive 
number less than Q — à. We can now assert that A (a) has a lower limit 
greater than zero when considered as a function of æ in the interval a<x<8—e. 
Let 7 be the lower limit in question. Then there certainly exists some point x 
within the interval (a, 8 — e), such that in every neighborhood of this point the 
lower limit of A (x') is 7. Leta, be such a point. We then surely know that 
for «= x, the value A (2’) of the interval to right must be greater than zero, 
since x= Q. If therefore we consider the interval z, iz $2, +1 [2 A(z), and 
if æ" is any point of this interval, then there certainly exists an interval of length 
at least equal to 1/2 A (aj) to the right of æ”, such that for every c of this 
interval. 
ace Ys, n) — SE, Yo, &)| «e 


Hence / must be at least equal to 1/2 A (xı) This is however. greater than 
zero and hence / is greater than zero. In a like manner we can show that 
in the interval (a + &, 8) there exists a similar lower limit / greater. than 
zero for the upper limits of A(x). It follows from this that for the interval 
(a +e £o $8 — 6) there exists a lower limit L greater than zero for the total . 
interval veia æ for which (1) holds. . 

From what has been said it follows that for the point x there must 
exist a lower limit greater than zero of the intervals to the left. Call this As. 
Similarly there exists a lower limit greater than zero of the intervals to the 
right of the point z— a. Call this A,. Then there exists for the interval 
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a + A,x 8B— A, a lower limit L greater than zero of the total interval ` 
about æ for which (1) holds. For the whole interval a iv the lower limit: of 
the corresponding interval is therefore not greater. than A, + A, Denote this 
lower limit by L and.let F’ be some definite positive quantity less than L. It 
now follows from what has been said that if we choose an arbitrarily small 
positive c and any pair of values (y,, 2;) then there exists a finite number of lines - 
(y — Yo z = %) where the absolute value of A/ (gi + 2x) is less than the absolute 
value of V (3? + 2), and on each such lines. there exists a finite number of seg- 
ments each in length greater than L and whose projections on (y= Yo, 2— %) c 
completely fill the interval a Sa, such that for every point c of these. 
segments 


Je. Yis zr) — J (9, Yo, %) <o. 


This proves that the condition of the theorem is necessary. 

The condition is also sufficient; for choose at pleasure ao >0 and a y = $, 
and a z= z, and let a be any point of the interval (A).. Then there exists. by 
hypothesis a finite number of lines (y = y, 2 = z,), where the absolute value of 
^/ (yi + q) is less than the absolute value of VUE F 2), and on each of. these 
lines there exists a finite number of segments, each in length greater than L > 0, 
such that the projections of these segments on the line (gy = gy, z = 4) completely 
fill the interval (A), and such that for every point æ of these segments we have 


Hf, Ji 2x) —J (z, Yo, a)| <0. 


It follows from this that if we construct through the point æ a plane parallel to 
_ the YZ-plane then this plane must meet at least one of these segments, say a 
segment on the line (y = gj, z = Zi). Now choose y, and % for our new y, and z, 
respectively. Then by the same reasoning as above there exists for the same c 
` a finite number of lines (y = Yy, 2 = z,) between (Yı, z) and (y, %) where also 
the absolute value. of 4/(g$ + 2%) is less than the absolute value of V (yi 4-21), 
arid on each of these lines there exists a finite number of segments each of 
length greater than ZL and such that their projections.on the line (y= gy, z = x) 
completely fill the interval (A), such that for every point x of these segments 


| f (2, Yis x) — f (2, Yo; «)|«e . $ 


It follows from this that if we construct through.the point æ a plane parallel to 
the YZ-plane then this plane must meet at least one of, these segments, say & 
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segment on the line (y = ys, 2 = 4%). Now choose y, and % fora new y, and z 
respectively and repeat the reasoning. We thus obtain a set of lines (y = y, 
z = %,) dense at (y = yy, Z = z), where the absolute’ value of v (y? + 2) is less - 
than the absolute value of the same quantity for any preceding (y, Z+), and on 
each of these lines there existe a finite number of segments each of length greater 
than L, such that the projections of these segments on the line (y = ys, 2 = %) 


completely fill the interval (A) and Such that for every point x of these cence i 
ae s 


| (e, Jo SSS (2, Yo, 20) | <0. 
From this we have at once by theorem b of this section that f(a, yy € 1B Con- 
tinuous in x at the point zy. But æ, is any point of the interval (A) and hence 
F(x, yo, ^) is continuous in « throughout the interval (A). This proves the 
theorem completely. 


Theorem 7.—If the function f(a, y, z) i$ continuous in (a, y) duda and 
in z &lone throughout the region 
«o ici8, aiyib, «tian 


and if lim f(a, y, z) — f (e, y, %) for every (a, y) of the region 
& — Zo | l 
aSziB, aíyib, (À) 


then f(z, y, %) may be E E T. in (w, y) together at a set of points that is 
everywhere dense in the region (A). 
We shall prove the truth of this theorem by means of an example. 


| Example 1.—(Cf. Theorem 4 of section 7 ij 


za: E] 3 
Let f(x, y, 2) = Y/n! | os n! nx --(cosn ay |, 
"n=l i 
where 
OSa<l, OLy<1, Oc 


We must show first that this example satisfies the conditions of the theorem. 
It is at once evident that 


Si1/ni| (cos dud + (cos n! wait j! 


n=] 


is continuous in (a, y) together for all values of z different from zero. Let 
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z=c #0. We then have for every value of n and for every point (æ, y) of. 


the region 


OSec<l, OSy<i (A) 


"n 2 : 3 n 
X1 /k! | (cos k! næ)? + (cos kl my} | v ak! ; 
k=1 TEE ; k=l 


that 


a _ | = © og 2 
But » 2/ k | is a convergent series and hence De [&! | (cos k ! næ)? + (cos d 
. k=l j k=l ' ‘ 


: Oo 
also converges. - Furthermore since the series »2 /k! converges, it follows from 
i k=] 


T 2 2 © 2 
theorem 5 of section 10 that > [n] | (cos noy + (cos n! yy | , considered as 
n=l , 


a function of z, y, and n, converges uniformly throughout region (A). 


Again let x = a and y = Yo where a, and y, are constant M of the given 
region. Then we have. 


n 9 | 2 ^" 
2/1] (eos Kk | rap)? + (cos i! ny) |: 2] I. 
k=l k=l 


oo 


But 2 Hun i8 & — Series and hence 
k=1 


S'i/n! | (cos n Loan) + (cos n ! 7yo)" J 


n=] 


also converges. From theorem 5 of section 10 it also follows that the series 
just given converges uniformly when considered as a function of nandz. Hence 
it is continuous in z alone. We have then shown that the series which repre- 
. sents the function is continuous in (w, y) together and in z alone. It still 
‘remains to show that lim z (x, y, 2) — f(a, y, 0) for sreg (x, y) o of region (A). 


2 — 
Since - 


> 1/n!| (0087 ! sen + (cos! my, 
n=] 
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when considered as a function of Z, converges uniformly and is therefore con- 
tinuous in z, it follows that ' 


lim Si [Gn tan + (cos nly) | =i y Hom y, 2) zz f(a, : y, 0). 


2zz0n- l 


It also follows from the uniform convergence of the above function that | 


lim S/n! | (cos 5] ny + (cos n ! ny) is = lim | (cos mi E (cos y | 
'g-0 


g—0 a=] 


+ lim 1/2! | (eos 2 ! n calles s dep imu 
2—0 


T lim , UI! [eon etr Feng oe e. "me 
g—0 
Now suppose that c and y are rational, that is to say, that « = p/q where p and 
q are integers and relatively prime to iud other, and that y= p'/g' where yp’ and 
d' are integers and relatively prime to each other. If then we begin with the 
lowest term in the series and pass along.it, we shall ultimately reach a term 
where both.g and q' are divisors of Æ! Consider the terms of the series which 
precede this term. For each such term (cos k!næf «1 and (cos k!my) < 1, 


hence lim (cos % ae = 0 and lim (cosk! myy = 0. For the term however 
2=0 l z= 0 

for which £! is divisible by g and q' and for all the mos dine terms we have - 
(cos knæ)? + (cos k! ay} = 2. For such values of x and y we therefore have 
lim f(a, y, 2) > 0. 
z= 0 | ! 

We next suppose that z and y have irrational values. Then no matter how 
large k is eal we always have (cos kl m < 1 and (cos £! ny) <1, and hence 


lim (cos kl! ra) = 0 and lim (cosh! i= — 0. For such irrational vilitas of x 
.g-—0 z= 0 i 
and y the series therefore always equals zero. We see then that f(a, y, 0) is a 
function which equals zero for all irrational values of œ and y, but differs from . 
zero for all rational values of æ and y. It is therefore discontinuous in (æ, y) 
together at all rational points, that is to say at a set of points everywhere dense 
in the region (A). | 


[To be contínued.] 
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In the case of this example it is easy to show that the (x, y) discontinuity 
cannot be greater than or equal to Æ (where E is some definite positive number) 
at every point of the set. From theorem 1 of section 7 it follows that if a func- 
tion of x and y has an (v, y) discontinuity greater than or equal to & at a. set of | 
. points that is everywhere dense, then it must have such an (a, y) discontinuity 
also at the limiting points of the set. The function / (v, y, 0) of the example is 
. & function that has an (x, y) discontinuity at a set of points that is everywhere 
dense. Hence if this discontinuity were greater than or equal to & at every 
point of the set, f(x, y, 0) would have an (a, y) discontinuity greater than or 

equal to k at every point of the region which 1s impossible. 

i We now wish to see if the function f(z, y, %) can be discontinuous in (a, y) 
together at every point of the région. It can be proved that this cannot be the 
case, but before doing so we need a lemma concerning a function of two 
variables. | 


Lemma.*—1f the function f(x, y) is discontinuous in (x, y) together at every 
point (x, y) of a region, then there always exists a sub-region within which the 
(x, y) discontinuity is greater than a Suen ld quantity A 70 at every 
point. 

In order to prove this lemma we must show that the points il which 
lim ‘k< c, where o > 0, cannot be everywhere dense 1 in any sub-region, where 
pe 
k represents the oscillation of the function within any circle of radius p. — 
that these points are everywhere dense in some sub-region. Now choose a set 
of positive quantities . | 
Oy > Og > Og Z2 eee 2005 pues 
. where lim G, = 0. Since we have assumed that the points at which 
lim &<oare everywhere dense in every sub-region, we can within any sub- 
pP —— 
region find a circle R, of radii Ty > 0 about some point A Ya) such that at every 
point within this circle the oscillation k of the function is less than c4. Hence 
there exists a circle R, of radius 7, greater than zero and center at (a, y;) and 
lying wholly within the circle Fi, such that at every point within this circle E, 
the oscillation % is less than o4. In a like manner we can determine a cirele BR, 


. *Hee E. J. Townsend: Ueber den Begriff und die Anwendung des Doppellimes, 1900. 


40: 
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of radius 7, > 0 and center (zy, ys) and lying wholly within the circle R, such : 
that the oscillation & is less than c, at every point within the circle Rẹ} Con- 
tinue this process and we obtain in general a circle. #, of radius 7, greater than 
zero and center at (z,, Ya) and lying entirely within the circle A, ,, such that , 
the oscillation Æ of the function is less than o, at every point within the circle 
Ra Since now 7; Pan p OCC >r, D>...., We have lim — 7, — 0, 


n= o 
. while at the same time the centers of the circles approach a definite limiting point 
(zy yo) At this point therefore we have lim &==0, where p is the radius of 
p= 0 
any circle about (x, Yọ) Hence the function f (x, y) is E in (æ, y) 
together at this point, which contradicts the hypothesis. The lemma is there- 
fore true. | 


Theorem 8.*—If the function f(a, y, z) is continuous in (a, y) together and 
in z alone throughout the region 

a< eL, ac yb, au n, 
and if at every point (z, y) of the region | 
aíci0,aiyib, | (A) 


we have lim f(x, y,z)=f(a, y, %), then f(a, y, %) cannot be discontinuous 
Z — % | SON 
in (x, y) together at every point of the region | 
a« z« ,a«y«b, (B) 


or of any sub-region thereof. 

Suppose that the limiting function f (x, y, z) could have an (x, y) discon-, 
tinuity at every point of region (B). Then there must exist, oh z=, a circle | 
of radius r, > 0, such that at every point of this circle the (x, y) discontinuity of 
the function is greater than a sufficiently small quantity 4 7 0. This follows 
from the lemma we have just proved. Let (a, yo) be the center of the above 
circle. Since by hypothesis lim f(a, y, z) = f(x, y, %) at every point of the 

g — ty 
region (A) we can choose an arbitrarily small c 7» 0 and can then find a z = z, 
such that | F | 
| | f (25, Yo, z) —f (2, Yo) %) |< 1/20 E (1) 
where i Z < EH+ Oo, 0, > 0. | 


— "P^ 





*Baire gives the corresponding theorem for a function of a single variable. See Annali di Matematica, 
1899, | 


Coar: Functions of Three Real Independent Variables. 309 


But the function f (m, y, 2) is by hypothesis continuous in (æ, y) together through- 
out region (B) and for every z for which f(a, y, z) is defined, and hence there 
must exist for the same c a circle of radius r; about (ay, Y) in the plane z= y 
such that for every point within this circle 


LF (E, Y, m)— (ms Yo z) < 1/20 (2) 
where Z L Z Á% + 0s. 
Let r z ry 80 that inequalities (1) and (2) hold for every. point (x, y) within this 
. circle and we may therefore add these inequalities and thus obtain | 


|J (a, J, 2,) — J (25, Yos 25) | < e. (3) 
This holds for every point (x, y) within the circle of radius r, about (a, Yo). 
Since by assumption f(a, y, %) is to be discontinuous in (a, y) together at every 
point of region (B), there must exist in the plane z =% within the circle of 
radius r, about (ay, yo) at least one point (a, yj), such that 


|, thy %) — Fy Yo %)| > A. (4) 
But by hypothesis lim f (a, yy 2 =f (a, Yı, 4) and hence there must exist a 
z= Bp 
` plane z = 2, such that for the same c as above 
|f (a, Ji 2) — J (2, Ju Zo) | > 1/26, | l (5) 
where Zo < Es < Zi» 


Since f (x, y, %) is continuous in (æ, y) together throughout region (B), there 
must exist for the same c in the plane z = 2, a circle of radius r, about (a, y), 
lying entirely within the circle Br radius 7,, such that for every point (x, y) with- 
in this circle — | 
| F(a, y, m) — f (2, Vi 25) | «C 1/2 dues (6) E 
where - rater | | | 
Let 7, < T, 80 that inequalities (5) and (6) hold for every un (x, y) within the 
circle of radius 7, We may therefore add these inequalities and thus obtain 


| | (2, Y, 9) — f (m 9» &)|«.c (7) 
for every point (z, y) within the circle of radius r, We have moreóver assumed 
that f (a, y, %) is discontinuous in (a, y) together at every point of region (B). 
and hence there must exist in the plane z= % at least one point (£s, y,) within 
the circle of radius r, about (x, y;) for which 


|, Yo 0) — f (my Yo %)| > A. | (8) 
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We can continue this reasoning indefinitely and have, in general, that there 
exists a circle of radius r, about (a,_1, 9, ,) and lying wholly within each of the 
preceding circles and that there also exists a corresponding plane z = 2,, where 
aD DE > Ba >. > 2, such that for évery point (x, y) within s: 
circle the following two inequalities hold 
| If (x, 9, 84) — F (Samay Ya - s &)« c | | (9) 
| f (2 55, Un —1, 9o 29) — S (2, Yn —2) a) | 2» 4. | (10) 
Now as n increases indefinitely, the radius 7, decreases indefinitely and 
approaches zero as limit. The centers (z,, y,) of the circles must at the same 
time approach a definite fixed limiting point (x, y). We thus obtain the follow- 
_ ing inequalities m j | 
| |J (to Yor 20) - (y,m)|«s (from 3) 
| F(a, y, Z) ES J (x, Yi 4) | < 9, | ee 7) 
|f (2, Yi 9) Ex I (2, Yo, %) | >A. 
If now we choose 0< ao < 1/4 Á and combine these three inequalities we obtain 


H y, 2) — f (&, y, 2)| 7 1/24. 

In a similar manner we obtain the following inequalities 
|E, y, n) — GY %)|> 1/24 

| |f (9 Y, %) Te, nye see 


ae * oa © © © a. 8 @ © @ € 9 8 #8 4 9 9 @ 9 @ 9 800 8 © 


e c" 9 U c € € © » 9 DO žo a €* PB A *# © © Bw © @ B @ @ ^ @ 


| f(x, y, Za) — J (2, y, 2,1) > 1/ 2 Á. 
But the z's are dense.at z = 2; and hence we obtain from the last inequality 


im — [/G En)—J/GEs)»124340. 


Zn—1 — 9*9 
Zn — % | 
and hence the limit lim f(x, y, z) does not exist at the point (x, y). The 
Z = y 


assumption that f(x, y, %) has. an (x, y) discontinuity at every point of region 
(B) is therefore false and the theorem is true. 


Remark 1.—ln the above teoremi" we assumed that lim . f(z, V E 
B= 2p, 
f (x, y, 4) for every point of region (A), but we were ony able to prove that the 
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limiting function f(a, y, %) is: not discontinuous in (a, y) together at every 
point of region (B). As a matter of fact, f(a, y, z) may have an (æ, y) 
discontinuity at every point of the boundaries of. region (A) We show this by 
means of the following: "ees 


| m _ (1 + sin mary) — 1 
Example. — Let f (m, y, 2) = =f sin sey) F t 
where C225 10, OSY5 « 10, O<2510, andlim ^ f(x, y, 2) — (x, y, 0). 
| g —0 
The value of. the limit lim H(t, 2 y, %) 18 evidently z zero for all values of x 


g —0 
and y which make ay integral, for in this case sin ney — 0. But if we let 
2n < xy < 2n + 1, where n is some integer, then for all such points we have 
0 < sin wry < 1. mee for all such vangs of x and y 


lim (1 + sin ztzy)* — 1 lim -ü + sin x» 
Lo + sin ney) + jain 
T (1 + sin x 


On the other hand if we let 2n + 1< «y «2n + 2, Where, n is a positive - 
integer, then we obtain 


i 1+ sin my)! — 1 be TNCS 
a — o (1 + sin zy Ea Oe 


But when either x or y is equal tó zero, then f(x, y, 0) = 0 along the whole | 
X-axis and the whole Y-axis. Hence /(a, y, 0) is discontinuous in (a, y) 
together at every point of these lines. 


Remark 2 —In theorem 7 we showed that, for the example there given, 
the (a, y) discontinuity could not be greater than or equal to kat every point. 
We are now in a position to prove in general that, if the function f(a, y, z) 
satisfies the conditions of theorem 7, then the limiting function f(a, y, 2) cannot 
have an (a, y) discontinuity greater than or equal to Æ at a set of points that is 
everywhere dense. For if this were possible, then it follows from theorem 1 of 
section 7 that the function f(x, y, %) has an (x, y) discontinuity greater than or 
equal to & also at the limiting points, that is to say it would have such an (a, y) 
discontinuity at every point of the Teen This is however impossible by 
theorem 8 3 just proved. 
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Theorem 9.—If the function f(x, y, 2) is continuous in œ alone and in (y, z) 
together throughout the region 


aLL, yo y yn LEL Za 


and if for every point of the interval a Sæ z8, lim f(e, y, z2) =f (z, Yo, Zo) 
J= ze 
Z = H l 
then f(x, Yo, %) cannot be discontinuous in a alone at every point of the interval 
amar p. | 
The proof of this theorem is strictly analogous to that of theorem 8. .We 
replace the circles by intervals about z, on lines parallel to the X-axis, in a 
manner similar to that employed in theorem 6. 


Theorem 10.—1f the function f (æ, y, z) is continuous in (x, y) together and 
in z alone throughout the region ` 


aKaLB, AY <b, LEL n, 
an if at every point (x, y) of the region . | 
as eB, asysb, | (A) 


lim f(x, y, 2) =f (v, y, %), then the function f(x, y, %) must be continuous 
Z = % | 
in (æ, y) together at a set of points that is at least dense everywhere in the region 


ax r«p,a«cy«b. | (B) 


Suppose that this is notso. Then there must exist in the plane z = z, some - 
circle R, of radius 7, greater than zero and lying entirely within region (B), such 
that within this circle there is no point for which lim &=0, where p is the 

p= 0 
radius of any variable circle about the point and & is the oscillation of the func- 
tion within this circle. Within the circle R, therefore lim %=0 for every 
| 9 = 0 
point. Hence every point (z, y) within the circle E, is a point at which 
f(x, y, %) has an (æ, y) discontinuity. This however contradicts theorem 8, arid 
hence the theorem is true. u 

This theorem may be extended in a manner similar to that employed in the 

extension of theorem 5 of section 7. We thus obtain the following corollary. 
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Corollary.—1f the function f (a, y, z) satisfies the conditions of theorem 10, 
then the points at which f (æ, y, 2) is continuous in (x, y) together form a set of 
the second category, and hence a non-enumerable set. 

Theorem 11.—1f the function f(x, y, 2i is continuous in æ alone and in (y, z) 
together throughout the region | 


we veg. Yo y « Un, hy «C X B. ZEN 
and if lim f(a, y, 2) =f (x, Yo %) for every. point of the interval a £c f, 
uuo 
g —— £s 
then f(x, Yo Z) is continuous in æ alone at a set of points that is at least every- 
where dense in the intervala «7x «7 8. Moreover this set belongs to the second 
category and is non-enumerable. | | | 
Suppose that this is not true. "Then there must exist on the X-axis some 
interval greater than zero and lying wholly within the interval a < æ « 8, such 
that within this interval there 18 no point z for which the limit of the oscillation 
of the function f(a, Yo %) is zero. Within this interval therefore the function 
f (2, yo, 4) has an w discontinuity at every point. Bat this contradicts theorem 
9, and hence our theorem is true as regards the first part. 
| The second part of the theorem is proved in exactly the same manner as 
was the corollary of the preceding theorem. | 


CHAPTER III. 
Serres or Functions or Two REAL VARIABLES. 


10. Properties of Serves of Functions of Two Real Variables. dinis that | 
we have given 


S, (£, y) = un (a, X-—  — (e, y). 


where each vu is finite and a continuous function of (x, y) together throughout & 


certain region 
« < < < 
ausP, aky<6d, 


for every value of n (n= 1, 2,8,....). Since each u is finite and continuous in 
(x, y) together and since n is also finite, it follows that S, (æ, y) must be finite 
and continuous in (w, y) together throughout the given region. ` If then for every 


314 Coar: Functions of Three Real Independent Variables. 


constant value ofa and y of the region, lim — S, (xj y) = S (x, y), then S (a, y) 


1 — o0 

represents a function of (Œ, y) throughout the given region, and the question now 
arises a8 to the properties of this limiting function*$ (x, y). 

| If we wish, we may consider S, (a, y) also as function of the three vari- 

ables x, y, and n. This enables us.to apply the results of the pr eceding chapters 

to the present problem. In order to do so, we define z and y as above, namely 

as any values of — | 

| aisi, aiyzib. 

In order to define z we put z = 1/n, so that the z of the preceding chapters 
takes on the values z — 1, 1/2, 1/8,...., 1/n. ..., which is a set of values dense 
atz-—0. We then have | 
S(z y)=lim §,(2,y)=lim f(a, y, 2), 
n= o g — 

where f(a, y, z) = 8,(a, y) for every point (x, y) of the given region. It follows 
from this that everything which was shown to be true for the limiting function : 
f(x, y, %) in the case of a function of three variables must also hold for the 
series as defined above. The converse of this is, however, not true, for if we 
have proved a theorem about an infinite series, it does not follow necessarily that 
. an analogous theorem exists for a function of three variables. The reason for 
this is to be found in the fact that, in the case of a function of three variables, z 
is defined for all positive values, while in the case of the series it is defined only 
for a set of values dense at z— 0. It may therefore happen that a theorem 
holds for a set of values dense at 2 = 4, where 2 < z<% + 06, while the theorem 
will not hold for all values z of the interval AL ZÍ + ho 

From what has been said follows that to the three different kinds of uniform 
convergence of f(a, y, z) to its limiting function, as they were defined in the last 
chapter, there correspond three different kinds of uniform convergence of S,,(x y) 
‘to S(æ, y). These are as follows: 

(i) If Si, y) = ula, y) + we, j + u(x, y) + sod uu y) is, for 
every finite value of n, finite and continuous in (a, y) Deele throughout the 
region 

uq © al asy=b, | (A) 


and if for every point (x, y) of this region lim S. a, 2 y= : (v, y), then S,(z, y) 


n — o 
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converges uniformly tó S (a. y) sab region (A), if having chosen an ibis 
trarily small o > 0, we can then find a positive integer m, such that 


| His, y) |=|S(@, y) — Sle, y)1 «e, 
when n — m and for all points (z, y) of region (A). 
(2) If S,(v, y) and S(x, y) are defined as in (1), then S,(q, y) converges 
“einfach gleichmassig”’ throughout region (A) to S(x, y), if having chosen an 
arbitrarily small g >0 we can then find a positive integer m, such that 


| F(z, y) |] Sem, y) — Sz, y)| «o, 
for some set of integral values n greater than m, which however increase with- 
out limit. In this-case the n’s do not assume all integral values. 

(3) If S(x, y) and S(x, y) are defined as in (1), then S(x, y) converges 
uniformly by areas to S(z, y) throughout the region (A), if having chosen an 
arbitrarily small ¢ > 0, there then exists a plane z= 1/n and between this plane 
z= 1/n and the plane z = 0 a finite number of planes, and on each of these & - 
. finite number of rectangles, having their sides parallel to the coordinate axes, 
such that their projections on the plane z= 0 completely fill the region A) and 
that for every point (#, y) of these rectangles - 


|, (à y) || S. y) — S@, y)|<o. 
We will now give the theorems that deal with the properties of a series of 
funetions of two real variables. Unless something is said to the contrary, we 
shall in every case make the following assumptions about the series : 


(1) Salz, y) = (s, y) + m, y) + ule, y) +--> + ula, y), 


| aie B, aiyib . | (A) 
where u(x, y), (= 1, 2, 8, ...., n) is continuous in (æ, y) together throughout 
region (A); | | 

(2) lim ‘&(a, y) = S(s, y), for every constant pair of values (a, y) of 
n = œ i 3 
region (A). 


From theorem 1 of section. 8 we have immediately 


Theorem 1. — The necessary and sufficient condition that S (2, y) shall con- 
verge uniformly to 8 (x, y) throughout the region - 


«isig, aiyZib, | |. (4) 


. is that at every point (a, yo) of this region, boundaries included, the simultaneous 
4l 
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limit lim — Sz, y) exists and - S (2t, Yo): 


= a 
y — Yo 
n = oo $ 
Example 1. | 
cy 
Lete y = a [e zy -+ lt 
+| nzy (n — lay |= nzy 
niey +1 (n—lyzy--1] nay + 1 
where | OSaS1, OÍyil. 
In this case the Sune taneous limit lim  §&,(a, y) exists and equals zero at 
L — By 
y — Yo 
n — oo 


every point (x, y) of iia region, and hence S, (e, y) converges uniformly to S(x, y) 
throughout the region. 


Example 2. | | 
| penes t [gg dec 
Y xit LAE — SEY FI 
«| (n — 1} ay | 
EIE vic + (n — 1) ++ 1 
N XY | 
| ~ nh + n? + 1 
where 0g 02yi1l. 
Here the simultaneous limit lim n y) does not exist for x= y= 0 and 
=E ! 
y — Yo 
n = oœ 


hence S, (a, y) does not converge uniformly to Ste, y): 
From theorem 1 of section 9 follows : 


Theorem Pr S (©, y) converges uniformly to S(a, y) throughout the 


region 
a toi, aiyzib, 


. then S(a, y) is continuous in (z, y) together throughout the given region. 
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This condition is only a sufficient condition for the continuity of S(a, y) in 
(x,y) together. Thus in example 2 the function S(x, y)i is continuous in (z, y) 
together throughout the region given, but 4, en y) does not converge uniformly 

to S(s, y). 
| The necessary and T condition for the: utate of § (v, y) in (x, y) 
together at some fixed point (a, y,) of the region follows from theorem 3 of 
section 9. It may be stated as follows: 


Theorem 3.—The necessary and sufficient condition that the function S(x, y) 
-is continuous in (æ, y) together at a fixed point («, y,) of the given region, is. 
"that having chosen an arbitrarily small o >0 and having some set of positive 
integers Mi, Ma, Mg, ...., my, ...., Which increase indefinitely, there shall. then 
exist about (a, Yy») corresponding to each m, a circle of radius r, > 0 (which may _ 
vary with m,), such that for all points (x, y) within this circle | | 


[S.,(2, 3) — Se, g)1 «co: 

From theorem 5 of section 9 we obtain the necessary and sufficient condi- 

tion that S(x, y) is continuous in (a, y). together throughout the given region. 
The condition may be stated as follows: 


Theorem 4.—The necessary and sufficient condition that S(x, y) is con- 
tinuous in (æ, y) together at every point (a, y) of the region 


aizi, asykb. | (A) 


is that for every arbitrarily small o 7 0 there shall exist a plane z= 1/n and 
between this plane and the plane z = 0 a finite set of planes parallel to the X Y- 
plane, each of these to contain a finite set of rectangles whose sides are parallel 
to the coordinate axes and whose projections on the plane z== 0 completely = 
the region (A), such that for every point (x, y).of these rectangles 


|S, (m, y) — 5 (m y) «o. 


Theorem 5.—If the sum of the maximum values of the terms of a series 
S, (z, y) converges absolutely within & given region, then the Series converges 
also uniformly. i 
The following conditions are given: 
(1) Sa (æ, y) = u (x, y) + u (2, y) + sm y) +- -H ts s y) | 
aisi, aZzykb. (À) 
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Here as elsewhere we confine: ourselves to the case where 4, (x, y) 18 con- 
tinuous in (a, y) together; . 
(2). lim 8, (&, y)-— S (x, y) for. every pair: of values (a, y) E region (À);. 
N= o 
(3) | (xz, y)| = M;, where M; is positive and finite, and this is to hold for 
every (x, y) of region a 


(4) Y a converges. 


t=1 f 
We are to show that ander these conditions S, a y) converges uniformly 
throughout region (À). 


a ta i ` 
Since > M, is convergent, we can choose an arbitrarily small e 7 0 and 
i=1 `. : 


can then find an m, such that 
| (Mari t Mais t oos MSS) <a, pi, A ..05. 
Hence for m sufficiently large | 
IL? TE (v, y) t Um +e (2, y) Teck Us p (v, y)l« e, p= 1, 2,. dris 
for every point (x, y) of region (A)... We therefore have at every point of this 
region | 


|G — 8, (a, y) | e, where n m, 


and hence the simultaneous limit lim $,(z, y) exists at every point of region 


B= 05 
y — Yo 
n — c 


(A), boundaries included. 
From 4 of the hypothesis follows that S, (a, y) also converges and hence 
by virtue of theorem 3 of section 2 


lim ^ S, (Œ, y) —lim lim S (æ, y). 


£ — To n — oo £ — To 
y = Yo s y = Yo 
“n= oo 


| But S, (x, y) is continuous in (z, y) together and hence 
lim lim  &(sy)—lim (sy) = S(ay 9) 
n= o T= A = n= | 
y = Y | | 
at every TT (zo Yo) of region (A). The simultaneous limit therefore not only: 
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exists, but it also equals the value of. the function at the point, and hence the ' 
series converges-uniformly by theorem 1 of this section. | 

In theorem 3 we have given the necessary and sufficient condition that the . 
limiting function S(a, y) is continuous in (x, y) together... The question now 
presents itself-as to whether the limiting function may be discontinuous and, if 
it-is'discontinuous, how often it may be discontinuous. We obtain an answer to 
this question from theorem 7 of section 9. Itis as follows: | | 


Theorem 6.—If S, (x, y) and S(x, y) are defined as in theorem 1, then. the 
limiting function S (æ, y) may be discontinuous in (à, y) together E a set of 
points that'is everywhere dense in the given region, but in this case the (x, y) 
discontinuities cannot all be greater than or equal to some finite positive 
number £. » 0^ 

. The proof follows immediately from the example under theorem 7 of 
section 9. If in this we let z — 1/n, then the example becomes 


n 


S, (o, y).— » 1/%! | (cos k l| nx)” + (cos ny]. 


k=] 
oss<1l, Ofy«l. 
From theorem 8 of section 9 we obtain 


Theorem 7.—If S, (v, y) and S(a, y) &re defined as before, then the limiting 
function S(x, y) cannot be discontinuous in (w, y) together at every point of the 


region a « z« 8, a« y« b. 


From theorem 10 of section 9 we have . 

Theorem 8.—1f S, (x, y) and S(x, y) are defined as before, then S (c, y) 
must be continuous in (x, y) together at a set of points that is at least every- 
where. dense in the region a <a<@,a<y<b. Moreover this set of points 
is a set of the second category and hence is non-enumerable. 


11. The Integration of Series Term by Term. | 
In this section we shall consider the following question. Suppose we know: 


(1) that £, (x, y) = w (t, y) + "S (æ, y) + uws (x,y) + um y), and ` 
: b : f ; 
that the simultaneous integral f i f U(x, y) dedy exists for every finite value . 


, b 
of k. Then the simultaneous integral f : J. Sy (x, y). dzdy also exists for every 


— finite value.of k, where our region is defined as , 
aíaiB, as yb. D (A) 
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(Y -We have also lim (æ, y) = S (a, y) for every constant pair of 


N= o 
values (x, y) of region (A). | 
This being the case the question arises under what conditions will the 
integral of S (x, y) exist over the region, and if it exists, under what . conditions 
will it equal the term by term integral? This is to say, under what conditions 
do we have ROC : 


SS lim Mo (a, j dady = lima a SL SC, y) dædy?. 


Before answering these questions, let us first explain what we mean by the 
simultaneous integral. In dealing with a function of two variables we meet 
^ with two kinds of integrals, the twice-taken or double integral and the simul- 
taneous integral. 

The twice-taken or double integral is defined as the result of integrating the 
function f(x, y) firs& with respect to one of the variables, say x, between the given 
limits (a, B), and then integrating the resulting function with respect to y be- 
tween the limits (a, b). This gives us the integral which is denoted by . 


b B 
J. dy J. f(x, y) dæ. The integral in question is equivalent to a double limit. 


The simultaneous integral J J f (x, y) dedy may be defined’ as follows: 


Divide the region into a set of rectangles by means of lines parallel tothe X and Y 
axes.. Then multiply the area of each rectangle by the value of the function at 
some point of the corresponding rectangle, and add the results. We then have 


X = (zy — a) (y — a) f (o Yo) + (ei — 23) (yo — a) f (Eu J) d^. | 
+ (2 — 2:51) (a — Yr 1) f (95 f) ++ . + (B1) (9 — Yn — DSE Yn) 


where f (Z, y4) represents the value of the function at some point of the corres- 
ponding rectangle. Now take the limit of this sum as7 and m increase indefinitely, 
while at the same time the dimensions of the rectangles decrease indefinitely. 
"We then define the simultaneous integral as the limit thus obtained. The 
Simultaneous integral is therefore equivalent to a simultaneous limit. | 

In the following pages we shall consider simultaneous integrals as thus 
defined. We must now answer the following question. If the simultaneous 


b ' ; / 
integral f J. S, (x, y) dædy exists, whatis the necessary and sufficient condition 
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that the simultaneous integral f ia S (x, y) did shall also exist? This con- 


dition is given in the following theorem. 


| Theorem 1.*—If (1) S, (a, y) = Xs A y), for all values c and y of the 


region | | 
«ixig,aiyib; | 207 (A) 
(2) lim 8, (a, y) = S (æ, y) for every constant pair of values (x, y) of 


region (A), where both S, (x, y) and S(a, y) are finite; 
, {8 
(3) the simultaneous integral f f S (v, y) dædy exists for every constant 


value of n; 
then the necessary and sufficient condition that the simultaneous: integral 


B | | 
JE f © (x, y) dxdy shall exist is that, having chosen an arbitrarily small e 7 0 


and c > 0, independent of each other, and having also chosen an n — m; we can 

then always find an m, >> m,, such that for all values (x, y) of region (A), except- 

ing at most for those contained within a set of rectangles finite in number and of 

total area less than e, and for some number m which may vary with (z, y) but 

where always m, < m< m, we have | 
HE (m, y) 18 m, y) — Sa (m, VO. 

This condition may be expressed otherwise as follows: Choose as coordinate 
axes the axes X, Y, and 1/n and choose s and c as above. We must then be 
. &ble to find a plane 1/n = m, and between this Lap and the plane 1/n — 0 & 
finite number of planes, 1/n = m, ms, Mg, .. p such that after having cut 
out from these within the given region & finite hoe of rectangles of total 
area less than e, these rectangles to have their sides parallel to the coordinate 
axes X and Y, the function S, (x, y) shall converge uniformly by areas to S(x, y) 
throughout the rest of the region (A). It follows at once from theorem 4 of 
section 1 that S(x, y) must be continuous in (a, y) together throughout the rest 
of the region. Ifthe above conditions are fulfilled, then we say with Arzela that 
S.(x, y) “converges uniformly by areas in general" to S(x, y). | 

The condition of the theorem is necessary. We suppose then that the 


* Bee Arzela, ‘‘Sulle serie di funzioni”. R. Accademia dell "Instituto di Bologna, 1900. 
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| B anu l "m 
simultaneous integral f f S (v, y) dxdy exists over the region. The set of points 


at which S(a, y) has an (v, y) discontinuity greater than or equal to c, can there- 
fore be at most a discrete set, that is to say, thesepoints must be such that they 
can' be enclosed in a set of A finite in number and of total area less 
than e. Let us denote this set by #°, (P, tP, ...., (9. Since now the simul- 


| 2 
taneous integral f. J S (æ, y) dady also exists on each of the planes 1/n= 


M, Mg, .... the points at which S, (a, y), (k — 1, 2, 8, ....), has an (ay) dis- 
continuity greater than or equal to o can form at most à discrete set, and hence 





Fra. 18, 
on each of the planes 1/m = m,, mg, Mg, ...., this set of points can be enclosed 
in a finite set of rectangles.of total area less than e. Denote this set of rectangles 
by 4P, QP, 49, ...., P, for any plane. 1/n = ' Now let ABCD be one of the 


rectangles ¿® in ili EM 1/n = m, and let te ‘reise on the plane 1/n=0 
be A'B'C'D'. See figure 13. 

. We can now assert that if A'B'C'D! does not contain any of the rectangles t? 
or a part of such a rectangle, then as we pass from 1/n — m, to 1/n =m, to 
1/n = m, etc., we shall ultimately reach a plane 1/n — m,, such that the pro- 
jections of ABOD on 1/n — m, and on all planes between this and the plane 
1/n = 0, do not contain a rectangle ¢ or a part of such a rectangle. In other 
words, we can find à number 1/n = m, such that.for this and all values between 
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this and 1/n = 0 the function S,(z, y) is continuous in (a, y) together throughout 
the corresponding rectangle. Suppose namely that this is not the case. Then 
as we pass through the values 1/n = m,, m, m3, ...., we always have a rec- 
tangle in every plane or at least in a set of planes dense at 1/m — 0, such that 
this rectangle lies within the projection of ABCD on the plane in question and 
furthermore such that within this rectangle the function S,(z, y) has (a, y) dis- 
continuities greater than or equal to c. Let us denote the set of rectangles we 
thus obtain by Z, 2, J, ...., Tj, .... Two cases may now arise: either 7, 
has a lower limit T greater than zero or it has the lower limit zero as k% increases 
indefinitely. | | 

In the first case let T= EFGH (see figure 13). Then no matter how large 
we take %, we always have in the plane 1/n = m, a rectangle E'F'G'H'!, cor- 
responding to EFG H, such that within this rectangle the function S,(@, y) has 
(x, y) discontinuities greater than or equal to c. Let (a, Yọ) be a point of this 
rectangle at-which the (a, y) discontinuity is greater than or equal to c. Then 
we have for all values of n and for some point (z, y) of this rectangle 


[Sale y) — Salto, 9) >o- _ (i) 
Since by hypothesis lim S «(a y) = Ste, y) we have also 
n= 
S(x, y) — Sila, y) |< 1/40; n> my, c - (2) 


Furthermore since S(x, y) is continuous in (x, yy together throughout the rec- 
tangle HFGH, we have 


[Sle yo) — S(@, y) 1/4. 8) 
| Combining these three inequalities we obtain | 
S. (2o Yo) — 8(2, Yo)| > 1/40; nme — (4) 
Iuno 4 however contradicts the b i that lim — S,(a, y) = xi y) 
n o 


for every pair of values (æ, y) of region (A), and hence the assumption we made . 

is false. : It therefore follows that, if we have in each of & get of planes dense at 

1/n — 0 a rectangle of lower limit TÆ 0, within which the function S,(x, y) has 

an (x, y) discontinuity greater than or equal to c, then the function Sa, y) has 

such an (x, y) discontinuity within the rectangle 7'in the plane 1/n = 0. | 
Suppose in the second place that the limit of T is zero. We have tien in 

the plane 1/n = m, a rectangle 7, within which any (z, y) discontinuity of 

42 2 
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S,(x, y) is greater than or equal to c. Furthermore as s increases indefinitely 
the area of this rectangle approaches zero. Let this occur at the point (a’,-7) 
and let (x, y) be any other point of the rectangle 7,. If now we drop a per- 
: pendicular from (x, y") to the plane 1/m — 0, then one of two things will 
happen ; either there exists a plane 1/n = m, such that the perpendicular: does 
not meet a rectangle ¿® in any plane 1/n = m, between 1/n = m, and 1/m-— 0, 
or no matter what plane 1/n = m, we choose, the perpendicular will always meet 
a rectangle ¢. We must now show that in the latter case the perpendicular 
also meets one of the rectangles ¢ in the plane 1/nzz0. .We assume that the 
perpendicular meets a rectangle é in every plane l/n = m,. Then for every 


point of this rectangle 
| SmE, Y) — S. (2^, y")] 7 o. (1) 


Since moreover lim g «(2, y) = S(x, y) for every point of region (A), it follows 
that fe ri 


ISe, y) — Sa (e, WI< 1/40 ; (2) 
for every m, greater than some m/. Likewise | 
[Sa (z^, y) — S(x', y")| « 1/4c | (3) 


for every m, greater than some m". Let m" — m; then for every m, greater 
than m", (1), (2), and (3), may be added and hence | 

|o(e, y) — S”, y")| m 1/40 | . (4) 
for every (x, y) of some rectangle about (x, y) in the plane 1/n — 0. Hence 
S(z, y) is discontinuous in (w, y) together at (a, y’) and the perpendicular from 
(x, y") therefore must meet one of the rectangles t? in the plane 1/2 — 0. In 
a like manner we can prove that the perpendicular from (2^, y’) meets one of the 
rectangles é in the plane 1/n = 0. ! : 

We are now ready to complete the proof of the original theorem. In order 
to do so, let us cut out from the plane 1/n = 0 all the rectangles ¢, that contain 
. the points at which S(z, y) has an (x, y) discontinuity greater than or equal to c. 
As has been shown, this set of rectangles is finite in number and of total area 
less than e. Lines through the vertices of these rectangles parallel to the 
X and Y AXES divide the remaining part of region (A) into a finite number of. . 
rectangles. Number these 1, 2, 8, ...., q. Now consider rectangle number 1. 
From what has been proved it.follows m there must exist & plane 1/n = m, 
such that for this plane and for all planes between this and the plane 1/n —'0 
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the function S,(z, y) is continuous in (a, y) together throughout the rectangle in 
question. Hence by theorem 4 of section 10 the function S,(a, y) converges 
uniformly by areas to S(x, y) throughout this rectangle. In alike manner we 
prove that the function St(r,y) converges uniformly by areas to S(s, y) 
throughout each of the remaining rectangles 2, 3, ....,g. We have thus shown 
that, after we have cut out from region (À) a finite number of rectangles of total 
area less than e, the function S,(z, y) converges uniformly by areas to S (x, y) 
throughout the rest of region (A). This proves that the condition of the 
theorem is necessary. 

The condition is also sufficient. By hypothesis then S (x, y) dontan 
uniformly by areas to S(x, y) throughout region (A), excepting at the points of a 
finite number of rectangles of total area less than e. We can therefore choose 
at pleasure a plane 1/n — m, and there will then exist between this plane and ` 
the plane 1/n — 0 a finite number of planes having the following properties. 
From these planes, — the plane 1/n = 0, are cut out a finite number of 
rectangles, 4, £, b ...., £,, of total area less than e. These rectangles must be 
such that, from some m, on, their projections on the plane 1/n — 0 cannot com- 
pletely fill region (A), Bind the function S(z, y) would be totally discon- 
tinuous in (z, y) together throughout region (A). In the remaining part of each 
plane there exists a finite number of adjacent rectangles (each of area greater 
than G 7 0) whose projections on the plane 1/n = 0 completely fill the remain- 
ing part of region (À), such that for every point (z, y) of these rectangles 


| Sæ, y) — (e, y)| <o. |. Q) 


Let us denote S(x, y) for the points of these rectangles by K(a, y). Then the 
following inequality always is true 


| K(x, y) — S(z, y)| « o. (2) 
. a mE 2 8 b : j . . . 
Moreover the simultaneous integral f f K(x, y) dxdy exists throughout the 
region for which K(x, y) is defined. Now consider the identity 
S(x, y) = K(x, y) + Sle, y) — Kla, y), 


which holds for all points (z, y) for which .K(z, y) is defined. In the right 
member of this identity K (x, y) may have an (a, y) discontinuity greater than 
or equal to ¢ only at a discrete set of points, The function [S (x, y) — K (a, y)] | 

can have such an (a, y) discontinuity only at points of the rectangles 


5, lo iy. e, bp 
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It follows from this that the sum K (a, y) $ S (a, y)—K (s, y) can have such 
an (x, y) discontinuity only at a discrete set of points. This being the case, it 


is at once evident that the simultaneous integral J. T 5 (e, y) dædy exists. - 


The theorem just proved holds also in the genera] case of a function of three 
variables, the proof being similar to that just given. | 
Having thus obtained the necessary and sufficient condition that the simul- 


taneous integral J. 4 S (2, y) HU exists, the néxt problem is the following. 
If the simultaneous integral 


[fm Bey) diy m f 86 y) dady = 8 (s, y) 


exists for every point “a y) of region (A) and if it is finite and continuous, under 


what conditions will the simultaneous integral lim f T S, (v, y) dædy exist 
n= o 
and equal 0.(x, y)? RS | 

We have here two cases to sneak For every fixed value of n but for a 
. variable pair of values (a, 5) the function |S, (a, y)| has an upper limit G>0. 
This G is a function of n, if we consider n as variable. Then we have the fol- 
lowing two cases: | | | 

(1) G has-an upper finite limit G as n increases indefinitely; 

(2) G has no finite upper limit a8 n increases indefinitely. 

These two cases give rise to different conditions which are stated in the fol- 
lowing theorems. Arzela* has proved the analogous theorems for a series of 
functions of a single variable. The proofs given below are generalizations of 
Arzela’s proofs. | | 


Theorem 2—1€ S, (s, y) = us (x, y) + us (x, y) + us (m, y) + -+ un(e, y) 
where each of the simultaneous integrals f [ Up (v, y) MUR exists throughout 


the region 
ici, aiyib, (À) 
and if also lim , S, (æ, y) = S (æ, y) for every (v, y) of region (A), and if for 
n= 


every constant value of n and for every (x, y) of region (A) we have & (a, y) < G, 


* Cf. Arzela: “Bulle serie di funzioni n 'R. Accademia dell’ Instituto dl Bologna, 1900, 
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where G is finite, then the necessary and sufficient condition that the simultaneous 


integral f n S(x, y) dxdy shall exist at me point. of region (A) and that at 


the same time’ 
ffs e, y) dey = im LS. 9) ay 
o0 


. is that S(x, y) shall converge uniformly by areas-in general to © (x, y) Md 
out region (À). 

That the condition is necessary follows huee from theorem 1 of this 
section. E 

The condition is also sufficient. By hypothesis therefore jS, (x, y) < G for - 
every constant n and for every (x, y) c of region (A). Hence, since lim 


n = © 
$69) 86) : 
S (e, y) —8, (a, «28 "E (1) 
so that S c y) also has a finite upper limit. Let us now choose independently 
of each other.an arbitrarily small o< 0 and e< 0. Since S, (az, y) converges 
uniformly by areas in general to S (x, y) throughout i (A), we can find 
an s such that the points at.which 


| LS (e, gi B, p (2, y)l2 c, (p —1, 2, 3,...-) - (2) 
form a discrete set, that is they can be enclosed in a finite number of rectangles . 
of total area less than e. Consider now the function [S(z, y) — S: +p(x, y)]. 
This function can evidently have an (a, y).discontinuity greater than or equal 
to 1/20 only at points (x, y) for which (2) holds, that is at a discrete set of 
points, and this is true for all values of p. Hence the simultaneous integral 


"B b 

J J. [Soap (v, y) — S (x, y)] dedy exists. Moreover the value of this integral 
is less than or at most equal to.(z — a) (y —a)c 4- 2G e. Since by hypothesis 
the simultaneous integrals S f S, +p (v, y) ddy and S f S (x, y) dady also 


exist for any (a, y) of the region, we have 


E I Ss +p (2, y) dady —-f fs y) dedy = ST [Si+ (a, y) 
| — (s, y)] dedy < (s— a) (y— a) c + 2G e< ë. 
Hence we obtain in the limit lim Fu J. S, (x, y) dzdy = f f S (x, y) dady, 


n = 
which was to be proved. 
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Before (alitis up the case where G has no upper finite limit, we must first 
prove a couple of lemmas. These theorems were first proved by Scheeffer* for a- 
function of single variable. 


"Lemma 1.—If F(x, y) adn y) are two functions of c and y which are .- 
continuous in (x, y) together throughout the region | 


.aŚŝíśß, aiyzib, TE (A) 





Fig. 14. 


and if for every point (x, y) of this region two corresponding dieren quotients 
are always equal, that is if 


TOTAM Fa s POT hy EP iy — 


these values being finite, then Fla c, y) and f(x, y) can differ at most by a con- 
stant quantity. 
In order to prove this, we consider the function 


V (e, y) = e(z— a) (y—a) + F(a, y) — f (x, y) — [F (a, 9) —/(a, a). (2) 
Let DF(z, y), Df (x, y), and Dx (x, y), be the corresponding difference quotients 
and let c be any positive quantity. Then 4 (x, y) can never be negative in the 
region (A). In order to prove this we assume the contrary and suppose that 
(a, y) can be negative at some point (z, y) of the given region. Let this be 
the point C and consider now the rectangle A (a, a), B (z, a), C(x, 3), D (a, », 
see figure 14. | | 


* Cf. L. Bcheeffer; Acta Mathematica, Vol. 5 (1884), pages 84 and 183. 
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Within this rectangle the points (a, y') at which (z,.y) is not negative are 
such that the absolute value of A/[z/* + y^] has an upper limit which is finite. 
Suppose that this occurs at the point (z/, y) =E. Since ẹ(æ, y) is continuous 
at every point of region (AĴ in (a, y) together, it follows that «(z/, y^) — 0. 
But a <a and y <y. Moreover we have for every point of the rectangle 


— Ve, y) — 4, 7) — 0. 


From this follows that D(a, 7’) —0. On the other hand, Df(z, y) and D(x, y) 
are both finite, and hence we have from (1) that Dy (x, y) = c for every point 
(x, y) of region (A). This last statement is surely true for 


D(x, y) = De(z — a) (y — a) + DF (x, y) — Df(z, y) = Dez — o) (y — a). 
But De(z—a) (y —a)- c. We are thus led to a contradiction, and since this . 
holds for every positive value of c, it follows that (x, y) can never be negative. 


H | | 
Ue os F(a, y) a, y) — [Fo a) — f(a, a)] 
cannot ever be negative. In a like manner we can prove that this difference 


cannot ever be positive and hence it must be zero. "This proves the lemma. 
This lemma may be extended as follows: | 


Lemma :2.—1f the conditions of lemma 1 hold, with the exception that the 
two difference quotients are not equal to each other at an enumerable set of points, 
that is, are not everywhere dense in any sub-region of region (A), then the two 
given functions can differ at most by a constant quantity. | 

. Let L be a set of exceptional points, and suppose that L is not everywhere 
dense in any sub-region of region (A). We then have a set D of sub-regions d 
which do not contain any of the exceptional points, and we can thus determine 
a closed set of points O, with respect to which L is everywhere dense. In every 
sub-region d the preceding theorem holds, so that for every sub-region d’ contained 
wholly within d the difference F(x, y) — f(x, y) is constant. But this difference 
is continuous in (z, y) together and hence it follows that it is constant also in 
the sub-region d. If this is so, then F(x, y) — f(a, y) is either a constant or it is 
“ gtreckenweise"' discontinuous. (See Schoenfliess: Punktmannigfaltigkeiten, 
p.166). If Lis enumerable, then the above difference is constant, while if L 
has the “Machtigkeit” of the continuum then this difference is “streckenweise ” 
discontinuous. This proves the lemma. 

We are now ready to take up our final theorem. 
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Theorem 3. —If we have 


A. (2, y) = ve, y) + we, y) + wes 9) ^ -- edt, y) 
wherelim 8, (z, y) = = S(x, y) for every (x, y) of , 


299,255 e 


ass, aiylb, . (A) 
and if S(x, y) is completely defined and is always less in absolute value than 


some finite quantity, and if both the simultaneous integrals f i f Sea, y) dady 
8 f* | 
and f. f A(x, y) dxdy exist, then the sufficient condition that 


du [s (x, y) dxdy = LSS y) dady 


where f. f S(x, y) dad is finite, is that the set of "m (a, y) for iid we 


cannot assign a circle of radius r > 0 and an Integer m, such that for every point 
(x, y) of this circle and for every n m, 


IS, y) d | (8 finite) 


. is enumerable. 


In this case we have in the plane 1/n=z derun points (x, y) in whose 
neighborhood S,(z, y) does not have a finite upper limit. About such a point 
as center we can therefore construct a circle of radius r 7 0, and at the same 
time find a plane z — 1 EN guch that for every point (z, 9 of this circle and for 
every value of p= 1, 2, 3, 


EN y) > G. (G finite) 


This set of points (a’, y’) must evidently be a closed set, for it is.a set for which 
the limit of the oscillation Æ% is greater than some fixed finite number. We have 


now by hypothesis ` 
S [8 (e, 9) dady = 6 (3, 9) 


lim S S 5, is y) dady = ĝo (2, y). 


n — oO 


and 


Now let (x, y) be some point not bolsas to the set (z/, y. There exists then 
about it a circle of radius v > 0 for which . 


| Sa, +p (%, Y) |< 6. 
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Guage: now he ratios 
mM (et ha) Me ha) Halen y) ` 


and 


peth y th) — by er d — dale a= + (a, y 


een en NN AE TRA HA 


where (xz + h, y + k) is to bea m of the above ciréle. Choose an arbitrarily 
small à > 0; we can BED find a pass 2=1/m,, such that for every value of 





(0 Goeth, y | > ree E z, y) - 
Pn, +p (x + h, y + k) — n+p (v T h, y) — Qu +p (x, y + c) T Qu, p (x, Y 
—~l<e<i, | 
since lim Ọs, xin y) = = bo (v, ») for every point (n, y) But we have by 
n-o l 
hypothesis - : i | 
(s +p (© HA, y TEEN (z + A, y) — Pn, +2 (a, yt k) + Pm, +e (% y) 
Qu | hke 


apa f? P S (e, y) dnd uA 


—1«nu«1, 
where A is independent of æ, y, h, and h. Since now OS. e. y« G at the 
points in question, it follows from theorem 2 that 


wth. y+ ; ; T FPE SEM i 
A f f AET ETA f 9, met 
| E —1«u «1. BN 

(eth, +j Wath Dame th + We 2, y). 


aia (77 ("5 (s y) dedy + ut + ya 
—. 9 (eth, £3) — Po Eh) ey + + Pn y) +44 KL 
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Hence 
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which holds for every x, x -+ h, y, and y + k, determined as above. We thus 

obtain two different quotients which are equal to each other at all. points of 

. region (A), excepting at a closed enumerable set of points, and hence by lemma 
' 2 they can differ from each other at most by a constant quantity. Hence 


Po (x,y) = 0 (a, y) + constant. . 
Po (2, y) = (a, y)=0 
do (z,.) = 0 (x, y) , 


. But 
hence 


which was to be proved. | 
By a proofsimilar to that just employed, we can show that the theorem 
" holds also when we replace the function S, (x, y) by the general function f(x, y, 2). 
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An Tian Condition Jor Certain Automorphtc 


Algebraic Forms. 
Bv A. B. CoBLE. 


"EE | 8&1. Introduction. | | 
- Prof. Moore* has shown that every finite collineation group in n variables 
.. hag for an invariant a certain Hermitian form which may by a suitable transfor- 
mation of the variables be taken ag | E 


“anya, + y, H. m RCM | E (1) 


Recalling that the collineations in otatragredient variables are. Gere by 


asstiming the Invariant 
jh dens d sooo Entin 


and comparing this with (1) we see that when the group has been taken in. 


` Moore's canonical form, and the matrices of the collineation have a determinant 
value unity, then any matrix has for contragredient matrix it& own conjugate. 
Or as Maschke+ has pointed out, the minor of an element of the matrix is the 
conjugate of the element, and the M a minor of a minor - is the 
conjugate of the minor. T | 

If the group has, for automorphic form of lowest degree, a ‘certain unique 
algebraic form of order m in point coordinates, say f", the contragredient 


group has for automorphic form of lowest degree in contragredient variables a. 


unique algebraic form of class m, say 9". Ifthe group is in Moore's ‘canonical 
form the coefficients of Q^ are the conjugates of those of f". _ 

. The collineation group being a thing of definite projective character, the 
game is true of the forms f^ and $".and it should be possible to define these 
forms by invariant conditions upon the general form of order m or of class m. 


This has actually been done for the three important groups in the linary domain ` 


and forthe ternary G's. But as f" and @* occur simultaneously it would also 


seem possible to determine them simultaneously by invariant conditions upon a 


- Math. Ann. Bd. 50, p. 218. | t Math. Ann. Bd. 51, p. 258. 
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. pair: of general fonts of order m and class m. In the Satire sucn auo 
invariant condition will be given and will be seen to define some ie known 
| automorphic forma. | | 
| 82. The Invariant Cogditions. . 


An algebraic form, f”, of even order 2n in q coordinates z may n written 
symbolically as f” = (ax); and a form y” of class n in contragredient variables 
as y" = (uy) . y* defines then with regard to f?" its 'polar,".c*, where : 

c" = (ay)* (ax)* = (ex^ 
Taking c* and y" as contragredient ‘elements with the incidence condition, 
(cy)" = 0” we see that /*^ defines a correlation in these elements. The- correla- 
tion is better exhibited by writing /™ in polarized form | 


T f^^ = (ax) (ay) T pa (2) 
Since /™" is symmetric in x and y, the ‘correlation is of the type know as the 
polarity. It is not, however, the. most, géneral polarity.. The latter wowe be 
| given by the aineal form 


L™" = (ly (my) = (y)*(ma)" c | | : 80 


which differs from f^ ^ in not being the polarized form. of a Qn-ic. - 
The i inverse polarity of (3) 18 also a polarity 


| AM "m (ua) Quy mmQuo(AT 0 00 

of the general type, i. e., not the polar of a form of class 2n. But this is also true 
in general of the polarity (2), 4. e., the correspondence of y” to c" given by (2) is 
reversed by a form A** of the general type.. Only when the form of f” satisfies ` 
certain conditions will the inverse polarity A^" be the polarized form of & denas 
of class 2n. ‘And there is suggested the obvious query : 

What is the nature of the form f?" when the correspondence i amie: 
between forms y^ and c" is reversed by a form, 9^ = m 1. e. iv (ay)" "wu = (ex)". 
then Ma (uay zz A (uy) or, if | 

; (ax) (aa)" (ua) = 2 (ua) (aa)? | (5) 

We assume of course that the correspondence i is not degenerate, +. e., that the 
determinant of the nth derivatives of./?^.is not zero. This determinant, which is 
called in certain connections the catalecticant of f, will-be denoted by 4. ‘The 


* 51s here a numerical constant which by operation » times with the identical covariant (ux) we find to - 
1. l , . 
ay gai 
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catalecticant bordered with two series of variables wand v in the combinations 
of class n gives A^" and allowing the variables. ‘to .coincide we obtain the form 
Q^" as a contravariant of f*. From the symmetry of (5) we have that in the. 
special case to be considered J^ is the same contravariant of $^ that ul 18 of 
f=. The forms f? and 9 will then be called a “covariant quantic-pair.” To 
within a numerical factor A is the invariant (aa^. : 
The above query is answered completely in: $3 for the binary domain and 
. partially for the ternary domain in $4. Isolated results are further given and in 
$6 is found a treatment of a collineation group-of order 25920 in five variables 
whose automorphic forms are obtained d the use of the invariant PORIDNE 
just described. | ! 


$3. The Forms f™ and q** in the Binary Domain. 

The distinction of contragredience is here trivial. We write both the | 

forms f” and 9? pes as the symbol of a linear form’ (ay, — a2;)| as 
zz (ar) = (ba zm ...; 


n on ea (= ut | A= (aa)" | (1) 
and the condition (8): g2 becomes ` is ee t. | 
(ay (aa) oy ea my) 


From thie we derive by the "v" of the procos tbe further 
identities 


(aa) (2) ay) = 1 (aay (sg)? 


i A R M n— 3 
(aa)* (a2) e) iz iium (y^ E. 
[— 0, 1 SR 


‘We diii now the product of an invariant, (ab), of p" by the same 
: invariant (a^ of q^ 


(F (00 Le) (88) — ab) (oy | 
dn -Xc »( P) (aa)*-* ag (aay! (ba) 


kin 


EC (5, (a8 (ta): (2a) (Bye 
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. * In every term of the sum occurs a term with (aa) or (aj) to a degree n ‘or 
. greater and applying the identities (3) we have 


ab). ep} = Y c- » CR or. 68)" 
| : (4) 
+ X (— 1p (7 ee EF Im (ay | 
All the PT on the rights are symbols of A il we have | 
(aby* . (agy" = hp A? : NE | (B) - 


» where i. is a numerical valie 


«Xov $c s)—RRIDS O 
We may obtain the value of the sum u, as follows : | 
it pA) SC oppo aei) 
| (TI zuo 


[OP 010m). 








(8n + 1) m = | 
| " ca) Erdey m+n 
cens ipo (8) 2?) m Qn] 
E FOOTER 
= al mean dé ay REI v 


| [2-74] 
1)! EET 





D | yu 1 on p: 
c ae a + C gura) 20. 
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We see then that when n=1 or n=3, wy, = 1; when n = 2, u,—0; when. 
n> 8, u, is greater in absolute value than 1. | | 

. By a process exactly | similar to that by which we obtained (5) we Prove that 
(By (az =, A. (am) ^ and m 

(ab^ - (a) = pn . A`. (az" | 
| Multiplying these two we sée. that | | DG | 
(aB) (ab a AP 


and comparing this with (5) we have at once 
Us = 1. o |: (9) 
This inpcment is valid as long as (ab)" Æ 0 and (4@)"=+0. But neither invari- 
ant vanishes unless u, = 0 since A in (5) is by hypothesis not zero. The case 
n= 2 alone requires a special investigation. But it is well known that if a - 
binary quartic (az)! has its invariant (ab)! equal to zero, it has a covariant, the 
Hessian, which forms with it a “ covariant quantié pair." * The quartic is in’ 
this case the well known “ equianharmonic quartic” which is automorphic under . 
a tetrahedral group. : put s | 
We consider now the two cases for which u,-1. If n=1, f? isa 
‘quadratic form and of course $^" coincides with it as we see also from (8). This 
case n = 1 occurs in every domain. 
If n= 3, the covariant quantic pair is shown by (8) to be a single quanti 
which is subject to the condition (2) hence from (2) and (3) 


(az)* (ab) (by) = lab) (xy) 
| (az)? (ab) (By) = Vo) (ay ^ 
| Putting æ = y in this last we have ~ | E 
| | (abt (ax) (bx) = 0. E 7 (11) | 
But (11) is the condition that the sextic (ax)? be that which is unaltered by 
an n octahedral group] And it is easily verified that the octahedral sextic satisfies 
the identity (2). Hence 
(12) In the binary domain there are only three types of. covariant quantic-paArs ; 
the quadratic taken with itself and automorphic under an infinite group ; the equian- 
harmonic quartic and ‘its Hessian automorphic under the tetrahedral: group; that 
sextic taken with itself which is automorphic under the octahedral group. 


* Qordan, Invarlanten Theorle, p. 211. wood 1 Gordan, Invarianten Theorie, p. 211. 
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.The case of the oo “quartic presents sane new. There are, 
however, some features in the case of the sextic that are novel. The. general 
gextic f * = (az) has for its catalecticant a symmetric, determinant of the fourth 
order which, bordered with a series of variables æ and a series y, gives rise to a 
symmetric form (12) (da) (ey) = (dy) (ex). In order that fë be the special 
form we are considering, this must be the polarized form of a sextic. The neces 
sary and sufficient condition for this is given by the Clebsch-Gordan expansion 
as the identical vanishing of the quadratic form (13) (de)® (da) (ex): Both these 
forms are of the third degree in the coefficiénts. Since the sextic has only one 
“covariant quadratic of this degree we may say that - | 

(14) The necessary and sufficient conditions that a sextic be octahedral is the non- 
| vanishing of the catalecticant A and the identical vanishing of the pum covariant 
of third degree in the coeficients. — .. 

This criterion is superior to the one usually given bs (11)) in that the 
"number of conditions shows the exact number of constants in the form. 

Connected with the tetrahedral quartic 18 a set of three irrational covariant 
quadratics which play an important role. They are defined as the quadratics 
. which are their own polars as to the quartic: The set may be generalized for 
the octahedral sextic by seeking for cubics whose polars as to the sextic are their 
, own cubic covarjiants. We take the sextic in its canonical form 


| f= =e, — ze © ~- and the cubic as 
| P= a + Baxit + Iai + 59 . | | E 
The poii of P as to f * is the cubic covariant. of Pif | 
eO dias — Sans + 208 = Lu &03 
3(ayna, — 2a + ada) = —3ay oo 0s (18) 
| S (atas — 2ajas + a9) = Aa, | 


Ta — Pond: 2a$ = aas | 
We may also add" He " 


alid + 4add + Ados — tali — Gag = REO. 
This system of equations * may be replaced by the system’. +.. 
1? Mores oa * ays — ajas = 0. | | 
GP oaq4 =o” > ğal + Balad — dai =O >- (08) 
podad m) d ince» wol 


* The following solution was supplied by Mr. Landry. 


-A 
A 
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We see. at once that a, cannot be zero unless P vanishes identically. Taking’ 


Sand e so that 9^ = — 1 and st = — 1 we have from 2? andi 3? that 
dg = Et} - dg = dap. 
Substituting these values in 1“or 4° we find 
ĝe = — 1 ema pee, 
Substituting the values of a,, a3, and e in 5? and putting n a, the equation 5? 
becomes | i | | 
3a + 4o? + 1 — (a + 1) (3a? — 2a + 1) 0 

om —1 makes Æ vanish and must be discarded. 

The other factor has roots a, = i nd and «, = Mu . For the root 


a4 and à any one of the four primitive eighth roots of unity we find four cubics 


Py = xi 30a, wixy-- 307a, aah Sag 
Py = ad + 80 ay tite + 389a, axi + del 
P; = xi + 30a, ix, + 30'a, ma t 0*5 
P, = xi + 39'as wiry + 38o, aye} + das 
and for the root a, we find four others 


Q = a + 30a aj, + Bday nya + 0h23 
Qe = a} + 30'a aire + 35704 zy + dag 
Qi— ey + 30a, wiz + 30a, way + 023 
Qu 9 H 390, ie t Bday ae, + Oro. 
Of this system we note that P; and Q, are cubic and cubic covariant, Each 
is the polar of the other as to /*. But further the bilinear invariant of Q; and P, 
for i Æ Æ isizero. "This remarkable property is sufficient to define the: system. 
The two products P,P,P,P,.and Q.Q,Q,Q, are each equal to 


x? — 33.214 — 33 aiei + ai 


. from which we see that when the sextic is taken as a regular octahedron * each 
set of four cubics represents the twelve middle points of the edges. These twelve 
points are arranged as follows: The octahedron has 4 planes of symmetry 

parallel to the 4 pairs of opposite faces: On each plane lie six mid-edge points. 


* Klein—Ikosaeder—I, 2. 
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Three of these that are equidistant say 1, 2, 3 may be chosen as P,, the other: 
three say 4, 5, 6 as Q. Hach of the other planes contains a point of 1, 2, 3 and. 
a point of 4, 5, 6. We choose as P,, Pa, P, those sets of equidistant mid-edge . 
points in each plane which do not contain 1,2, or3. The otlier.sets of three are 
Vs, Qs, Qu respectively. | 

The condition (14) also admits of an interpretation i in three denge when 
the cubic space curve C? is taken as the bearer of the binary value system. A 
binary cubic represents a point or a plane through the point. A general sextic 
represents a quadric Q which, if taken as a point quadric, must be apolar to. the 
web of quadrics circumscribed to O’. The condition (14) requires that Q also 
be apolar to the net of quadrics inscribed to Q. We have then 

If Qisa quadric apolar to the oo? quadrics containing the planes: of O°, the 
necessary and sufficient condition that Q cut out on C? an octahedral set of six points 
is that Q also be apolar to the «o? quadrics containing the points of O. The rela- 
tion of Q and C is perfectly dual. The planes common to C? and Q osculate 0" at 
the points common to Q and C?. 

There exists a single pair of “Möbius tetrahedra” P, and Q such that each wa | 
self-polar.tetrahedron of Q. : The joins of corresponding points of P, and. Q, are chords 
of C? meeting O? in the 8 points that correspond to the cube. The planes of P, and of 
Q, cut out on C? the twelve points that correspond to the mid-edge points thé cube or 
octahedron, 

We obtain convenient canonical forms for our covariant sis pairs by 
assuming f and ẹ both to be unaltered by the permutations and changes of sign 
of the variables and then applying the definition of the quantie pair to determine 
the remaining constants. The three cases are then the following 


n=1  f-pJg-d4 
n=2" fis at + okt 90A 3oh PL EET bridal 
n=3 P= =at ab — 5 (rod tat Caf " s 


The latter is the octahedral sextic referred to a pair of opposite mid-edge points. 


E $4. The Forms f and p” in the Ternary Domain. 


: The simple arithmetical criterion [(9) $3] for a aa duin io pair 
that was obtained for the binary domain does.not admit of an immediate exten- 
sion to the ternary domain. .We shall treat the values of n separately and begin 
with n equal to 2. EE 
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|. Ia former paper by the author* a certain Class of biquadratic forms were 
treated which were defined in the same way as the above covariant form- -pairs. 
The automorphio character of the resulting quartics was not recognized, how-. 
ever. We shall show first of all that the pair of quartics, /* and ĝt, are auto- 
morphic under the ternary group of collineations. Gg. The method used is, in 
' some respects, novel. The symbolic notation is that of Study’s Ternaren Formen. 
The ternary quartic form, /* = (az)*, after being polarized into (ax) (ay)? 
_ may be viewed as a degenerate symmetric quadri-quadric form. As such it is 
distinguished from the general symmetric form (az) (by) zz(ayY (bx) by the 
identical vanishing of its quadratic contravariant (abu)’. If the ternary quad- 
ratic form be taken as fundamental space element, the biquadratic form appears 
as a quadric and under the general projective group, Gs, of this space has but 
three comitants which involve only one series of point or of dual coordinates. 
. These are the quadric itself in point coordinates, the quadric in dual coordinates, 
and the discriminant of the quadric. In connection, then, with the given quartic 
J‘ = (ax)* we have the invariant. | 


AS jawal —— Wand kl = 11,22,33,23,31,12 > (1) 
and the form (uAY (v.By = (uB)? (vA) which is defined by the identity 
(az)? (aA (uBP z A . (ux)? | - (2) 


the three forms constituting the complete systen of (az)! (ay)? under Gs. They 
are of course also invariant under the projective group of the plane, Gs, a sub- 
group of Gy. 

In A the element ay x is s E by its position in the determinant 
from the element ay. It seems useful in certain connections to preserve this 
- distinction which will sometimes be emphasized by writing for the double suffices 
11, 22, 33, 23,:31, 12 the single suffices 1, 2, 3, 4, 5, 6, respectively, in 1 which 


case A appears as 
LT i, and k= 1, 2, 3, 4, 5, 6. 


Thus the latter notation makes it possible to write (uA) (vB a as the result of an 
evectant operator upon A namely 


(u Ay ( BY= z (uQ (00) | | (3) 


* Trans. Amer, Math. Roc. Vol. 4, e L` pp. 65-85; 1908, , This paper wlll be referred to hereafter as 
Urano De 
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where 2° 22 = u a -4, the numerical coefficient u and the suffices 7 ande 


being determined by ij and kl. The symmetric : d (ud) (vB)? determines the | 
contravariant quartic form 


= (ua) = (uA)? (uy EE (4) 
and ihe covariant quadratic Hm | 
= (Caf = (ABs ,  () 


On the other hand, both (4) and (5) are required to determine (3), a8 18 
evident from the formula 


(uB) (uB) = (wa? (oa + Ou ©. O 


Tt is also evident from (6) that the identical vanishing of Cis necessary and 
sufficient in order that (3) be the polarized form of a quartic (4). Hence. 

(1) The necessary and sufficient condition that the quartics f* and Qf bea covariant | 
quantic pair is the identical vanishing of the conic C of the JUth degree in the 

. coefficient of f*. | | 
From (3) C.may also be written as the result of a differential operation . 


upon A 


op -[(2.-2 24+ idoti- 12a 
E E 9 


Ó 
cr (+ 9 X ag ese A 
Writing this differential operator symbolically also we have 
( Cz)! = (oz?) | (9) 


where oj, is then the aye! for an operauen which i is understood to be carried 
out on A. 


We consider now the pencil of symmetric quadri-quadric forms 


^ (ay)? (az + u (ya)? zn (10) 
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and form the invariant A of the pencil. By the use of the operator (ax? defined 
in (8) this invariant takes the form | 


[29 + (oy! 29 td (oy (y) aia + 3 (oy? (oly (oly yu + 
| - (11) 
derent + E (oy (v^ (a y*y i] A 


This repetition of the operation o is jemeti since in the minors A, as in 
A itself, the distinction between such coefficients a8 ay = agg ADA dg = 055 gs 18 
preserved. The coefficient of each power of A in (11)1 is a simultaneous invariant. 


of (ax)‘ and (wy). Equating (9) to zero, we obtain in sensn six Salus ot^ to 
each of which corresponds a conic (uà) such that 

. A (a) (ay = — u (yy. | 
i. e., the polar conic of (uS)? as to f* is its intermediate* with the fixed conic (uy)'. 
The particular case for which the conic (wy)? is the square of a point a is of. 
interest. There is then a web of conics (2d)’—all pairs of points containing «— 


such that (xôy)} = 0. Three values of A in (11) are zero and the equation 
reduces to | E 


2? A + (ox)? A? + = (ax)? (oz Aut + 3 (ax)? (oc) (a"s? u?-0.. (12) 


The coefficients of A in (12) are important covariants of the qune Performing 
the operations indicated by the symbols o we have | 


a= (Ca¥ = (24,—À. A Ja + -"-— 
| (aa)? (o'x)? = (4g — Ae) +.. | (13) 
(ax) (oa) (ola)? = — 1/2 Aga, 95 + TT 


the notation for the minors of A being that of Gordan} (erschenateiner) di | 


' æu Trans.” p. 70. 20 t Invarianten theorie, Erster Theil, p. 47. 
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. means of these feuding! coefficients the covariants Bay be indentified with the 
pn symbolic forms - | 


=(P gy (abo) (doy (28e) (d) da) (en) 
SH (oa! (a —— gg (ae) (abd) (acd) (bd) (a) (Ba) (e$) (d2) (14) 
H = (ox? (o'x) (olx? = — 2- (abc) (ax? (bx (cx)? | 


We geek first to interpret the vanishing of the diseriminant of the equation 
(18) a. €. of | 
.2 (84, — 20°) (2H0— 8) - — (34H — so) = =0 (15) 


For a given x to each root of (12) corresponds a conic (uô)? whose polar as . 
to f* is the two tangent of (uô) through zx. The point equation of rd is the 
conie C formed for the pencil ! | | 


AF (ay + Au (ox)? (oy! + i! (oz) (ow) ("yY +  (z, y) =0 . (16) 


where s} (x, y) vanishes identically fora — y. Hence, if (16) passes through z, 
the first three terms separately vanish for z- y. But these terms are the 
derivative of 12 as to u, i. e., (12) has a double root and (15) is satisfied by. æ. 
Suppose now u is a line of the quartic $* touching $* at z. Then* w touches its 
associate conic (uô) at the point x and for a proper à and u (ud)? satisfies the 


— 
A (ad)? (ay = p (uy = — u (aby)? 


and also passes through æ. Hence z is a point of (15) and we have 

(17) The equation (18) is that of the contravariant quartic 94 = a) in potni coor- 
dinates. We can easily show further that 

(18) The three pairs of lines through a general point x such that each pair touches 
its associate conic form the sextic covariant of the anny quartic formed by the four 
— tangents from x to Q*. 

| If x is taken at a cusp of (ua), the four tangents include the cusp tangent 
three times, the sextic covariant the cusp tangent six times and (1 1) has a triple 
root. Hence 


afe argent dtes s ep PP uas MAH AA Eder uo anaa amaaan 





* Trans." p. 67, footnote. 
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G 9) The cusps of o' are the intersections of 3AS— ai 0 and 3 (AH— SCy- 0. 
. Returning to the general invariant (9) we can express in terms of its 
mili other comitants of f5 for example i RN 


| > u)” 00088 € (ao Du (oz? = Choe 


(cx! uy (o'a) (aas Uo (aa'a") Ng (p; (a = — Os ps jx 


Qm denne a suinitant, of f of degree i, order &,.and class 7. All of the 
comitants enumerated in (14) and (20) are expressible in terms of A, and the 
coefficients of Q* = (ua)* and of (Ox)? as follows :— 


If à and u are values which E) D a conic MT exists which satisfies | 
the identity | | 


(dy S ——72 (aò? (ay)? 
Operating with both sides of this identity on (u4)? (eB) i ind making use of (2) 
there results a new identity 
(478) (uB} = 7 PET 
^ Ai is then a root of the characteristic equation of the connex 2, 2) 


(ay «B 


E" 


: which can be written as 2i 

| e —L d rh EM +1, p Deed pthcoi 
(4Byy (A4Byy (AByy .... 

(AByf (A'ByP (4 B'yy. 


1 
L CAT 
k! (An By)! (A" B'y. ( A" By. MM 


(21) 


the.determinant having k-rows and columns. Putting iA A in the char- 
H 


acteristic m and — out Me A® it becomes - 
at Tafa + <2 AM ta Ee SO 


z X Trans.” p. 78-4. 
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i. and t. satisfy (22) ibi to their satisfying (11) whence (11) and (22) are the 
same equation. Equating coefficients and introducing, the values of I. from. (21) 
we have the relations 


bo (oy = (ABy) | | 
A. (oy) (ay! = [(4By T — (AB'yy (4 By Y | 
bd (o'y F (o = [(4LAy ]! — 3 (AByY . (AB) (A'By'Y (23) 
+- 0 (A.B'y y (4 By! (A" Bylff. 


e 9,9 9 9 8? 9 5 cR 9 2? ^ a à» * 9 8» py‘ aà 3» 9 * «a $ 9*9 —— €" s c y t9 c. $795 . »* $9 * 


The second of these identities will be treated first. It is of the second degree in 
the coefficients of (uy)? but may be polarized by the introduction of a new set of 
coefficients of (uà. The symbols y and 6 may then be replaced by c and y and 


we have 
A . (ax)? (oy = (Cx). (Cy) — (AB'zy (4Byy. ` (24) 


From the identity (6) we have 
(uy! (vB) - (wary Gary [a (v4) + -5 (Cun) ] 
| nd (vo), + 1/3 (Cu! Y. 


Adjoining: on. both sides:the symbols u. and v into.symbolsz and then the symbols 
v and v into symbols y there results.on the left (AB'x} (.A' ByP and on the right 


(aa!) (aa! + 2/3 (axy? (Oa)? +- [— 2 (C! Clay + 3 (Clx)*. (C'y].: (26) 
Substituting this value in (24) we have the final identity | 


A . (a2) (oy) =— (aa!) (aa'g) — 2/3 (aay) (Ca)? + 3 BOY. 


| accep (Oy. (86) 
This gives at once the two T iden GHEE: 


A. (oz (on) = == 2 1 Gay — aa 
A. (au) A (CO'uf — 2 (ua) (Gla)? 


627): 


A similar process may be carried through for the third identity. The values 
obtained are rather cumbersome and we:give only the following special resulta 


AY. (oz) (y) (os = 2(aalay (wally) alas) (0) (28) 
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where X(C) indicates a sum of men of at least the first degree in the 
coefficients of (Cx) 


? . (ax) (xF (ox) = 2 (acl) (aaa; (alfa), (29) 
— (Cz). (aa'z)' + 2/9 [(Cx)]. 

From (29) and (27) the point equation of (ua)! can be calculated from the 
form [(aa/a)*]? — 6[(ac/a)® (a/a/'a? (a"azy ]" and is found to coincide with that : 
of (15). 

Adjoining in (28) the variables of y and z to the variable u we have 

AP. (ox)? (ou) zz Yaaa") (aww) (ua")’ + x( €). (30) | 
A simple calculation of the value of (ox)! (oou)! from the original definition of 
the apne @ gives 


(ox)? (o'u = — -È [(aala! (uz)* + 6(aala"? (aa'u} (az)]. (81) 


We suppose now (Cx) identically zero. 
The second formula of (27) shows that the contravariant conic of fourth 
degree, Cs, vanishes. This necessitates the vanishing of the entiré pencil of 
covariant conics of fifth degree for C itself and the polar of Cio as to (ax) are 
two distinct members of the pencil. Hence, if (xy zz 0, all the RRE comitants 
of f : = fourth and fifth degreés also vanish identically. 
i yı( C) vanishes and from (30) and (31) we have 

= [(aa'a/"* (ua)? + 6(aa’a)* (aa’u)? (a) = = 2(aa'a") (aax) (ual!)*, (32) 

Taking the bilinear invariant as to u and æ on both sides we obtain — 
— A’. (aala! Y = 8(aa/a/P) . — (33) 

We recall also the theorem * that if the I, of (ua) is the J, of (ax¥, the 1, 

of (ua) is (ay times the J, of (az) where n is the degree of J, in the coefficients. 


Treating the right hand member of (32) as J and remembering that the A of 


(ua)! is now = the theorem gives rise to the new identity . 
= T: [ (aa! o (ux)? + 6(aa'a")? (nal? ua] 
iC "9(aala!")? (aa! uy (al. (3 4) 


# i Trans.” p. 68., 
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Replacing in this (ao/a")* by its value in (33) we find 


wii [— 2(aa'a')* (us + 24(aa'a^) (a'a"u) (aa)? ] = 2(xa'a" )? (aa^ wf (ua). (35) 


Sin (35) and (32) we have finally | 
6(aa'à "s (a’ alu)? (ax)? = (aa'a'^y* (uacy*. | (36 ) 
If then C=0 the identity (36) is true. Conversely, if (36) is true, C=0. For 
the quartic defined by the identity (36) whose complete system has been set 
forth by Gordan * has no quadratic comitante, . The condition (36) may then 
- be replaced by the condition, Czz0. (36) is further shown by Gordan (loc. cit.) 
to be the necessary and sufficient condition that f* be automorphic under the 
finite ternary collineation group Gis. We have then 
(87) The vanishing of the covariant conic C of fifth degree ts the necessary and 
suficient condition that the quartics f* and * be automorphic under the group Gg. 
We obtain a.convenient canonical form of the covariant quantic-pair by 
assuming quantics unaltered by a cyclical advance of the variables and by 
changes. of sign of the variables. Taking f* as | 


a(zt + af + af) + Bbl + aha? + aio.) 
a(ut + uf + uj) + 68 (usus + ug 14 + uid) 


we find as the conditions that the polar of any conic as to f shall have for polar 
as to $* the given conic 


. and.4* as 


aa -+ 108 = 4bB = A O 
aß + ba + bB — 0. 


Putting a = a = 1 we find b and 8 as the two rootsof 
Qu? + u 1-0. | (38) 


Putting then I 7 M 
NET CTI I 
fa — A Ug — NU ONE 








we have for the covariant quantic-pair 


sag bs Dla a ENTRE x) 
=u ti i + us + Gus (aug + gui + uiu). 


This canonical form of.. the quartic unaltered by Gies has been mentioned by 


(39) 


* Math. Ann., Vol. 17, p. 217 and p. 859, 
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Wiman* and the group itself has been treated in great detail by Klein and 
Fricke. It may be obtained, however, with so little effort from the forms (39) 
that it seems worth while to carry through the work here. 

We will seek first a corrélation K which will transform f into $*. The 
well known properties of the octahedral group Ga, which Svidenpy leaves f* and 
o* unaltered suggests a trial of the correlation 


ty = Uy, cu 
K = 4 ry Uy — us 
b d day 20 Us. 
In order that K transform f* into Q*, p must satisfy the equations 
! | ; 
2+ 6u; = p, 1— w= top", us = r3 


whence p = + rx Choosing the negative sign and forming the combination 
a 


KTK! where Tis the collineation tu == uy, Ua = uy, Ug = — uj, which leaves Q* 
unaltered, we have | 
1 —1  —2us 
KTK- i-a (7; l = 3 gj 
2; 2t 0 | | 
a collineation which leaves /* unaltered. Introducing a factor 4 to make the 
determinant unity, interchanging the last two rows of the matrix and changing 


the sign of the first we have a collineation S of period 7 which also leaves f 
unaltered S and its powers are 


c/—1 . 1 Qu, | —9u,' —1 1 
S EVEk) Ww, wu, 0 je SSa=4 2u, ` —1 l jz 


2 Us E sd | 21 0 2u 
Sy cd 0 —2u Bu, ]« Sizz gl 4 1 —Qu, —1 je 
2u, —1  .—1 «41 Du, —1 
Sa = 4| —1 —1 Ws |æ S=_=4 1 Que 1 da 
1 0 0 ` 
du rti riim 0 1 0 fa 
0 0 1 


* Math. Annalen, Vol. 47, 1890, p. 538. ^ jKlein-Fricke; Xlliptischen Modulfunctionen. 
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The G, made up of the powers of S, combined with the G consisting of the 
permutations and changes of sign of the. variables gives the entire Gies or more 
briefly Gie = Ge, . Ghr. | 

Any one of the 168 matrices is obtained from one of the above 7: by inter- 
changing the rows or changing the signs of a'row throughout. The factor 4 
before the matrix is understood as affecting each element and the group is then 
in Moore's canonical form. 

In.the theory of the group as irod by Klein-Fricke two sets of seven 
conics play an important role. We obtain the one set by transforming 
vj + a$ + a3 by Ch, the other by transforming this set by K. We find them to be 


a + of 
— (u + 1) a — 42. (a8 + ad) c (2 + p) s 


— (ia + 1) ad — 5 (d e a) se (2+ un) nes (0 (40 


— (us + 1) 08 E (a + ad) + (2 + p) a. 


The other set of seven is 

| jui du 
TEET | (41) 
vá + Ue + Qui us 


| 3u,— 1 | 
OT (uf + g + uj) “P(e tti E usu, E thti) 


the product ofthe three ambiguous signs in the last conic being 1. 

These sets of conics have remarkable invariant properties. For either set 
the following facts are true: 

The contragredient form-of each conic has coefficients conjugate to ios: of the 
conic. The discriminant of each one of a set of seven has the. same value. . The 
bilinear invariant of any two (either being taken n point and the other in line form) 
is the same constant. This property is sufficient to determine the system. The four- 
teen conics are their own polars* as to f* or $* and are the only conics with this 
property. ` i . 


* That is, each of the conics in lines has for polar as to f4 the same conics in points. 
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The Ternary Oovariant Quantic-Pair of Sextics. Sof: 

It seéms quite impracticable to treat the sextic case by a method analogous 
to that used for the quartic owing to the little knowledge at hand of the 
comitants of the sextic and the complicated nature‘of the invariant condition 
which is, in this case, the identical vanishing of a form (a«)* (ua)* of the. tenth 
degree in the soeffcients ofthe sextic. But we may begin with a simplified pair 
of quanties and find the form they take when required to be a covariant quantic 
pair. Assuming then, as in all previous cases two sextics unaltered by a cyclical 
advance of the variables and by the cuango of sign of the variables we put 


f =a (ad + ad + of) + 15b (ated + atah + ada) 
| | + 150 (aa + aded + xpi) + 90d ajo; 
à p= a (uf + uf + uf) + 158 (uiui + uiui + uiui) 


+ 15y (ufu$ + dil + uzu) + 909 ujuzi. 


The ‘conditions that every cubic shall have a polar cubic as to /* whose polar 
cubic as to $* is the original cubic take the form : 


aa + 3b8 --3ey =A aß + 3by +.3cd = 0 | J 

968 + 9dd + 3ey — A ay + 3b% +38 =0 . e 4-350 + 3dy — 0 

Gey’ + 9dà + 358 — X ca + 3by + 3d = 0 by + 3c + 348 = 0 
3648—2 ba + 3b +3dy=0. ` 


The frat get of four reduce to | 
2a& = 4bdó  4b8 = 4oy = 9dà : 


whence none of the unknowns can be zero unless 2, — 0, a possibility that must 
be excluded. The determinant of the last set of two in the unknowns d and ò is 
bB — cy = 0, hence the two must be proportional, i. e. 


b=oc, y — 0B, cB =b whence °= 1. 


Replacing c - y by their values in terms of b and @ the original system re 
to the IOHON IDE 


Yaa = 4b6dó a= 30 (1 + oF) 


E 
4b = 9d) F= (r$ 


P 
+ 
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Put 6= 8 —1 and we have again 
945 = 4, aa = 10, a = — 3a (1 + o), a=— 3o? (1 + 0d). 


. If we put a = ca, a= c'a, oò = ô, and od = d this system: reduces to that 
obtained by taking o as the real cube root of unity. For this last case we find 
easily the values of a, a, d, and 6 and obtain this pair of quantics after dividing 
through by a anda 


ft = Bat — a Ba (oh Fa) + doa w 
| $ —xu— ar S UNA ie) daas 
where 
| | 8(B54-i415) ^  3(b—iA/1b 
Lc CE cl NC 


This is the pair of sextics (see Wiman, loc. cit.) unaltered by a — collinea- 
tion group Gæ- and we have 

(43) A necessary oondition that a pair of sextics, f* and Qf, be unaltered. by the 
ternary finite collineation group, Gs i ts that the sextics form a covariant quantic-pair. 

It is also extremely probable that this condition is sufficient. 

. The other two solutions of the above equations which arise when o is an 
imaginary cube root of unity are obtained from the given solution (42) by the 
collineation xj = 2,, z; = 025, xg = °x, and are not essentially distinct from (42). 

. We obtain the Gig) in the same way 88 Gs, t e, by determining p in the 
correlation K ae 


| 9; — Uy F t 
iul pose 
Ca = ., pti 


go that K will transform f* into °. The conditions are 


a 1 a a -q Ay 


VERI 


and the value + p— satisties all, We choose the positive sign, 


putting E B i 
JOMb-cRIM3 2 _ Mv5—iv3 
Duce cepe 
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and transform by K the collineation, T 


U = U, Ug =U Ug = — t 


which leaves $° unaltered. 


1—1 p 
KTK'zx -- 1 1 p]e 
p—p 9 
a collineation which leaves f * unaltered. Interchanging the last two rows of the: 
matrix and changing the sign of the second column we have the collineation 


1 1 g 
Bmw =p p Oje 
| —1-—1 p 


The lines whose coordinates are the rows of the matrix of S, form a perspective 
triangle of /*. The triangle i is unaltered by changing the sign of 2, and also by 
interchanging a and zy. We obtain from it by using Gu only five other una gles 
and the corresponding matrices are 


S, is a collineation of period 5. Introducing the notation 


—1-4A/3 , —1—i/8 | —1-c-45. —1— wb 
id px vete 2 a m 9 


the square of S, can be written 
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The triangle of the matrix FT is unaltered by the collineation c, = a, x, = — a5, 
Ly = wj. Gy» will transform it into only 7 other triangles and we have for the 
corresponding matrices 


: "— t Wu b oup. 
ssm —£a ca jz, NE x = 1/2 ea —1 —ea ja, 


ea € d a Ea æ 


| —a & —td4 = a —a - & . 
Ex = 1/2 —řÄa —s 1 je Spe’ = 1/2( ča 1 —ea jez, 
| e —a —&a/ : —g  —gEa -——à 
| —a č a | | ê a -—e 
SEx — 1/9| 1 —ea aje, Ex = 1/2 —a eua 1 jg, 
—#a —a —e | —ü —e  —8£a/ 
| a — si —8N — d 10 0 
S, zz: ax! = 1/2 ea —1 ea jæ. We add also jSjza«'-—[0 1 0]m. 
| —é ea a | | 00 1 


S; and S, arise from S, by advancing its columns cyclically; S, arises from S, by 

changing the sign of the last two columns ; and finally &,....8 from $,,....58, 

respectively by interchanging the last two columns and changing all the signs. 
| The Gg is obtained by multiplying the Gu by the fifteen collineations SS. 

The collineations S are all in Moore’s. canonical form, t. e, they have 
determinants unity and each element is the conjugate of its minor.: The same 
is true of the entire group if Gy be taken in the canonical form. 3 

The conics unaltered by the various octahedral and ikosahedral groups in 
the Gy are. easily written. We have first a set of six conics “in involution,” 
i. e., such that each is a polar to any other in the two possible ways. These 
conics each unaltered by an ikosahedral group are of the form 


yid sn + eye 


I +1, 
3) — — 2 (YYs + Vili + Vis) 





the other four being obtained by using Gu. The fifteen conics each unaltered 
by a group of one system of fifteen octahedral groups in Gin are of the form 


at af + af 
O°. "ptu ein 








E £i + 
the others being obtained from the last two " the use of bu 
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. Transforming these.two sets by. K and taking the point equations, which 
‘are the conjugates of the line equations, we have two new sets J’ and Ó' corre- 
sponding to the second way of breaking up Go into 6 and 15 ikosahedral and 
octahedral groups respectively. Those of /’ are of the form | 


I | a3 + of — pak + 2 (e — e) aya, 
and those of O' of the form 
"RN atart z 


4 4 4-3 
PEE St (at Eg) + 14g WEP ara ten) 4h Ca 


T The 42 conis I, T', O, o, are the only conics which are their own second polars 
as to f* and as to ¢°. | 

In the set J are twenty sets of three conics in involution corresponding to 
the twenty choices of three out of six. In the set J’ are also twenty sets of 
three conics in involution. In O the first conie Xo is in involution with-the 
eight of the second form. These eight divide into four sets of two with each of 
which Sa? forms a set of three in involution. Hence Sx? occurs in 4 sets’ of 
three and there are then in O 15.4 such sets, but each counted three times. 
Hence | 

. In O, O', I, I!, there are 80 sets of three conics n involution, twenty sets in each. 

Now in any lieu; system of three conics there are just four such sets of 
three conics in involution. They are the polars of the vertices of the four inflex-. 
ional triangles of the cubic whose conic polar system is the given system of 
conics. If the cubic is harmonie two sets of three are conjugate under the G3, of 
the cubic, and the other two sets of three are also conjugate. There are in Gog 
ten G which define ten harmonic cubics which in turn define 40 sets of three : 
conics in involution. Twenty of these are conjugate and are found in J, the 
other twenty are also conjugate and are found in G. We have besides the ten 
Hessians of the harmonic cubic which are also- harmonic and define the twenty 
sets in /' and the twenty sets in O'.- | 


85. The Forms f?" and q^ in Higher Domain. 

- : Without making any pretense to generality of treatment we find, however, 
in the higher domains examples of covariant quantic-pairs which are essentially 
different from those already noted. The cases in the binary and ternary. 

46 | 
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domain are all alike in that they have no absolute invariant and that the one 
 quantic is transformable into the,other by a correlation. It is easy to obtain 
in the quaternary domain a case in which the first property does not exist 
and in the quinary domain a case in which the secofid does not exist. Thus the © 
pair of quartic surfaces 


St Salt of + ah + af + 12h mnn, o 

_ 12 (1) 
psu tut uf judo www 

are à covariant quantic-pair with the — absolute invariant A. 


. In the quinary domain we assume a simplified pair of quartics unaltered by 
- the cyclical advance of the variables and their changes of sign. Take 


ft z& a (at tof + ad + af + af) + 65 (223 + adi + ade oia + abel) 
| | ttbi abd + ote Haat + ata) (2) 
g = oXuj + 6PEuu + By Duiuz. : 


Every quadric will have for polar as to ^ & quadric whose polar as to ĝt is s the 
original quadric provided 


: "o TP dica dea 
aß + ba + 08 + by + oy — 0 - 0 (8) 
ay + ca + o + by + 58 —0 T 


From the first equation we have aa = 0. 
Suppose a= 0 a= 0. The solution i is 


a=1 b=0= 1/3 a = 0 ge y 
an we have the covariant quantic-pair 


ft Sat — 93a (ah + ad) T" 
= uj (i-r ui) de 
f* has 30 double points of the type 0, 0, 0, 1, +1 while id has D five double 
flats of the type 0, 0, 0, 0, 1. | 

We have then the curious example of two quantics each the same covariant 
of the other and yet not transformable into each other. 
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If we solve the system of equations (3) more symmetrically by Baumar 
both a = 0 and a = 0 we have the quantic-pair | 


P-IdibegxAd 0 indi pe 
‘= = Sung + pups. zm 2 i v 
We shall close with a discussion, in the next paragraph, of the covariant quantic- 


pair (5) which has properties eate analogous to the pairs found in the binary 
and ternary domain, | 


$6. The Finite Collineation Group, Ga, in Five Variables. * 


We see that the quantics /* and $* in (5) $5 are unaltered by ihe collinea- 
tions | 


qi == m i = By t = t 
Ta == Ly La = pug La == Ty 
SE 4a = a, = Lg — pz, = 28 — t 
gia icit s Q4 == Ug 
5 = m zs = pr, Ly = Lp 


S, T, and U generate an ikosahedral group Ge, viis permutes E the five 
points and five flats of the pentahedron of reference, P, This G4 combined 
with the Gis made up of the changes of sign of the variables gives rise to a Gy 
which leaves P, unaltered. There are no Sune collineations which do not puer | 
f* and Pi. 

The vertices of P, are dons points, D P's of la and the flats of P, are 
. double flats, DE's, of à*. We find without difieulty that f* has just 45 DP, 9 
ofthe form ` 

1, 0, 0, 0,.0 (353. A noo ebd © (1) 

the 36 others being obtained from these by the use of 8. | 

Also $* has 45 DE whose coordinates are the conjugates of the coordinates 
of the 45 DP. The DP are all of the same type—the polar of each as to /* 
breaks up into a flat, the conjugate DE, and a hyper-cone with double point at 
the DP in question. The dual statement holds for the 45 DE. We have then 
.& correspondence between the DP and. DE, each corresponding to its conjugate. 
There is no trouble in verifying from (1) that 


* A complete enumeration of the subgroups of this group is given by L. Dickson, Transactions Amerlcan 
Mathematical Society, Vol. 5, 1004, p. 126. Further references are given there, the articles by Burkhardt 
` being especially pertinent to this account. 
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Each DE passes through 12 of the 46 DP and each DP lies in 12 of the 45 DE. 
. Every collineation that leaves a DE unaltered must leave the corresponding 
DP unaltered and hence the twelve DE through it. In the DE, «,=0, we 
have twelve points dividing into 3 tetrahedra namely." 


1000 1 p p 1 . .1 p p=! 
0 1 0.0 1 p—p—i 1 p—p. 1 : 
0.0 1 0 lp. go rep 9 d (2) 
0 0 0 0 s ak Sp =e 1 —1 p p 1 


And the twelve DE through u, = 0 cut out on y, = 0 the twelve planes (2) of 
the above three tetrahedra, whose coordinates are the conjugates of the coordi- 
nates of the points (2). The three tetrahedra (2) form the well known desmic 
system of tetrahedra, which is unaltered by a group of 576 collineations. If we 
require that /* also be unaltered by the collineations then the group can permute 
the variables only in the even ways and its order is reduced to 288. However, 
a change of sign of a, being added to the group the order is restored to 576. 
This G4, is generated by the tetrahedral subgroup of G4, which leaves z,—0 
unaltered, by the G of the changes of sign of the variables and by the collinea- 
tion S, of period 3, whose square is S, 

| 2 0 0 0 © o 


2 0 0 0 0 

0 1 pop l1 i 0 1 # -—i 

Sq = 22’ = pf 0 1 Bsn OF —~ 1 FZ Sq == 2x’ =: pf 0 1 7—p 1 
eO 1 =ë øl | pYO 1L—pr p 1 

D x1. gh past eX e Ug 


The factors outside the matrix are supposed to multiply each element. In the 
row opposite, S, and S, permute the three tetrahedra (2) cyclically. They are of 
determinant unity and in the usual canonical form. They leave the configura- 
tion of 45 DP unaltered and therefore /* as well. Hence | 

(3 Of the group of collineations which leaves f* unaltered there is a Gers which 
leaves one of the 45 DP unaltered. f then ts automorphic under a group of order 
4b. 576 = 25920. 

Since the pentahedron of reference P, is ütaliered by & Gu we should 
expect it to be transformed by Ga into ?$$3* or 27 others. The rows of the 
matrices of S, and S, determine two others, P, and P,. Both P, and P, contain 
the DE, v, = 0, as well as B If each DE is contained in 3 pentahedra we 


' ."* For a complete geometrical DUE of this system and the G.4'seó J. Feder, Math. Annalen, Vol: 47, 
p. 875. 
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should have again EE es 27 pentahedra, These pentahedra are obtained from 


the matrices of Sa, S, and & where 


1000 ù 
010 0 0 
S,=v= F001 0 Ofz 
0 0 0 1 0 
000 0 1 
- -and the matrices of twenty-four other collineations derived as follows :— Trans- 


form the collineations S, and S, by the collineation S of Gg. We have 


D 
w 


—1 


0 —1 pop — 1 0—1 p p 
0 2 0 .0 0 0 2 0 0 Q 
Sp = 24 = 1 0 1 p? pita Sp = 22! = —1 0 1 # pe 
py. 0.1 qo eV 1 0 1 pt —f' 
pPN—1 0 1—p9 p p\ 1.0 1—p p. 
pf p—1 0 1 —p ej P 1 0 1—eN.- 
p—1 0—1 p — p) 1 0—1 p | 
S, = 94 = 0 0 2 0 ofe S,=2’'= | 0 0 2 0 olke 
p)à 1 0 1 p p—i 0 1 p 
pNeepe—L cm d | og PNTE we o es i 
p papal o0 J "ep pape 1 © d ! 
pf—e p—l 90 1 Pf- č 1l1:/0 1 
S4 E 227 = p p-—1 0 —1 T Ss = 237 = — p! p 1 0 —1 z 
0 0 0 2 0 0 0 0 2 0 
pop 1 0 1 po oque 0 hp 
1 p p 1 0 1 pg 9—1.0N. 
B p l pm —1 0 1, _ l p-—p 1 01 
Se = 9x = p 1 —p p —l 0 T g, E 23V = 1 — ø p 1 O-9 x 
4461 dits M 


In §, change the signs of the first and third columns of the matrix and call the 
collineation S, With the collineation CTS of | Gy form the combination 
TITANS The result 1 is 


/0 1l. p p 1 

pop 1 0 1 

S,=2pr7 = § 1. 0 1 p p! 
1 pop l 0 

y X 0 1 p 


The matrix of this is of different type from the eleven already found and we 
find by changing the signs of the columns in all possible ways 15 new penta- 
hedra which with that of S, we shall name P,, P,,...., Py, and the correspond- 
ing collineations S,,...-Sj- Then $$. Gy, = S, Sur- .. Sig. These . results 
may be i e in "n theorem: | 
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(4) There are 27 pentahedra whose vertices belong to the 45 DP and. whose flats 
belong to the DE, Each of the five flats contains besides the four vertices. eight DP, 
each of the five points lies on eight DE in addition to the four flats of the pentahedron, 
i. e., the five flats contain the 45° DP and the five vertices lie on the 4b DE. The 
Coron contains one system of 27 conjugate subgroups of order 960 nion subgroup 
having an invariant pentahedron. 

The fact that /* and $* have different forms when referred to the same pen- 
tahedron, Py, does not lead to the conclusion, as one might A n there 
are two systems of 27 conjugate Gew. For the correlation, K INL 


==, Xg =E uy, Lg = pty, Ty == PU, ts = pu, 


transforms f” into Q* without altering P,. It differs from the collineations that 
do not alter P, in that the vertices of P, are carried into an odd permutation of 
the flats of P. 


We see at once that the Gw generated by S, T, and. U, since it contairis 
no ehanges of sign of the variables, must also effeot the even permutations 
of the flats of P, . P, and P, have no common vertices, The same is true of P, 
and Py, P, and P;,..., P, and Py. But since P, is transformed into P. 
(c= 1,...16) by Gy we e find for each pair P, and P, a different Ge the trans- 
form of ili original Ge by some collineation of Gy. Hence 
(B) | Gg contains a system of 1/2 27.16 conjugate Gy, any ‘member of the system 
being defined as the group which leaves each of two pentahedra, having no common 
vertex, unaltered. 

. The. collineation S, is of period 4. Its’ square is T of the original Gy. 
Hence S, permutes P, and P, and with Gs, generates a Ghe isomorphic with the 
symmetric group of five things. One such set of five things is Pa Po, P,, P, P, 
which are the only pentahedra each containing a flat of P, and a flat of P,. If 
"we call P, P, P, Ps, Py the pentahedra which arise from P, by changing the 
sign of the first, second,.. .. , fifth columns respectively we see that P,, Py Pe; 
P P, each contains one of ihe flats of P, and that P., P,, P,, Ps, P, each con- 
tains one of the flats of P,. Hence the first set of five nentahedea is. permuted 
evenly by Gy and the same is true of the second set while the odd R E GU 
of Gw permute the two sets. 

(6) Hence in Gayo there te a system of 27.8 conjugate Gu each of which is defined 
as the group which does not alter a set of two' pentuhedra having no common: vertex. 
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We ‘consider now the following group of twelve pentahedra which divide 


into two sets of 81x, each in one set being paired with a “ partner” in the other, 


Az» Pay P,, Ps, Pi; 2 
P, Pa; Ps, P, P, P, 
Each P in the upper line has a flat and vertex in common with every P in the 
lower line except its partner. The choice of any pair determines the five others. 
The pair P, P, being unaltered by a Gis which simply permutes the other five 
pairs we can conclude that the entire configuration D, is unaltered by & Gs. 
We.can easily construct & unique quadric which admits the original Gg, namely 


QE p Gi mms mu es + n) + pnm + tts tea o 
| Tum xe (7) 


But this passes through the vertices not. only of Po but also of all the other 
pentahedra of D,. ‘The equation in flats is the conjugate of (7) whence it 


touches.all the flats of D,.. (7) must be unaltered therefore by the entire Gig 


and. be transformed by Ge into only 36 quadrics. 16 of the 36 are obtained 
from (7) by using Gj. Forming (7). for the pentahedron P, we have 


m pei + ej (T pas E dp ts 3 | ' (8) 
d applying T T Gr to this we have : | 
Q= a + o* (a? + 5) + 2po2s (9) 


From the four quadrics (8) and (9) we ren by. the use of § ino twenty 


remaining quadrics Q. . 


(10) There are then thirty-six m Q, each of which passes through the thirty 
vertices and is touched by the thirty flats of a Dy. The flat and vertex forming an 
element of. Q occurs in two pairs of Dy. There are in Gg 36 conjugate Gs one 
corresponding to each Q and dts inscribed D,. 

"^ Another noteworthy configuration associated: with f and $* is a eaa of 
points N and flats F.. One of the flats F' has the equation 


Gor. o m eb ymo E 
and is defined by the property it possesses of passing through 18 of the 45 DP. 
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To find the number of the F we observe that through one DP; e.g., 1, 0, 0,0, 0 
pass at least 16 F, namely the four 


o p 1p 0, 
0 0 p l: p 
0 p p p ft 
0 1 0 0 P 


and the twelve obtained from.these by changing the signs of their coordinates. 
Each of these sixteen passes through a ''lineof the desmic system of tetrahedra” 
in z, = 0, i. e., a line of the system containing one vertex of each of the three 
tetrahedra. There are just 16 such lines, one in each of the 16 F. The line 
and DP do not fix the F, but it can easily be verified that through the DP and 
the line there can be only one F that contains 18 DP. Hence the number of 


16.45 
18 


tioned by the use of S. 


(12) The 45 DP lie by 18's on 40 flats F; the 4b DE pass by 18's through 40 
points N whose coordinates are conjugate to those of F. No N lies on an F; no F 
passes through an N. In Gags, 18 a system of 40 conjugate G5, each — for 
invariant an F and an N. 

The Gsm has been given * as a group in four variables containing as sub- 
groups the group Gin three variables. In our case the subgroup which leaves 
an F invariant appears in that three dimensional space as a collineation group 
projectively different from the ternary Gas. The subgroup in F is indeed the 
group Go, of the three dimensional tetrahedral cubic æ? + 28+ a3 + 2 — 0. 
We verify this as follows:—Assuming a flat F' as invariant the remaining 39 
break up-into aset of 12 and a set of 27. The set of 12 breaks up into 4 sets of 
three, each one of a set of three cutting F in the same plane and the 12 therefore 
giving rise to a tetrahedron on P. Hence | 
| (13) The 18 DP on F lie by 9's on the four planes of a tetrahedron in F; two 
planes pass through each DP, hence on each edge of the tetrahedron lie three of the 
DP. The dual of this is true for an N. - 

We also have that | 
(14) The 40 F meet by 4's4n forty planes H. The 40 N he by 4's on forty lines L. 


the flats F is 





— 40. They may all ue obtained from the sixteen men- 





* Maschke, Math. Annalen, p. 817. Further references are given there. 
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The remaining.27 F above mentioned are thus accounted. for: On each of 
three edges of the tetrahedron in F that meet in a point are three DP which ` 
determine 27 planes, the planes of intersection of the 27 F with the invariant F. 
This is then exactly the configuration determined by the tetrahedral cubic 
surface. | | 

For later use we may note also that there is through every pair of points 
DP which do not form vertices of the same P a line containing a third DP con- 
. tained in no pentahedra-containing the first two DP. We may call such a set 
of three a “‘line-triad.’”’ As an example we have that the three points 


1, 0, 0, 0, 0 contained in P,, P,, P, 
d, 0, L e p á e Pi, I, P, : (15) 
ped 0, 1, p . B Ps, Ps, Ps | l | 


lie on a line. The. 9 pentahedra are determined however by a second “ Jine- 
triad ” for | 


0, 1, 0, 0, O iscontained in Pi, P,, P, 
0, e P, p, 1“ ml » Ey, P, P, (16) 
0, —l, P: p p 5 7 25 PF, Pg. 


We shall say that one line-triad determines uniquely its ‘‘ conjugate line-triad." 
The two lines are skew and determine therefore a flat, one of the forty F, 
px + x, + phas — 0. In Fthe two lines are opposite edges of the tetrahedron 
[see (13)] and hence a pair of conjugate line-triads determine uniquely two 
other pairs which are reciprocally related to it. We find in all 240 triads. since 
there are forty F. But it is clear also that through a DP pass 16 line-triads 





s . 45.16 
whence their number is n uem 240. 


(17) There are then 40 sets of reciprocally related three pairs of conjugate line- 
triads. 


We have just seen that one line-triad, 7, determines a conjugate and the two 
a flat F. In any flat F are 42 /'s, the six edges of the tetrahedron of (13) and 9 


49.40 — 


in each of the faces. Hence through each | pass ^5, .- = 7 Fa number that is 


40. 
47 
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easily recognized for each of the 42 lines in an F. Thus through the | of (15) 
' pass the flats P - | 


0 —p p | | (18) 

0” 1 —p -0 s i i 
p =p 0 1 
i O p— 


looojaoo$ilo 


We note that the first is singled out by lying in a pencil with each of the two 
sets of three. This first is exactly the F determined by the pair of conjugate J, 
(15) and (16). Hence 
(19) In each F ave 49 l; through each lare 1 F which form two pencils of 4, the 
two pencils having a common F. Six l determine the same F, the six forming the 
edges of a tetrahedron in F. The forty tetrahedra arising from the forty F contain 
as edges all the 240 lines. | 

Besides the 40 F we have in (14) a set of 40 conjugate planes H, the faces 
of the 40 tetrahedra in F, each face occuring in 4 F that form a pencil: Each of 
the 40 H are unaltered by a 6554, and we wish to find whether it is contained in 
the set of conjugate G4, already found. But the Ggs of (12) has for invariant 
a tetrahedron in the invariant P and it is not difficult to show that the remain- 
ing 89 F under the subgroup which leaves a face of the tetrahedron unaltered 
break up into a set of three, a set of 9, and a set of 27 F, the members of any set 
being conjugate. None of the 39 are unaltered whence the group that permutes 
four F that form & pencil (4. e., that has for invariant an H) has no invariant F 
and is distinct. from the G5, of (12). Since H is common to 4 F and in each F 
is a tetrahedron peculiar to itself it follows that the 12 Zin a face of the tetrahe- 
dron of an F lie in 4 triangles, each triangle belonging to the tetrahedron of one 
ofthe 4 F. Hence in H we have the configuration of triangles associated with a 
syzygetic pencil of cubics. | | | 
(20) The Gag, contains two different. er of forty Gyms One ts the system 
described in (12) ; the other is the system which has for invariant configurations the 
forty planes H or the forty tines L. In an invariant did H, the invariant Cou 
ration is the same as that of the ternary Gs. 
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We have obtained above the subgroups of Gs of smaller indices. It is 
not intended to attempt here a complete classification of the various subgroups . 
Of Ga. But it is clear.that for such a purpose.the above representation of the 
group is well suited. The v&riety of geometrical figures that belong to certain 
subgroups and that are of simple projective character is very great. For 
example, besides the flats F through 18 DP and the flats DE through 12 DP, 
there are flats of the type a + a + a + x, + x; = 0 through 10 DP, flats of the 
type x, + x; = 0 through 7 DP, and flats of the type a, + z+ z, = 0 through 
6 DP. Also the 40 points N, dual to the F have barely been mentioned. 
| That Geo, abstractly considered, is isomorphic with the group of the 
equations of the 27 lines of a cubic surface has long been known.* A few . 
simple correspondence principles permit of ‘deriving the more important proper- 
ties of these 27 lines from the configuration described above. These are :— 


(a) Toa line X, of the cubic surface corresponds a pentahedron P. | ! 
(b) To two lines % which intersect (lie in a plane e) correspond tio pentahedra: P 
with a common vertex, a DP. 


With the aid of (a) and (5) the collection of facts concerning the 27a given 
in Pascal's Repertoriumt can be obtained without difficulty from the properties 


of the 27 P. Thus from the fact that each P has 5 vertices and. each vertex 
belongs to 3 P we see that 
19 There are 45 e each containing 3A. Hach à occurs in 5 e. . 

P, has a vertex in common with l Pas ....,P, and P, ...., P, but not 
with P,,...., Py. Hence | 
2° Hach X cuts 10 other A and does not cut the remaining 16. Two à that do not 
cut will both be cut by 5A, each be cut ^y 5 other A, and neither be cut by the remain- 
ng 102. 

The latter part of this is evident from the fact that P, and P, have a vertex 
in common with Pa, ...., P, that P, has one in common with Pa ...., Po 
and that P, has one in common with P, P, Py, Pj Py. From (6) we have 
39 There are 216 skew-pairs à. > 

The existence of the D, (p. 50) shows that 
4? There are 36 '' double-sizes.”’ 


* Jordan, Traité Des Substitutions, p. 816. 
-4 E. Pascal, Repertorium Der Hoheren Mathematik, II, p. 284. 
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From the double sixes we can pass at once to the various systems of non- 
cutting lines mentioned by Pascal. That the quadric Q (7) has the same form. 


as fifteen others but a different form from that of ie twenty (8) and K leads to . . 
`- the theorem 


5° A double six has 44 in common "T each of 15 din and 64, in common with 
each of 90 others. 

Two DP not contained in a P Tie on a line with a third DP; this line 
determines another such that the mine P having vertices at the 3 DP are the 
same forthe two sets of three. There are 120 such line pairs. Each pair 
determines an F and in Fis one of the three pairs of opposite edges of a tetra- 
hedron. The 18 points on the six lines are the vertices of 54 P, each of the 27 
P occurring twice (see (15), (16), (7), (18), (19)). The translation of the above 
results in 
6° Two e having no A common to each Din. a third e, nO two of the three 
having a 2, common to each ; 92, in the 3e are contained similarly in a second set of 
three e. The two sets of 3e are called a “ pair of conjugate trihedra.” There are 
120 such pairs; Any one pair of conjugate trihedra determines two other pairs ` 
such that the complex of three pairs contains the 272. There are 40 such complexes. ` 

Finally, the considerations which led to the second system of 40 = 

. Gss Way be translated as follows :— 
(21). A complex of conjugate trihedra-pairs contains 18e. These 18e may be 
divided in four ways into two sets of 9e, a set A and a set B such that the set A con- 
tains the 274 and the set B contains the 27%. There are 160 sets. A and 160 sets B. 
The 160 sets A are each common to a group of 4 complexes. - There are 40 ‘com- 
plex-groups of four,” i.e., 4 complexes haying a set A of 98 common. However, no 
two complexes have a set B of 9e common. 
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On Some Cases of Motion of a. Solid in Infinite Liquid. 
By G. Kowosorr, - 


an Se Fa ie 


The present paper contains some elliptic-function solutions of the motion 
under no force of a solid in infinite liquid of the same character as considered by 
Mr. A. G. Greenhill in Vol. XX and XXVIII of the. American Journal of Math- 
ematies, but for a body of different external shape. ` 

(I) The external shape of the body is that considered by Pate in a 
matische Annalen III with the form of the kinetic energy” 


| 2D = agi kasd + age} bat bal + ba 


where 
dE uro 1 
so Ge "uate a E ees 5%)? (1) 
With the six dynamical equations: " 
de, — oT | oT dy oT oT oT OT 
ae gy, t T2 ys wr C^ Jom, dy, Ty, 


we arrive immediately at the three integrals: 
aT = const. =} tY F Ys + LY = const. = m 
at + of + 03 = const. =n | 
and tlie fourth integral of Clebsch : 
bay, + 5,05? + byaays — (asa + agaes + emit const. = k. (3) 


In particular cases m — 0 and b, = b, = b, this motion is expressible by the 
double-theta hyperelliptic function. The most. general case was reduced by 
F. Kötter to the case 5,—5,--5,, but his investigation contained mistakes as 


(2) 


* The notation employed fs that of the paper of Mr. A. G. Greenhill. 
+H. Weber, Mathematische Annalen. XIV. F. Kotter, Crelle, t. 109. 
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shown by the investigations of the Risa mathematicians A. Liaponuof and 
W. Stekloff.* 
" Let us suppose that the constants in the expression of the kinetic energy 
satisfy besides (1) also the conditions: ° : 
i. 1 1+ : 
ku En (b3 << b, and b < bg). 


Then (ay — a) bı = (as — a1) by and (a; — as) by = (ag — a4) (b — 5i). 
From the — (2) and (3) we have: 





b, (as — aj) (a +. 23) — (Baye + Big — y 


. Let us suppose 


7 (las — k — n (aij + ayes) ) . 


la; hn (d + aa). 
The differential equations admit then a fractional integral : 


beu + bYe const =r. 35 
(as — as) x3 — biyi | | mE e) 


Besides this integral the fundamental integrals give us the integral 





I ya = const. = T. ' (4) 
Bearing in mind that 
& (at t asy — - (bis + bataye) = (byty — bya)” 
Ee = + A b, (a; — a; aj) — + Sb (os ae) 


and taking into consideration the integral 


where 


qj t x + 23 = const. =n 


we deduc 
ERE d l . 
(T 4) (byt — byt) = e (n == az)’ — I? ((as — ds) 2$ — ba Y" 


* W. Stekloff. On the motion of solid in infinite liquid. Charcow, 1898 (in Russian language). 
. 1 1 1 1 1 1 | 
The Cases - = —— + E^ and —— = —— + -~ can be treated similarly. 
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But from the integrals (2) and (3) we deduce 

(a, — dg) by + (b, — ba) bl = babay? * Ts, where T, = nba, — byk, 
und (5) takes the form : | | 


(m) = g(n-— ay—I" T n (6) 
since | 
(ag — a3) (b, — bi) = (a, xm Ge) b, (7) 
and . l 


E a A T E : | 
(as — Gy) 23 — biyi = Ma Pai byi = pg (a — as) bad bi (Es — Bh) 


1 ` » | 
l aa oes (bsbays + I), i 
and from (4), (6): | PEE 


f dag? | | | 
| CR) = è (n — 95)" — TTY (bba + T = 


=e {0-A} eye (Pie, — ap (0 7 T 0), 


and therefore 


de, 


or 


a. | 
D OY 3 
dne T o ERE 5 05 


where a, 8, y are constants. | 
From this we can conclude that the problem may be reduced to elliptic 
functions. | | 

I have shown* that the motion in this case can be resolved into two 
motions à la Poinsot and that the elements of the motion can be expressed by 
Weierstrassian Sigma Functions. | 


* In my Russian paper ‘On Some Modifications of the Hamilton’s Principle ” this solution ts developed 
and discussed. A short account of this paper is given by Lampe in “ Forschritte der Mathematik," 1908. 
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As individual cases of this theory we may regard and oa to. elliptic 
functions the following cases : 


(A) gib = ets, Yabs = EX, 
(B) Yb, = — et, Yzb = — EX, 
(C) yb = ez, yb, = — 


| (D) yb — em, — Yada = em. | 
We may deduce these solutions immediately from the six differential equations. | 
without using the integral (3*). Let us suppose (A) gyjb— ex,, Yzb = em. 
The first three differential equations.of the problem take the form: l 


a m bafta — EXQ23 1 
a= — OU — T Path | ' (8) 
- = e(a — 13) 


The 6th equation gives 
l Yg = const. = o, 
` the 4th and the 5th become 


d 
d bts NEM qs ; 


(b; — bs) 


— as) 
EX aec eR D E 


and coincide with the first two equations ( (8), by (7) &nd by the relation 


(as — 2;)b, = (ag — as)b, = 2. 
The integrals (2) take the form | 


and we have 


= ja = e Es La Abi(m — ox). 


Therefore the problem is reduced to elliptic functions. In the same manner 
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we can investigate the case B. Let us suppose (C) yb, = em, Yby = — er. 
The differential equations of motion take the form: 


^ = = OY stg F EL 


E = exe, — bayt 





8. 
dp 4889 
d 
de (0s — aes 
The other two equations coincide with (9) in the same way as in case À. 
The integrals (2) and (3) are reduced to | 
| 2) dn 
ex? er | | 
BOR 0L (10) 
l — agn aee 
| £j— wy t y w= oe ZE const. T 
Instead of one of these m we can take the integral 
| Ta, — d) — Y = const, = T,* "e 7 v 
which follow at once from the differential a (9). 
Then 





wo fea eE]. 


and with (11) the problem is reduced to elliptic functions. 

The case D can be investigated in the same way as 0. ` 

(ID. As is probably already known, lately the Russian mathematicians, 
W. Stekloff and A. Liapounoff discovered two new integrable cases of motion 
of a solid in infinite liquid (under no force) which A. Clebsch did not discover 
'because of an error in his calculations. 

In these cases the problem may be also reduced to ultra elliptic functions, : 








b, + 
*T, (0 2) nT, rr HR 
48 
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but in particular cases to simple giras functions. In Stekloff's case the 
kinetic. energy 18 expressed by the formula: . | | 


— RT— sa (dd + 08) ad + raah + au 
and the differential equations appear as follows: : 


Im 


= agni; — Aste, — DEA (ag — ag) 


= ALY — atia — LN TAs (A, — 5) 


(12) 
= Vals (à, — Gy) — va, (a — ay) (gis + aY) + 


+ T’ (a — a5) (Agag — 01) Eata 
yay (dı — as) — Tag (a4 — as) (sts + 293) + 

: + T’ (ay — à) (gay — a5) Xg: 

di Wye a — a) — Tag (ay — a1) (yat + 2331) + 

l A + «(a — as) (4,4, — a3) tits 

. and admit a 4th algebraical integral of W. Stekloff: 

Xa, (a, — 2a, — 2a;) a3 + 2va,,y; — yi = const. 


These differential equations admit a particular solution 


d 
da, 
dt 
a ALY — Q2), — LET Ag (Ag — 01) 
d — 
Uy. 
di 
Ys 


y= v(a—aj)es, Yg = T (4, — 29) 2o” (13) 
since the equations (1), (2), (4), (5) of the system (12) can be reduced by (13) 
to two differential equations 


53 — age + Tas (as — a) t 


Ax, 
d — ast + TAs (as — Ay) Lig 

and the equations (3) and (6) give — — | : (14) 
dg 


di Len ranas (a. — Ay) 
dijs : 
zim 27? (ay — ay) dg (2g — a — às) ars 





*In the same manner can be. treated the solution: y =T (a; — ^) X, Y= r(a, — a) Ty and the solution 
y,— 7 (a, — 4 Ty ¥, = T (a, — 7 03) 2. 
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The system (14) admits the integrale! — ' | 
cababq ab 





® i l 
aman (a, — a) (2a — a, — as) t | 
yt (20s — aj— Ay) F ys = T TP (15) 


where n, T, T, are the constants of integration and we obtain : 





(oath = 19 ." 





and by (15) the m— is — to elliptic indon: The motion in this case 
can be also resolved into two motions à la Poinsot. | | 
In Liapounoff’s case.the kinetic. energy is: expressed by the formula; 


»T— Sy +. 262g; + (9 | 
and - obtain the differential equations of motion in the form: 
= b(agjs — Yaa) + (Ca — es) 
= ean — yix) + (01 — eye 


= (my, — yii) + (0— aes 


dui TET 


| - (16) 
= (4 — o) [als + cite + SP (20, —oy— e) 


" == (o, — o) [nh + as + "Pasa 





" = (— -ojan F me LA nca E 


and admit besides the thse known. integrals (2) the aie of A. Liapounoft 
Xe((es + Cs) gi + idi m conet, 
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The differential equations (16) admit a particular solution: 








0g — 6$ Og x* (17) 


. As before, in Stekloff’s case, we-reduce the system (16) by (17) to four equations: 


Tt — bags — (ey — e) 


di^ — (es — c, Jag — bx 


d 
T= 2 (cs — G) 22a 


The integrals of this system of differential equations we obtain in the form 


ah + a + of = 
BO i 
NO a) (3, —« — e T 


y p RIA, 7, (18) 


Sod we find 


= a-a (n— at —(P poate) 


By (18) the problem is, as before, reduced to elliptic functions. The motion 


in this case can also be resolved into two motions.à la Poinsot.. These solutions ` 


are connected with some pseudo-elliptic integrals. 
For instance let us consider the solution A of the case L We have: 


yi en ibe = ex, js = = const. = ati bag + han 


= ak Ce tiim on. 


* The solution y, = pe. y, = "Ag and the solution yy = uh p yp 5-5, can be 


treated in the same manner. 
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Let us suppose that the axis Z fixed in space coincides with the axis of impulse 
and the position of the axes of z, y, 2 fixed in the body is given by the three 
Euler's angles 0, 9, y. Let Por be the components of angular Velo inthe | 
directions of the axes of x, y”? . Then . 


. dV 1 | ! 
sin? 0-3; = m P% t qta) 
| R r coser. 
But | | 
x o "m _ oT 3 u oF _, 
| P = yp 191 — 6$, inp Ya = FX, "= Jy ^ gO 
therefore 
"o 0% =  2xym + aay 
—a a Nm 0 
But 
1 | | 
Js, (i + tae) =— sin 9 e7 
so that 


a tis 


dimid | 
We can conclude from this that the integral 
= — m + ark de, — 
Je (n — af)? — 463 (m — or) 
is pseudo elliptic and | | 


_ -üu mpm 
~~ I Nn — x 








=== Ab; mM —- OTz 


^/ n — al 


This result can be verified by differentiating ; and similar pseudo-elliptic integrals 
can be written also in the-other cases. 

Regarding investigations of Mr. Roger Liouville* I very much doubt that 
he really found a new integrable case of motion of.a solid in infinite liquid as in 


(m—wat,) ' 





y 


* Comptes rendus, 1896, II s6m. 
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the case of the problem of rotation of a heavy body about a fixed point, where - 
he professed to have found a new ‘integrable case. On the strength of which 
statement this casé was entered under his name in different text books.* | 

In 1898 my attempts to find integrals of the 8th and 12th power 
according to his method failed completely, as did also the attempts of Prof. 
S. Tshapliguine in Moscow. Whenever I succeeded in getting an integral 
according to Liouville’s method it always turned out to be simply a reduction 
of already known integrals and only gave a new integral in the case of Mme. 
Sophie Kovalevsky. In the just published (January, 1906) article by Husson ` 
jin the *Annsles.de Toulouse" this theorem. is generally proved. and so the 
integrable case of R, Liouville of rotation of a heavy body about a fixed point 
no longer exists. | f | | 


" Junzgw (Dorpat), Russis. 


* Appell. Traité de mécanique rationelle, ¢ II. 


On the Arrangement of the Real Branches of Plane 
Algebraic Curves. 


By V. RAGSDALE. 


Introduction. 


In the consideration of any problem relating to the number and arrange- 
ment of the real branches of plane algebraic curves, the division of circuits into 
the two classes odd and even is of fundamental importance.* An odd circuit can 
be met by a straight line in an odd number of points only; an even circuit in an 
even number of points. Two-odd circuits have an odd number of intersections ; 
an even and an odd circuit, or two even circuits have an even number of points in 
common. Hence, as Zeuthen shows (Sur les differentes formes des courbes planes 
du quatriéme ordre, Math. Ann. VII, 1873, pp. 410-432), a non-singular curve 
of even order must be composed entirely of even circuits, and a non-singular 
curve of odd order must have one circuit odd and the rest even.t 

Ina paper published in 1876 (Ueber die Vieltheiligheit der ebenen algebra- 
tischen Curven, Math. Ann. X, pp. 189-198) Harnack proved that a curve cannot 
have more than p-+-1 circuits, where p denotes the genus of the curve; also 
that for every value of p, a curve of some order does exist having p + 1 real. 
branches. In particular, if p be of the form $(n— 1) (n — 2), there exists a 
non-singular n“ with 4(n — 1) (n — 2) + 1 real branches. Later, Hilbert (Ueber 


* Von Staudt, Geometrie der Lage, 1847, p. 80, 

T Zeuthen (loc, cit. p. 426) proves the existence of a quartic ‘circuit with two double points, which is met 
by every straight line in at least two real points, and hence can not be projected into the finite part of the : 
plane. Cayley (On Quartic Curves, Collected Papers, V. op. 801, 1865) points out that the sextic may be com- 
posed of one non-singular circult which is met by every straight line in at least two real points. : And O. A. 
Scott (On tha Hroutis of Plane Ourves, Transactions of the American Mathematical Society, 1902) establishes 
the general theorem as to the existence of circuits that cannot be projected into the finite part of the plane. 
In the following pages, however, the only elreults that present themselves are those Tur can be projected 
into the finite, and for these the term oval is here employed. 


+ 
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die reellen Züge algebraischer Curven, Math. Ann. XXXVIII, 1890, pp. 115-138) 
considered certain possibilities of arrangement for the circuits of a non-singular 
n? when the maximum number of branches is present, and Hulburt (A Clase of 
New Theorems on the Number and Arrangement of the Real Branches of Plane 
Algebraic Curves, American Journal of Mathematics, XIV, 1892, pp. 246-250) 
extended Hilbert’s theorems to certain cases of curves with double points.. 
Hilbert proved that for n even, not more than 4(n — 2) of the p+ 1 ovals can 
be nested ; that is, so situated that the first lies inside* a second, the second 
inside a third, and so on; and that curves of even order do exist having p + 1 
ovals, (n — 2) of which are nested; similarly, that for n odd, not more than 
4(n — 3) ovals can be nested, if the maximum number of circuits is present, and - 
that curves of odd order do exist. having p+ 1 circuits, i(n — 3) of which are 
nested ovals. ij | 

A footnote to this paper} contains the statement that if the non-singular 
sextic have its maximum number of branches, eleven, these cannot all lie external 
to one another. Hilbert speaks ofthe process by which he arrived at this con- 
clusion as “ausserordentlich umstündlich," but no hint as to the character of 
the argument is given, and no proof of the statement has ever been published. 
However, if such & limitation on the arrangement of the ovals does exist for the 
6, there arises at once the question as to the existence of a similar limitation 
for all non-singular ‘curves with the maximum number of branches. For curves 
of odd order no such restriction holds,—at least, in the form stated by Hilbert,— 
for it can be shown that. a Bonila curve of odd order may have the maxi- 
mum number of circuits with every oval lying outside the others. For the dis- 
` cussion of the question for curves of even order, however, itis convenient to cast 

Hilbert's statement into a slightly different form. | 

For the two types of the 6” given by Hilbert, the only types that can be 
derived by his method of generation, the arrangement of the ovals is the 
following : 

(1) An oval O ; 1 oval inside 0; and 9 outside. 

(2) An oval 0; 9 ovals inside O, and.1 outside. 

It is seen that the numbers of ovals "inside" and “outside” are interchanged 
in the two cases, and the natural inference is, that the law of arrangement to 


(l. e. p. 410). 
tl. c. pp. 118-119. 
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which the ovals are subject, is independent. of the distinction between the 

“inside” ‘and "outside" of a closed circuit, as defined by Von Staudt and . 
Zeuthen, and, in fact, is based on no distinctive or permanent property of any 
one region of the plane. Thus the division of the plane by the curve u= 0 
into regions where u is positive and regions where u is negative offers a more 
promising basis for investigation of the problem, because of the element of arbi- 
trariness introduced in ascribing to a certain region the positive rather than the 
negative sign. Suppose that the curve is non-singular and of even order, and. 
that all its ovals have been projected into the finite. According to the usual 
convention let the sign be determined so that the expression w is positive at 
infinity. A region where w is negative may be a region bounded by a single 
circuit as in Fig. 1, or a region bounded by two or more circuits as in Fig. 2. 





Each additional boundary introduces a new positive region. If such a boundary, . 
or an oval which cuts off in the midst of a region where u is negative a region 
in which wis positive, be called an internal oval, and an oval which cuts off in 
the midst of a region where u is positive a region in which w is negative, an 
external oval, Hilbert’s statement can be expressed as follows: Jf the non-singu- 
lar sextic have tts maximum number of branches, at least one of the eleven ovals must 
be internal ;—that is, not more than ten of the eleven. ovals can be external. 
There is as yet no formal proof forthcoming for this statement in'either its original 
or altered form, but as curves of higher order are investigated a most interesting 
law governing the arrangement of the ovals presents itself so persistently, and in 
curves of such widely different types, as to give strong reasons for belief in the 
` existence of a general theorem. Itis found that the 8^5, 10^, 12*,14%,........ " 
with the maximum number of circuits, will have respectively 3, 6, 10, 15,... ., 
or more internal ovals, And in general, if the non-singular 2n* have the maxi- 
mum number of branches, at least (n — 1) (n — 2) of the p+ 1 ovals must be 
internal; or not more than n? + à(n — 1) (n — 2) can be external. | 
49 
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As will be shown later, the only processes by which curves with the maxi- 
mum number of branches have been derived, yield curves'of even order whose 
circuits conform to this law of arrangement. These are the two processes em- 
ployed by Harnack and Hilbert. The Harnack. process offers two modes of 
generation, each of which determines-a distinct law of arrangement for the cir- 
cuits of the derived curve G,,;. but these two laws and all modifications of them 
which arise from combinations of the two modes of generation differ only in the 
distribution of the internal ovals. The number in every case is 4(n — 1) (n — 2). 
For example, of the 22 ovals of the 8”, 3 are internal, though these 3 may be 
distributed in two ways (Fig. 3) ). Of the 37 ovals of the 10“, 6 are internal, 
though these 6 may be distributed in four ways (Fig. 3, (4, o) "C 

The Hilbert process gives less simple arrangements of the circuits. Hilbert’s 
own statement is, that if the 2n* have the maximum number of nested ovals, 
n—1, the remaining ovals must be external to one another and may be dis- 
tributed in various ways in the annular regions bounded by two successive nested 
ovals, and in the region lying outside the nest. It is shown (p. 389) that the 
‘simplest arrangement of these remaining ovals is represented by the following 
. Scheme, which gives the number of ovals in the annular regions, beginning with 
_ the innermost ring, 0, 2, 4, 6, 8,.... 2n — 10, 2n — 8, 2n — 6; the other ovals 
lie outside the nest entirely. In this case the number of internal ovals is exactly 
4(n— 1) (n—2). But for all curves of order 2n (2n > 6), the process gives 
choice of three distinct modes of generation, and hence affords various possibili- 
ties for the arrangement of the circuits. It is still true, however, that no type 
of 2n" obtained has less than 4(m— 1) (n — 2) internal ovals. - 

Both these processes are based upon the principle of small variation from 
a special degenerate curve. This reducible curve is composed of an m—k* 
with the maximum number of circuits and an auxiliary curve of order Æ which 
bears a certain specified relation to the m—k*. The m“ obtained has the max- 
imum number of circuits, and bears a relation to the auxiliary curve similar to 
that possessed by the m — E". The two methods differ only in the type of 
auxiliary curve employed. The Harnack process is characterized by the use of 
the straight line as auxiliary curve; the Hilbert process by the use of the ellipse. 
Hulburt has proved* that in the generation of curves by the method of small 
variation, the. only auxiliary curves that will yield the maximum number of 


*1. c. p. 250, 
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branches on the derived m*, are the straight line and the conic; that is, the « 

only processes of this type that will give curves with the maximum number of 
circuits are the Harnack and Hilbert methods, and modifications of the Hilbert - 
method due to the use of other conics as the auxilary curve. Hence if all non- 
singular curves with the maximum number of branches are obtainable by the 
method of small variation, the law which expresses the arrangement of ovals for 
curves derived by the Harnack and Hilbert processes becomes a general law, and 
holds for all curves of even order with the maximum number of. circuits. But 
whether the law is of perfect generality or. not, it is of interest to investigate 


more fully the various types of curves that can be derived by these different 
methods. | | 


Curves with THE.MAXIMUM NUMBER OF En Dnm BY THE HARNACK 
AND HILBERT PROCESSES OF GENERATION. 


Curves Derived by the Harnack Process.—Let-C,_, be a non-singular curve 
of order n — 1 with the maximum number of circuits, and let. a straight line v 
meet one circuit of the curve in n — 1 real and distinct points which havé the 
. same order of succession on C, , a8 on v. Harnack showsthen o by a proper 


choice of ó.and the straight lines, 5, k, b, . . .,, C zv. Qa +S. T l = 0 can 


be made to represent a curve of order n having properties cor responding to those 
of the m — 1*. Certainly for n= 3, such an n — 1* exists; viz, a conic cut in 
two real points by a straight line. v. Let three lines 4, l, l lio chosen so that 
they cut the infinite segment of v. Then the cubic represented by the equation 
(Q.9 4-85. li; = 0 will pass through the intersections of C, and v with 7,4l, and 
for a small value of à will have the maximum number of circuits, two. More- 
over, the infinite branch is cut by the straight line v in three real points (Fig. 1, 
Plate I). The quartic can be derived from the cubic in the same way. . Let the 
` lines 5, ls, ls, , be so chosen that they. cut a same segment of v; then for a 


proper choice of ô, the equation, Cz Ovt. 1, = = 0, will represent a quartic 


with four ovals, one of which meets v in four real points (Fig. 2, Plate I). 
Similarly, the quintic with the maximum number of circuits can be obtained from - 
the quartic, and the sextic from the quintic, and so on. 

The restrictions imposed on, the n — 1^, viz.: (1) That the n — 1” must 
have the maximum number of branches, (2) that a straight line v must cut C, -, 
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 inn— 1 real and distinct points, (3) that all these points must lie on the same 
circuit of C, ,, are necessary in order that C, may have the maximum number of ` 
branches. Let that circuit of the n — 1“ which is cut by v in n— 1 real 
points be called the generating circuit g,_,.. Restrictions (2) and (3) require 
that g,_4 be the. infinite branch, if n — 1 is odd. There are also certain 
restrictions that must be imposed on the lines l, L, 4,....1,. The points in 
which C, cuts v are determined by the points common to v and the lines 
lh, b, l,- -h Ifan odd number of these lines cut any finite segment determined 
on v by €, (n odd) or any segment (n even) the number of circuits of C, falls 
short of the maximum number. It is clear that by admitting imaginary lines 
there can be obtained from the given n — 1*, n with the maximum number of 
branches; and cut by. v in 0,2, 4,.... or. n real points if n is even, or in 
1, 8, 5,....n real points if n is odd; and also that these points of intersection, if 
more than two, may lie on different circuits,. But for the generation of the 
n +- 1” with the maximum number of circuits from the n”. all the intersections 
of O, and v.must be real and lie on the same circuit g,. Hence the straight lines 
L, b, 0l... -l must be chosen to cut the same segment of v, and in n real and 
distinct points. Ifn is odd, this segment must be the infinite segment; ifn is 
even, the segment may be any one, finite or infinite. The general arrangement 
of the circuits of the n" with the maximum number of branches is the same 
whether the intersections of C, and v are all real and lie on the same circuit or 
not. The difference in the two cases manifests itself in the number of branches 
on the n + 1“ and curves of higher order derived from the n*. Hence, in con- 
sidering the different types of n'* with the maximum number of branches, it is 
necessary to take account only of those cases where the lines 4, 4,....d, are 
subject to such restrictions as allow the process to be continued. | 

In the generation of the quintie from the quartic (Fig. 3, Plate 1), one 
circuit of C, must cut v in four points. Of the four segments of g,, two with their 
corresponding segments of v give risé to two ovals lying external to one another. 
Of the other two, one, together with the infinite segment of v, generates the 
infinite branch of the 5*; the other, with its corresponding segment of v, produces 
an oval on the 5”, which must lie in one of the regions bounded by .a segment of 
v and a segment of the infinite branch of C, (Fig. 3, Plate I). Hence the 6” 
arising from this 5* must have one oval lying inside another; the other ováls 
are external, five representing the five remaining ovals of the 5*, and four gen- 
erated.by the other segments of » and the infinite branch of C; (Fig. 4, Plate I). 
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Though with reference to the arrangement of the circuits there is only one 
. kind of 6” obtained, there are with regard to the 6” two essentially different 
positions of the lines 4, 4,..--4, which are of importance in the generation of 
. curves of higher order. According as these lines cut that segment of v which, 
together with one segment of C, encloses a region containing an oval, or one 
of the other segments, the generating oval encloses (a) one other oval (Fig. 4, 
Plate I), or (b) includes no oval (Fig. 5, Plate I). 

" From the 6” of type (a) is derived a 7" with the maximum number of 
circuits each oval of which lies external to the others ; from the 6" of type (b), a 
7* with the maximum number of branches and with two ovals nested. It is 
seen from Figs. 4, 5, Plate I, that of the six segments of gg, three lie on one side 
of v and with segments of v give rise to three ovals on C; which are external to 
one another; but of the other three, two lie in the region bounded by the third 
and the finite segment x, a, of v. This third segment of g, and the infinite seg- 
ment ax, of v give rise to the infinite branch. of the 7%. The other two 
segments, with their corresponding segments of v, generate two ovals external to 
one another, but situated in one of the seven regions formed by the intersections 
of g; and v. In this region must lie also the representative of the oval, if any, 
which is encircled: by the generating oval. Hence the 7* of the first type must 
have three ovals lying in one of the 7 regions bounded by a segment of v and & 
segment of gy, and the 7” of the second type (the one that has the pair of nested 
ovals) must have two ovals lying in one of these seven regions. In both cases 
the remaining six regions contain no ovals; the arrangement of the other ovals is 
similar to the arrangement of those on the sextic from which they are derived. 
Hence the 8'^ generated by the T* of the first type will have one oval which encloses 
three others. There is only one type of 8” obtained, but the generating oval may 
be that which encircles three others, or one which includes none. . Thus, in. 
passing to the 9”, there is a choice again between two modes of generation. The 
8 generated by the 7° of the second type has one oval enclosing. two others and one 
including a single oval; and two cases arise as before, according as the generating 
oval is the oval which encloses two others, or one which includes none,’ Hence, 
just as two types of the 7^ were derived from the one form of the 6%, two types 
of the 9* are generated by each of the two forms of the 8*. 

By exactly the same argument it can be shown that each type of the 
2m — 2" gives rise to two types of the 2m — 1*, determined by the character of 
the generating oval, g;4..,, which may enelose a number of other ovals or may 
contain none at all. But since in the generation of the 2m" from the 2m — 1* 
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the straight lines /,,4,....4,,_; must cut the infinite segment of v, each type of 
the 2m — 1* can give rise to only one type of the 2m. In this way two types 
of the 2m^ arise from each form of the 2m — 2" (2m > 6), and as the process is 
continued (2m = 8, 10, .... 2n) there will arise 277? types of the an. These, 
however, do not differ in the number of internal ovals. For with the exception 
|. of the ovals derived from v and the infinite branch of C,,. ,, the arrangement of 
the ovals of the 2n" is similar to that of the 2n — 1*. The infinite branch of 
O5, .., and v form 2n — 1 regions, each bounded by asinglesegment of Om; and 
a single segment of v, and in one of these regions must lie the representatives of 
all the ovals, if any, included by the generating oval of C, ,, as well as 
4(2n — 2) — 1 of the 2n — 3 ovals which arise from segments of g4,., and v. 
No other of the 2n — 1 regions contains an oval. Hence the oval on the 2n^ 
derived from the segments of C,,_, and of v which bound this region, will include 
1 — 9 ovals and also those representing the ovals which were contained by gg, . ;. 
Thus whatever be the type of 2n^, the number of its internal ovals exceeds by 
n — 2, the number on the 2n — 2*. 
For the 6" the number of internal ovals is 1, 
for the 8", 1-+ 2, 
for the 10", 1 4- 2 4- 3, 
. for the 12", 1 + 9 + 3 + 4, ete. . 

Hence on every curve of even order (2n) with the maximum number of circuits 
there are 1+ 24- 84-4 4- .... «En —4 --n — 3 4-n — 2, i.e. 1(n—1) (n— 2) 
internal ovals, and hence n? + 4(n — 1) (n — 2) external ovals. 

Though the number of internal ovals is the same for all 2n*' thus generated, 
the distribution differs from type to type. If on each 2m* (2m = 2,4,6,.... 
2n — 2) from which the 2n“ is derived the generating oval be one which contains 
others, that is, if the first mode of generation be used throughout, all the internal 
ovals lie inside the same oval (Fig. 3,5, (a, a). If, however, the generating oval be 
one which encloses no other, then among the additional circuits formed in passing 
from a curve of order 2n — 2 to a curve of order 2n, there is just one oval which 
includes others, and this contains n— 2. Thus the 2n which is derived by the 
second mode of generation throughout has its internal ovals distributed in n — 2 
different ovals, in groups of 1, 2,8, 4,....n—3,n— 2 (Fig. 34.9 @). Com- 
 .binations of the two modes of generation afford (2*7? — 2) other arrangements of 

.the internal ovals, but there àre certain restrictions to which the distribution is 
subject. No setot 1, 2, 3, .. .., n — 2 ovals can be separated, and combinations 
car be made only of successive sets (Fig. 3 ( (p 0. (5, 05, (0, t. ())- 
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... If the non-singular curve of even order has not the maximum number of 
circuits, the question arises, whether in this case the number of external ovals 
can exceed n? + à(n — 1) (n — 2). The generating oval of (2,_, with v gives 
rise to the infinite branch of C,,. , and to 2n — 8 ovals, n — 2 of which become 
internal ovals on the 2n*. The remaining n — 1 ovals, and all additidnal ovals 
arising from g,, , and v become external ovals. It is obvious that the 2n —2 
straight lines 4, 5, 1, ....Ll, ., could have been so chosen that the position of 
Jan 3 With regard to v modd have been that indicated by Fig. 4, and hence that . 





none of the n — 2 internal,ovals would have appeared on the 2n*. This is the 
. only way, however, in which the presence of internal ovals can be prevented 
without decreasing the number of external ovals, and this method admits of no 
‘increase in the number of the latter. Hence the conclusion can be drawn that 
no 6* derived by the Harnack process, can have more than 10 external ovals, 
no 8* more than 19 external ovals, no 10° more than 31,...,no 2n" more than 
n? + 4(n—1) (n — 2), even though the number of circuits on the curve be less 
than the maximum number. | 

In support of the statement that on curves of odd order, the ovals may beso _ 
arranged that each lies outside the others, it was seen (p. 383) that from the | 
6° whose generating circuit included another oval, a 7^ can be derived whose 
ovals lie external to one another. And in general from every: 2n whose 
generating oval includes all the internal ovals can be derived a 2n + 1*, all of 
whose ovals are external to one another. For as C,,,,is generated from On, 
the generating oval opens out, so to speak, to form with the infinite segment of v, . 
the infinite branch of the 2n + 1°, thus ee the ovals which it contained 
free of any encircling oval. 

Curves of Even Order derived by the Hilbert Process.—For the types of 2n'* 
which present themselves by the Harnack process, all the ovals which lie 
“inside.” others satisfy the definition of “internal” ovals. Not so for curves’ 
with nested ovals; for within the annular regions bounded by two successive. 
ovals of the nest, beginning with the outermost ring the expression, Cm, is alter- 
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nately negative and positive. The internal ovals, then, are to be looked for only 
in these negative regions, that is, in the 1st, 3rd, 5th, .... étc., from the outside. 
The circuits lying in the 2nd, 4th, 6th,.... regions lie "inside" certain ovals 
but are themselves external ovals. | | 

It has already been mentioned that the Hilbert method of generating c curves 
with the maximum number of circuits, differs from the Harnack process only in 
the use of the ellipse instead of the straight line as auxiliary curve. The process, 
as given by Hilbert, applies to curves of both odd and even orders, but here 
only curves of even order will be considered. Let Op be a curve of even order 
with the maximum number of circuits, p + 1, and the maximum number of 
nested ovals, n — 1; and assume that an ellipse: E,, can be drawn to enclose one 
or more of the asal ovals and cut one of the non-nested ovals, g,,, in 4n points 
which have the same order of succession upon C, as upon the ellipse. On a 
segment, S, of Æ, but not that which with a segment of gẹ, encloses the one or 
more nested ovals inside the ellipse, let 4n -+ 4 points be chosen and through these 
points let 2n + 2 straight lines, 5, 5,....71,,, 5, be drawn, connecting the first 
point with the second, the third with the fourth, and so. - Then for a small 


value and the proper sign of 6 the equation 0 . By + 5. E Te 0 represents a 


curve woe ördek: 2n + 2, which has the maximum number de ditt p+ 1, the 
maximum number of nested ovals, n, and satisfies all other conditions m cd 
to thosé assumed for the 2n.+ Hence if a 2na" exists satisfying the assumed 
conditions, from it can be derived a 2n-+ 2”, subject to similar conditions, 
from this a 2n + 4^, and so on. For the case 2n = 4, such a curve does exist. 


*It can be seen, as in the preceding method, that the assumptions made for the 2n* are necessary for the 
maximum number of circuits, or for the maximum number of nested ovals on the 2n + 2*, or for the continua. 
tion of the process beyond the generation of Cape The assumption that the ellipse must enclose at least one 
of the nested ovals and the restriction made on the segment, S, are not given by Hilbert but are shown by 
Hulburt (Topology of Algebraic Curves, Bull. N. Y. Math. Soc. I, 1891-2, p. 197) to be necessary for the continuation 
of the process. Otherwise the curves of higher order would not have the maximum number of nested ovals. 
The restriction of the 4n + 4 points to the same segment is necessary in order that curves of order >2n + 2 
may have the maximum number of circults. - 

t With the exception of the oval, g, each cirentit of Os, gives rise to a circuit.of O,,,.. Also the Boundaries 
of the 4n regions formed by the intersections of g, and W, generate 4n ovals. Hence the total number of 
branches = j(9n — 1) (9n — 2) + 4n =p +1. The ovals arising from the nested ovals are nested, and one.of the 
4n ovals generated by the segments of gẹ and Æ is itself a nested oval. Hence the number of nested ovals ' 
= (2n — 2) + 1 =¿ (2n + 3—2) Moreover the ellipse encloses one or more of the nested ovals, and a non- 
nested oval, mqs, Cuts Hs in 4n + 8 points whose order of succession is the same on the oval and the ellipse. 
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Let CO, and E, represent two ellipses cutting bien other in four real points. On 
a segment, S, of E, let 8 points be chosen and joined by the straight lines llelo Us 
the 1st point from one end of the iod with the 2nd, the 3rd with the 4th, and 


soon. "Then the equation O, . E, ET IT h 0, for & proper choice of à, will 


represent a quartic satisfying the d conditions (Figs. 1, 2, Plate IL). 
And therefore for all order values, 2n, curves do exist satisfying. similar | 
conditions. | 

There is only one type of quartic obtained, but two cases arise from the 
two possible positions of the lines 4, 4, k, 4 with reference to the auxiliary 
ellipse. . If in the derivation of the 4* from the conie, C,, no real points had 
been chosen on a segment, S, of Æ, the quartic would have consisted of two ovals 
inside E, and two ovals outside. Hence according as the 8 points chosen lie on 
a segment, S, outside C, or on a segment inside G, one of the two ovals inside Ay, 
or one of the two ovals outside Ep, becomes the generating oval: Each of these 


1-6 
two quartics gives rise to a distinct type of 6" (C,. E, + ô. TI 4 = 0) with the 
` faj 


required properties (Figs. 3, 4, Plate II). Itis easily seen that in. the generation 
of each type of 6*, there are possible three essentially different positions of the 
12 points which, taken in pairs, determine the 6 straight lines 4, ,....% For - 
one position, the ellipse, Æ}, is cut by & non-nested oval of C, which would other- 
wise lie inside the ellipse; for another, by a non-nested oval which would other- 
wise lie outside the ellipse; for the third, by a nested oval. And, in general, 
the same possibilities arise in the devigation of the 2n from the 2n — 2”, thus 
affording three modes of generation of the 2n + 2” froma given 2n*. The third 
case, however, as Hulburt points out, leads to curves with less than the maximum 
number of nested ovals. It will be found later that after an application of the 
‘third mode of generation, a fourth mode becomes possible. All four modes yield 
curves with the maximum number, of circuits,-but only the first and second 
admit also the maximum number of nested ovals. 

If at each stage of the generation of the 2n'^ from the curves of lower order, 
oné of the non-nested ovals inside the ellipse be taken as the generating oval, 
that is, if a curve be derived by the first mode of generation throughout, the circuits 
situated in the n — 2 annular regions determined by the nested ovals are dis- 
tributed according to a perfectly regular scheme. The non-nested oval of the 

2n — 4” which cuts the ellipse forms with the latter, 4n — 8 regions in which 
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are generated 4» — 8 new ovals of the 2n — 2". Of the 2n — 4 of these which 
lie inside the ellipse, one is a nested oval; another is to be taken as the 
generating oval; hence in the region bounded by the outer oval of the nest and 
those segments of the ellipse and the generating oval which give rise to the new 
nested oval of C,,, there are situated exactly 2n — 6 ovals. Therefore the 25* 
wil have in the last annular region formed 2n—6 ovals. Since one new | 
annular region is formed at each stage of the generation, and the arrangement 
of the ovals lying in this region is not disturbed as curves of higher order are 
generated, there corresponds to each curve, Csm, (2m Z 6) from which ‘the 2n* is 
derived, one particular ring. For the 6°, the number of ovals in the ring between 
the two nested ovals = 0; for the 8”, the number of ovals in the ist, or inner- 
most, and the 2nd rings = 0, 2; for the 10 the number of ovals in the 1st, 2nd, 
and 3rd rings — 0, 2, 4; and so on; for the 2n* the number of ovals in the 1st, 
2nd, 3rd, .... n — 2? rings = 0, 2, 4, 6,..-. 2n — 10, 2n — 8, 2n — 6. But in 
the consideration of the number of internal or external ovals, that nested oval 
which forms the inner boundary of a ring itself, belongs to the group of ovals in 
that region; hence the foregoing scheme becomes 


and these groups are alternately internal and external ovals, or vice versa. 
Therefore for n — 2 even (Fig. 5, Plate II, n — 4), 
the number of internal ovals = 2n — 5 + 2n—9+..+7+4+3 


= Hn—1) (n—2); 
for.n — 2 odd, 


the number of internal ovals = 2n—5 +9n—9+..4+-54+1 
(= Hn—1) (n— 9) 


If in the generation of the 2n* one of the non-nested ovals lying outside the 
ellipse be taken at each stage as the generating oval, that is, if the curve be 
derived by the 2nd mode of generation throughout, there is obtained a similar 
arrangement of circuits in the annular regions. "— with 3, however, 
the series is reversed (1, 2n — 5, 2n — 7, 2n — 9, .... 7, 5, 3), since by this pro- 
cess after the generation of the 6”, the nest is built up from the outside inward; 
and the innermost ring contains not only one oval in accordance with the scheme, 
but also all, save one, which by the other process lay in that part of the viunc 
exterior to the nést. Therefore for n — 2 even when within the innermost ring, 
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the expression, Cam, is positive (Fig. 6, Plate II), the number of internal ovals 
"m a — 1) (n — 2), but for n — 2 odd the number of internal ovals 
=n + i(n—1) (n—2)—-1 >ya 1) (n—2). 

Combinations of the 1st and 2nd modes of generations give other types of curves. 
At each stage of the development of the curve, Osm, from the conic, Cy, either 
mode of derivation may be adopted; hence from the quartic of which there is 
only one type, are derived two 6**, from each 6”, two 8'*, and so on; the number 
increasing in geometrical ratio as n increases. - Therefore for the oni , if the two 
regular types just discussed be included, the number of types of curves with the 
maximum number of circuits and the maximum number of nested ovals, is 2^^?. 
By a combination of the: two modes, the nest is built up alternately from the 
inside outward and from the outside inward. If the curve, C. -,,18 derived 
throughout the process by the first mode -of generation, all of iis nested ovals lie - 
inside the ellipse, E,. For the generation of the curve, Cys, from this, let a 
change be made to the 2nd mode; then the new nested oval of Con lies outside 
the ellipse, and the annular region which corresponds to the curve, Ogm, is the 
one in which the ellipse is situated. As curves of higher order are generated 
all the new ovals appear in this region, and from it are cut off successively 
the new annular regions lying inside or outside the ellipse according a8 
they are formed by the .1st or 2nd mode of generation. The curve is built 
up in such a manner that there are formed sets of annular regions, (1) a 
inside the ellipse, (2) a’ outside the ellipse, (3) b inside the ellipse, (4). U' 
outside the ellipse, and so on. Except in those rings which are formed at 
stages where & change in the process occurs, the number of ovals in each 
annular region is the same as that in the corresponding region when one type 
of generation is used throughout,—that is in the last annular region formed 
whether outside or inside the ellipse there are 2n — 6 ovals. But consider the 
ring formed in the derivation of Gm from C,, , where a change is made from 
the 1st to the 2nd mode of generation. The outer nested oval of C,,. , is one 
of the 2m — 4 ovals arising from segments of gpw, and #,, and lying inside the 
ellipse; and the generating oval of C,,. , is one of the 2m — 4 ovals outside the 
ellipse. ‘Thus 2m — 5 ovals are left in the region between the ellipse and the 
outer nested oval of G,,_,. Hence as C,, is derived from this 2m — 2”, an 
annular region is formed which contains 2m — 5 + 2m — 2 ovals inside the 
ellipse and 25 — 3 lying outside. If the second process is continued through 
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the generation of G,-,, the number of ovals in each new annular region formed 
follows the regular scheme up to this stage, and the appearance of every group 
of 29 — 6 ovals in a ring outside the ellipse (2g = 2m + 2, 2m + 4,... 2p — 2), 
is accompanied by the appeatance of a group of 2g — 4 ovals in the region con-. 
taining 4, and inside the ere Hence this ring contains 
. p—1 j 
2m — b +% 2g — 4 d: On - —4 ovals inside the ellipse and 2p — 5 outside. 
mt 

If at this stage a change is made bäck to the first " of generation, one of 
the 2p — 4 ovals.inside the ellipse must be taken as the generating oval, ga. ,, 
and hence in the new. annular region formed for Osos a region which lies inside 


the ellipse, there are. 2m — 5 3 2q — 4 + 2p — 5 ovals, and in the region 
m+ 

. wid contains ds ellipse 2p — 3 ovals iid the ellipse and 2p —2 + 2p — 5 
outside. Hence as C,,is derived, if there is a change from the 1st mode of 
generation to the 2nd in the derivation of Cm, from the 2nd to the ist in the 
derivation of Cə, from the 1st to the 2nd in the derivation of C,,, and go on, 

the scheme of arrangement of the ovals in the annular regions beginning with the 
innermost ring is represented by the following sets of groups, a,a’, 6,0, 0, d,...., 


.(a)0, 2, 4, 6,8... 2m — 8|, Olm- 5 +$] 3g — 4 3p 9, 

T aL -I j 
2p — 4, 2p — 2,....98 — 8|, . 
t—1l | 


(c) (22 — 5 + Dy 9g —4 + Nn, 96 — 4, 9(— 9,.... 9n — 6, 
etl. 
| mies sÀ ar ceno 





. : $1. l 
(b) | 2t—8,....28 — 2, 28 — 4, (2s — 5 + Sy 99 — 4 + 2p —5)], 
: x < 4-1- 5 l " ; k 


(a) | 2p — 8,.... 9m — 2; 2m — 4|; 
- RS MM 


orif in the enumeration of the ovals in the annular regions the nested oval 
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wild forms the inner boundary of the ring be included, the foregoing scheme > 
becomes i 


(a)|1, 3, 5, 1... E een 
9p — 3, 2p — 1,....28— 1|, 


-1i 
| ()| (28 — 5 + y — 44 2t— 4), 9% — 8, 2,— 1,.... 9n — B, 


"uH 


 (n—1+ MT: 29 — 4+ u— 5) 


rl 


E E E 2s — 3, (24 — 445 cms 
p+1 
(a^) | 2p — 7,....2m — 1, 2m — 3]. 


If the 2nd mode of generation is applied first, then the region which includes 
the ellipse corresponds to the 6*. The foregoing scheme applies, but 2m has 
the value 6, and group (a) disappears. 

| If the annular regions be considered in: the order of their formation but ` 
that region in which the ellipse is situated be left to the last, the series of 
numbers representing the groups of ovals is (a)|1, 3, 6, 7,.... 2m — 1|, 
(a!) | 2m — 3, 2m — 1.... 2p — T], etc. Comparison with the regular series 
obtained when the first mode of generation is employed throughout shows that 
after 2m — 7, each number in this series is greater by 2 or by a quantityexceed- | 
ing 2, than the yu: number in the regular series. Ifinthe last region 
of each get, a, a’, b, b',.... the expression, C, is negative, or more briefly if the 
last region in each m is negative except in that set in which the ellipse is 
situated, the series which represents the number of internal ovals is 


1, 5, 9,.... 2m — 11, 2m — 7, 9m — 8, 2m + 1,.... 3p — 7, 2p —8,........ 
ee | | Dgee Oe eee 


`- in exact agreement with the regular series representing the number of internal 
ovals when the 1st mode of generation is used throughout. For though the first 
region of (a’) is negative the number of its ovals exceeds by 4 the number in the 
last region of (a), and as the first regions of all the other sets b, b', c, c!,.... are 
necessarily positive there can be no break in the series as passage is made from 
set to set. But when there is a changé made from one mode of generation to the - 
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other, two regions which are formed consecutively are separated by other regions 
as the process is continued, and hence the expression C,, may be negative in 
both these regions. This apparently introduces the possibility of the existence 
of a series in which somè of the numbers are less than the corresponding 
numbers in the regular series, and in this case the number of internal ovals 
might be less than 4(n — 1) (n — 2). For example, if the last region of (b') and 
the first region of (c) are both negative, the series will contain a sequence of the 
form, 2¢— 7, (2t— 4 + ..) 2t — 1, 2¢+3,....,(A), in which the numbers . 
beginning with 2 — 1 are less by 2 than the corresponding numbers in the 
sequence 2/ — 7, 26 — 3, 2t -- 1, 24+ 5........ . But the conditions for the 
existence of such a sequence as (A) demand the existence of a preceding sequence: 
of the form 2/—9, 2/— 3, 21+ 1, 27+ instead of the regular sequence 
20 — 9, 21— 5, 21— 1, 27+ 3. Thus the numbers in the series which pre- 
cede such & sequence as (À) exceed by 2 the corresponding numbers in the 
regular series, and hence.the numbers following the sequence will be the same 
as the corresponding numbers in the regular series. u | 
Suppose such a sequence as 2p — 7, (2p —4 + ..), 2p — 1, 2p 4- 3 occurs 
in the passage from the set (a) to the set (b). The last region of (a^) and the 
first region of (b) are both negative. Since the first region of (b) is negative, the 
last region of (a) must be positive. The last negative region of (a) then con- 
tains 2m — 9 ovals, and hence in the series of numbers, representing the groups 
of internal ovals there is a spring from 2m —9 to 2m — 3, preseuine the 
succession 2p — 7, (2p — 4 + ..), 2p —1, 2p + 3. 


(d) i reete 4-(b)— ........ =) $A) m (e) sae Gams 
(d) eee (C) eese + (B)— oe. ee. eO (d)—... eee, — 


No such break can occur again in the series so long as the last region in each 
set considered is negative, for as a prerequisite to such a sequence as the above, 
the firat region of some set must be negative and this is impossible unless the 
ast region in the preceding contiguous set be positive. Let the first set whose 
last region is positive be (c). The last region of (0) is negative, hence the first 
region of (c) is positive. Therefore in the passage from (c) to.(c’) there is à 
jump over two annular regions, that is, from a group of 90— 9 internal ovals to 
a group of 2/— 3. If the last region of (c) is positive, the series representing 
the groups of internal ovals goes on regularly except that in the 1st region of 
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(d), which is negative since the last region of (c) is positive, the number of 
internal ovals is greater than it would have been had there been no change in 
the mode of generation. This regularity continues until the last region in some — 
set is negative, and at this stage occurs again a sequence of the form 2r— 7, 
(2r — 4 + ..), 2r— 1, 2r 4- 8.... In every case a sequence of the above form 
is preceded by a succession of the form 2/— 9, 97 — 3, 27 +41, 21 +5. Thus in 
. the series representing the groups of internal ovals there may be numbers 
exceeding but none less than the corresponding numbers in the regular series. 
Hence since the series of numbers which represent the groups of internal ovals 
on curves derived by both modes of generation is either greater than or equal to 
` the series obtained when the ist mode of generation is used throughout, the 
number of internal ovals z (n — 1) (n — 2). 
The third mode of generation in which the new nested oval is taken as the 
" generating oval, is not applicable to the generation of curves of degree lower 
than 8, for the 6* is the first curve whose generating oval can be a nested 
.oval. Hence the first application of the process must be preceded by the use of 
the first or second mode of generation. Each application of the process reduces 
the number of nested ovals by 2. - For suppose the new nested oval of C,,. , cuts 
the ellipse; then on Cyn there is-no nested oval representing this, and moreover 
none of the 4m — 4 ovals arising from the segments of the ellipse and this gen- 
erating oval encloses either the ellipse or the nested ovals lying inside the 
ellipse; that is, the nested oval contributed to the nest by C,,.., disappears as 
such, and no new nested oval is added by C,,. It is evident that since there is 
no nested oval among the new ovals formed at this stage, the third mode of gen- 
eration cannot be applied twice in succession. Thus the different types of curves . 
which are derivéd in part by the 3rd mode of generation are those obtained by 
the 1st and 3rd modes of generation or by the 2nd and 3rd, or by combinations 
of all three modes, or by combinations of these with the fourth. If the curves 
be derived by the 1st and 3rd modes of generation, let the 3rd mode be introduced 
for the first time for the generation of the curve Ca The new nested oval of 
Ooms lies inside the ellipse, and:in the new annular region formed there are 
2m — 8 ovals, and in the region between the nested ovals and the ellipse there 
are 9m — 5 ovals. The new nested oval of Cms is to be taken as the gener- 
ating oval. Hence in one of the 4m — 4 regions bound by segments of E, and 
Jon, there are 2m — 6 ovals, and therefore of the 4m — 4 new ovals appearing 
on Com, one contains 2m — 5 others, and this lies inside the ellipse. . The 
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* 


conclusion is easily deduced as in the preceding case that the number of internal 
ovals on curves derived by the 2nd and 3rd modes of generation or by all three 
modes combined, is not less than £(n — 1) (n — 2). 2 





Fre. 8. 


Although the 3rd mode of generation cannot be applied twice in succession, 
it need not be followed by the first or second, for the ellipse may be cut by the 
oval which contains 2m — 6 others. This introduces a fourth mode of derivation, 






9m-312m.5 - 
ovals | ovals 
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closely related however to the 3rd type, for though the generating oval is not 
one of the nested ovals, yet it does include others. It is not difficult to see that 
if the arrangement of the ovals in the annular regions formed at the stages 
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Con—23 Cony Com 43; Compa 00 a curve derived by the ist, 2nd and 3rd modes be 
represented by Fig. 8, the use of the 4th mode for the derivation of C,,,, will. 
modify the arrangement to that indicated by Fig. 9. That is, there is a combi- 
nation in pairs of the four annular regions which would have appeared if instead 
of the 3rd and 4th modes of generation the one preceding the 3rd had been used; 
. the first and third are united, and the second and fourth. If one region is nega- 
tive, the other is positive, so that the same number of internal ovals is obtained 
as if the ovals were distributed in the four regions. Hence in this case, the 
introduction of the 4th: mode of generation does not decrease the number of 
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external ovals. If the 4th mode of generation be followed by the 3rd instead of 
the 1st or 2nd, then a somewhat different arrangement is produced. There are 
combined into one the five annular regions which would have appeared, if the 
mode by which Oms was derived had been continued for the generation of 
Com, Üon 2; Contas Cone: Instead of the arrangement represented by Fig. 10, 
the result would be that indicated by Fig. 11. | 

If all possible combinations be made of the four modes of generation, 
various arrangements of the circuits are obtained, but the investigation of the 
preceding combinations makes it evident that the number of internal ovals on the 
derived curve is equal to the number on a curve which is generated by the 1st 
and 9nd modes only and hence is not less than &(n — 1) (n — 2). 

The appearance of a curve derived by the 1st or 2nd mode of generation, or 
by & combination of the two, is only slightly modified by an occasional intro- 
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duction of the 3rd mode of derivation; but an extensive use of the 3rd method 
gives a curve differing greatly in form from that derived by the 18t or 2nd mode - 
. alone, or by the Ist and 2nd together. For example, if for the derivation of the. 
8° from the 6“ which is geferated by the 186 mode of generation, the 3rd mode 
. be employed, and for the derivation of curves of higher order the 4th and 3rd 
modes be used alternately, then no nest whatever is built up. The type of 
curves obtained is the same as that derived by the exclusive use of the 1st mode 
of generation in the Harnack process. The 8 has one oval containing three, 
and the remaining ovals are external to one another; the 10 has one oval 
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containing 6 and the remainder external to one another, and so on. If the ist 
mode of generation is combined with the 3rd and 4th, but after the generation 
of the 8*'not applied twice in succession, there are derived in this way m—2 
other types of curves of order 4m, and le 2 other types of curves of order 
2(97 —1), which agree with types obtained by the Harnack process. But no 
other types of the Harnack curves are derived by the use of the 2nd mode 
instead of the 1st or by the use of both the 1st and 2nd. 

It is evident from the method of generation that the number of internal 
ovals can be diminished in the same manner asin the generation of curves by 
the Harnack process, and also that this diminution can in no case be accom- 
panied by an increase in the number of external ovals. Therefore the number 
of external ovals is not greater than n? + 4(n— 1) (n — 2) even if the number 
of circuits falls short of the maximum number. 
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Ourvés Derived by the Modified Forms of the Hilbert Method.—The use of the 
hyperbola or parabola as auxiliary curve, since these can. be projected into the . 
ellipse, can certainly yield no type of 2n“ differing from those obtained by the : 
Hilbert process. Neither does the degenerate conic” This, however, requires a 
special proof. But when the pair of straight lines is substituted for the ellipse 
as the auxiliary curve, passage can be made at any time to the Harnack process, 
by.the mere disregard of one of the lines, and a return to the original mode of 
derivation can bé effected after the generation of any curve of even order. Thus 
new types of curves may arise by & combination of the two processes, but it can 
certainly be shown that no type of 2n* obtained has less. than &(n— 1) (n — 2) 
internal ovals. i 

If it could be shown that all — curves with the maximum number 
of circuits can be generated by this method of small variation, the proof of the 
validity of the law for these remaining cages would establish it for. all non- 
singular curves of even order. But as yet there is no formal proof that the list 
of such curves is exhausted by the types considered. 


CoNOLUSION. 


There are several other forms in which the theorem can be stated that are 
of interest, either as facts resulting from the theorem if established in its pre- 
ceding form, or as statements which may afford a better starting point for the 
proof of the theorem. A few of these equivalent forms are obtained by a con- : 
sideration of the Theory of the Characteristic, which though apparently yielding 
no results toward the proof of the theorem, bears a most interesting relation to 
the problem. The theory as given by Kronecker * is purely algebraic; he 
proved that for any system of algebraic functions satisfying certain conditions, 
there exists a number derived algebraically which is invariant for that system. 
Dyck,t however, was led by a study of Kronecker’s investigations to a geometrical 
definition of a characteristic number associated with a manifold, a number which © 
is built up as the manifold itself is developed. He showed that if the manifold 
can be expressed algebraically, it can be developed by processes which also are 
capable of algebraic expression. The whole geometrical configuration thus 


*Ueber Sysieme von Functionen mehrerer. Variabein, Werke I, 1869, pp. 175-212, 918-226. Ueber die Charac- 
terístik von Functionen Systemen, Werke II, 1878, pp. 71-82. 

| t Botirage sur Analysis Situs, I, II, III, Berichte der K. Sachs. Gesellschaft der Wissenschaften (Math. Phys, 
Classe) 1886, 1886, 1887, Math, Ann., vol 82, 


/ 
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introduces a system: of algebraic functions subject to certain conditious. . Dyck 


proved that the characteristic number associated with the manifold can be | 


derived from this system of functions and that the comers is identical with the 
Kronecker characteristic of the system. 
In Dyck’s Theory the manifold is regarded as made up of elements, aa to 


‘each element is assigned the characteristic +1. Whatever be the me of - 


generation of the manifold, 


: (a) the appearance of a new element contributes + 1 to the characteristic ; | 


(b) the vanishing of an element contributes — 1; 
(c) the separation of an element into two pieces contributes TN p 


(d) the joining of two elemeuts, or of two parts of the same EU con- 


tributes — 1. "EL 
For a one-dimensional manifold,—that is, a figure composed of lines,—the 
element is a broken piece of a curve. For a two-dimensional manifold, the 


element may be a part of a plane or of a surface that can be developed as a — 


plane. The manifold suggested by any problem relating to the arrangement of 
the circuits on a plane curve, f(xy) — 0, of even order, with no singularities 
and with the maximum number of circuits, is obvi- 
 ously the two-dimensional manifold deewani as the 
parts of the plane lying inside the curve, —that is, the 
parts of the plane where «7.0. The élement is a piece 
‘of the plane bounded by a non-singular closed circuit 
(Fig. 12), and to this is assigned the characteristic + 1. 
If the figure is initially non-existent, its characteristic 
is zero, and as the manifold is generated the char- 
acteristic is increased by unity as an element appears or separates into Ty 
and is diminished by unity as an element vanishes, or as two elements or 
two parts of the same element unite. Therefore the characteristic of the 
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manifold is equal to the sum of the characteristics of the separate parts . 


which make up the manifold, and is independent of the mode of generation. 


Thus in the given manifold a part of the plane bounded by a single oval has - 


the characteristic + 1, whether it arises from a single element in the process 
of generation or from the union of several elements. Hence each external 


oval on the curve contributes to the manifold a region whose characteristic is - 


+41, Iftwo parts of such a piece of the plane unite and thus enclose in the midst 
of a region in which f is negative, a region where / is positive, their union is 
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marked by — 1 in the characteristic. But this is just the way in n" an 
external oval makes its appearance. Hence the presence of each internal oval 
on the curve diminishes the characteristic of that piece of the plane to which it 
belongs by unity. The whole number of circuits*on the 2n* is n? + 4(n — 1) 
(n — 2), and hence according to the theorem which ascribes the minimum limit 
4(n— 1) (n — 2) to the number of internal ovals, the characteristic cannot 
exceed n? + &(n — 1) (n — 2) — &(n — 1) (n — 2) or nf, if the maximum number 
of circuits is present. It has been noted that a decrease in the number of 
internal ovals cannot be accompanied by an increase in the number of external 
ovals. Hence the characteristic cannot be greater than a + k(n — 1) (n — 2) 
even if the number of branches is not the maximum number. | 





Fia. 18. 


The process of generation of such a manifold can be expressed analytically 
by considering the manifold as one of a singly infinite system of manifolds. Let 
the curve f= 0 be obtained as one of the pencil f= a. Then the region where . 
fis negative decreases as à decreases, and for some value of à sufficiently near 
— œ , the curve disappears altogether. The characteristic of the corresponding 
manifold is zero. Let A increase from this value; The curve makes its appear- 
ance as an isolated point spreading into a circuit as A continues to increase. 
Other circuits also may come into existence in the same way. Thus an isolated 
point gives rise to a part of the plane and hence has the value + 1 for the 
characteristic. Two circuits may unite, producing a node (Fig. 13) and thus 
join two pieces of the plane together, or a single circuit may cut itself (Fig. 14), 
and so unite parts of the same region. of the plane. In either case the node is 
marked by — 1 in the characteristic. AsA increases, an internal oval shrinks until 
it becomes an isolated point and then passes out of existence, or it may cut itself 
in such a way that at the next stage it breaks into two internal ovals. In all cases 
the isolated points which present themselves in the region f< 0 contribute. 
4- 1 to the characteristic, and the nodes — 1. The singular points of the system 
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are given by f, = 0, Ja = 0, and are nodes with real tangents or isolated points 
fu Je Ja Ja IE : 
e used 
fiz tes JfeJald 
to represent + 1, 0, — 1 acaording as the determinant is positive, zero, or nega- 
Jn Je | the 
e 
| Je Jai P 
summation taken over all points f, = 0, f; — 0, f< 0; and Dyck shows that 
this is the same as the Kronecker characteristic for the system of functions 
J, fo fo Since the characteristic cannot exceed n? if f= 0 be a curve (order 2n) 


with the maximum number of circuits, it follows that the number of isolated 
points passed over in the system f= A from A—=—o to à= 0 exceeds the 


according a8 








is negative or positive. If the notation | 








tive, the characteristic of the manifold can be written X = X | 
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number of nodes by a quantity less than, or equal to v*. And if f=0 has not 
the maximum number of circuits, the excess of the number of isolated points over 
the number of nodes in the region f< 0 is either less than or equal to n? + 
(n — 1) (n — 2). | 

The relations between the critic centres of the pencil f= 2 thus obtained in 
applying the Theory of the Characteristic to an interpretation of the problem are 
interesting, but afford no clue to the solution. There is even some indication 
that the theory is not the most promising instrument of proof, for this is 
applicable to curves of even order only, and though the theorem on the mini- 
mum limit of the number of internal ovals is stated for these curves alone, it 
most probably can be extended to include curves of.odd order also. ` It has been 
seen that on a non-singular 2n -+ 1* with the maximum number of branches 
the ovals may lie each outside the others; but even in this case they may satisfy 

52 
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the definition of ^ internal ovals,” for the odd circuit divides the plane into two | 
regions both infinite, in one of which €,,,,is positive, and in the other, nega- 
tive. And as a matter of fact, no 2n -- 1 with fewer than 4(n— 1) (n — 2) 
interval ovals presents itself directly by either of the two processes = generation 
discussed. | 
| There are still other forms in which the theorem can be stated, the most 
interesting of which is perhaps one relating to the number of regions into which 
the plane is divided by the curve. It has been shown that if the maximum 
number of branches is present, then the curve must have atleast (n — 1) (n — 2) 
internal ovals, and whether the number of branches present is the maximum or 
less than the maximum, the curve can not have more than n? + $(n — 1) (n — 2). 
external ovals. By a similar line of reasoning it can be proved that whatever 
the number of circuits, the number of internal ovals can not exceed n? + $(n — 1) - 
(n — 2)— 1; and hence if the maximum number of circuits is present the 
: number of external ovals can not fall below 4(n — 1) (n — 2) + 1. 

Therefore if the maximum number of branches is present, 
the number of regions in which the expression O, is positive 5 4(n—1) (n—2)+1, 
and the number of regions in which C, is negative 7 4(n— Wr (n— 2) 4-1; 
and whatever the number of circuits, 
the number of regions in which Ca, is positive =n + s(n — 1) (n — 2) 
and the number of regions in which O, is negative Zn? + 4(n — 1) (n — 2). 
From these statements, it seems that any limitation on the arrangement of the 
circuits is of a dual nature; and it is worthy of note that no modification of 
these statements is necessary, if the sign of Cen be so chosen that it is negative 
at infinity. 

The statement of the theorem in this last form suggests that. there may be 
some underlying relation to the theory of Multiply-connected Surfaces. 


In the figures of Plates I and II the curves are much distorted, inflexions being inserted where none 
exist, in order to bring the figures within the scale of the paper. The figures represent the distribution of 
the ovals of the curves accurately only with respect to the number 1n different regions of the plane. In the 

js {=2a 
drawing of the figures representing curves of the type, Om = Cat #46 H i= 0, the straight lines i, are _ 
t=1 
omitted. ` $ 
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